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Complex numbers

Objectives

To understand the imaginary number j and the set of complex numbers C.

To find the real part and the imaginary part of a complex number.

To perform addition, subtraction, multiplication and division of complex numbers.
To find the conjugate of a complex number.

To represent complex numbers graphically on an Argand diagram.

vVVvVvvVYyVvyYvyyYy

To work with complex numbers in polar form, and to understand the geometric
interpretation of multiplication and division of complex numbers in this form.

v

To factorise quadratic polynomials over C.

v

To solve quadratic equations over C.

In this chapter we introduce a new set of numbers, called complex numbers. These numbers
first arose in the search for solutions to polynomial equations.

In the sixteenth century, mathematicians including Girolamo Cardano began to consider
square roots of negative numbers. Although these numbers were regarded as ‘impossible’,
they arose in calculations to find real solutions of cubic equations.

For example, the cubic equation x> — 15x — 4 = 0 has three real solutions. Cardano’s formula
gives the solution

x=V2+V-121 +¥2 - V=121

which you can show equals 4.

Today complex numbers are widely used in physics and engineering, such as in the study of
aerodynamics.
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16A Starting to build the complex numbers

16A Starting to build the complex numbers

Mathematicians in the eighteenth century introduced the imaginary number i with the
property that

i?=-1
The equation x2 = —1 has two solutions, namely 7 and —i.

By declaring that i = V=1, we can find square roots of all negative numbers.
For example:
VI = IR D
= V4 x V-1
=2i

499

Note: The identity va x Vb = Vab holds for positive real numbers a and b, but does not hold

when both a and b are negative. In particular, V-1 X V=1 # +/(=1) X (=1).

Now consider the equation x> + 2x + 3 = 0. Using the quadratic formula gives

-2+ V4-12
2

=2+ V-8
=—F

=-1+V-2

This equation has no real solutions. However, using complex numbers we obtain solutions

x=—1+V2i

» The set of complex numbers
A complex number is an expression of the form a + bi, where a and b are real numbers.
The set of all complex numbers is denoted by C. That is,
C={a+bi:abeR}
The letter often used to denote a complex number is z.
Therefore if z € C, then z = a + bi for some a,b € R.

m If a =0, then z = bi is said to be an imaginary number.
m If b =0, then z = a is a real number.

The real numbers and the imaginary numbers
are subsets of C.

We can now extend the diagram from 7 c
Chapter 2 to include the complex numbers. @ Q
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500 Chapter 16: Complex numbers

Real and imaginary parts
For a complex number z = a + bi, we define
Re(z) =a and Im(z) =b
where Re(z) is called the real part of z and Im(z) is called the imaginary part of z.
For example, for the complex number z = 2 + 5i, we have Re(z) = 2 and Im(z) = 5.

Note: Both Re(z) and Im(z) are real numbers. Thatis, Re: C - R and Im: C — R.

Equality of complex numbers

Two complex numbers are defined to be equal if both their real parts and their imaginary
parts are equal:

a+bi=c+di ifandonlyif a=candb=d
Example 1

If 4 — 3i = 2a + bi, find the real values of a and b.

Solution
2a=4 and b=-3
a=2 and b=-3

Find the real values of a and b such that (2a + 3b) + (a — 2b)i = —1 + 3i.

Solution
2a +3b = -1 @)
a-2b=3 2)
Multiply (2) by 2:
2a-4b =06 3)
Subtract (3) from (1):
7b = —7

Therefore b = —1 and a = 1.

» Operations on complex numbers
Addition and subtraction

Addition of complex numbers

If z; = a+ bi and 2, = ¢ + di, then

) :(a+c)+(b+d)i
The zero of the complex numbers can be written as 0 = 0 + 0i.
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16A Starting to build the complex numbers 5011

If z = a + bi, then we define —z = —a — bi.
Subtraction of complex numbers
If zy = a + bi and 2o = ¢ + di, then
n-—2n=u+Cn)=@-0c)+bB-4di

It is easy to check that the following familiar properties of the real numbers extend to the
complex numbers:

B +=0+7 B Qi +n)+n=0+(@+2) mz+0=¢ B z+(-2)=0

If z; =2 —3iand 2o = —4 + 5i, find:

azi+2 bzz-2

Solution

a z1+2=02=30)+ (-4 +5i) b z1-2=02-3i)-(-4+5i)
= 2+ (=4) + (=3 + 5)i = (2 = (—4) + (=3 = 5)i
=-2+2i =6-28i

Multiplication by a real constant
If z=a + biand k € R, then
kz = k(a + bi) = ka + kbi
For example, if z = 3 — 6i, then 37 = 9 — 18i.

Powers of i

Successive multiplication by i gives the following:

mi'=1 mil=i mil=-1 mid=—i
Bit=(-1)’=1 mid=i mi%=-1 mil=—i
In general, forn =0,1,2,3,...
u i4n =1 = i4n+1 =i n i4n+2 =—1 u l-4n+3 =
Example 4
Simplify:
a il b 3i*x (=2i)}
Solution
a 3= b 3i*x (-2i =3x(-2)° xi*xi?
—i = —24i’
=24
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502 Chapter 16: Complex numbers 16A

The imaginary number i satisfies i> = —1.
If a is a positive real number, then vV—a = iv/a.
The set of complex numbersis C = {a+ bi:a,beR}.

For a complex number z = a + bi:
e the real part of zis Re(z) = a
o the imaginary part of z is Im(z) = b.

m Equality of complex numbers:
a+bi=c+di ifandonlyif a=candb=4d
m Ifz; = a+ biand zp = ¢ + di, then
zZi+tzn=@+c)+(b+d)i and z1—z2=(a—-c)+ b —d)i

®m When simplifying powers of i, remember that i* = 1.

AN 16A

1 State the values of Re(z) and Im(z) for each of the following:

az=2+3i b z=4+5i cz=
e 7=3i f z=vV2-2V2i

2 Find the real values of a and b in each of the following:

dz=-4

a 2a-3bi=4+6i
c 2a+bi =10

3 Simplify:
a (2-3i)+4-5i)
€ (-3-)-@B+i)
e (1-i)-Q2i+3)
g 42-3i)—(2-8i)

i SG+4)+32i-7)

4 Simplify:
a v-16
d i’
g —2ixi’
5 Simplify:
a i2-i
v c V2i(i-V2)
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b a+b-2abi=5-12i
d3a+(@-b)i=2+i

@++Q2-20)

(2 - V2i) + (5 - V8i)
Q+i)—(-2-10)
—(5-4)+(1+20)

5 =-n O U

A U S
i 5@-30-32-0

b 2v-9 c V=2

e l'14 f i20

h 4i*x3i? i V8iSx V-2
b %3 - 4i)

d —V3(V-3+12)
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16B Multiplication and division of complex numbers

In the previous section, we defined addition and subtraction of complex numbers. We begin
this section by defining multiplication.

» Multiplication of complex numbers
Letz; =a+ biand z, = ¢ + di (where a, b, c,d € R). Then
71 X 20 = (a + bi)(c + di)
= ac + bci + adi + bdi?®
= (ac — bd) + (ad + bc)i  (since i* = —1)

We carried out this calculation with an assumption that we are in a system where all the usual
rules of algebra apply. However, it should be understood that the following is a definition of
multiplication for C.

Multiplication of complex numbers

Letz; =a+ biand zo = ¢ + di. Then

71 X 2o = (ac — bd) + (ad + bc)i

The multiplicative identity for Cis 1 = 1 + 0.

It is easy to check that the following familiar properties of the real numbers extend to the
complex numbers:

B 12 = 27 B (2122)73 = 21(2223)
mzx1l=¢ B (m+n)=an+us

Ifz; =3-2iand zp = 1 + i, find 71 2,.

Solution Explanation
2122 = 3 =21 +1i) Expand the brackets in the usual way.
=3 -2i+3i-2i* Remember that i> = —1.
=5+

» The conjugate of a complex number

Let z = a + bi. The conjugate of z is denoted by z and is given by

Z=a-bi

For example, the conjugate of —4 + 3i is —4 — 3i, and vice versa.
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504 Chapter 16: Complex numbers

For a complex number z = a + bi, we have
2z = (a + bi)(a — bi)
= a’* + abi — abi — b*i*
=d+b where a® + b? is a real number
The modulus of the complex number z = a + bi is denoted by |z| and is given by
Izl = Va2 + b2
The calculation above shows that

=z

Note: In the case that z is a real number, this definition of |z| agrees with the definition of the
modulus of a real number given in Chapter 2.

Example 6
(c— )

Ifz;7=2-3iand zp = —1 + 2, find:

az +tpandz +2 b zi-zzandz; -2
Solution
Wehavez; =2 +3iandz; = —1 — 2.
a z1+22=02-3)+(1+2i) b z;-20=02-3)1+2i)
=1-1 =4+7
1+z=1+1i L n=4-Ti
Z1+22=02+3)+(-1-20) 7122 = (24 30)(-1-20)
=1+ =4-17i

m The conjugate of a sum is equal to the sum of the conjugates:
ut+tn=72+22

m The conjugate of a product is equal to the product of the conjugates:

i1"22=21"22

» Division of complex numbers
Multiplicative inverse

We begin with some familiar algebra that will motivate the definition:
1 1 a—bi a—bi a— bi

= X = =
a+bi a+bi a-bi (a+bia-bi) a*+Db?

We can see that

) a—bi
(@+b)x ——=1
a‘+b
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16B Multiplication and division of complex numbers 505

Although we have carried out this arithmetic, we have not yet defined what means.

Multiplicative inverse of a complex number

If z = a + bi with z # 0, then

Note: We can check that (z1z2)" = zflzgl.
Division
The formal definition of division in the complex numbers is via the multiplicative inverse:

Division of complex numbers

21 . Uz
— = Z1Z21 = (for zp # 0)
2 2]

Here is the procedure that is used in practice:

Assume that z; = a + bi and z, = ¢ + di (where a, b, c,d € R). Then

71 a+bi

7 c+di

Multiply the numerator and denominator by the conjugate of z5:

7 c+di c—di
_ (a+ bi)(c—di)
a 2 +d?

Complete the division by simplifying. This process is demonstrated in the next example.

Ifz; =2 —iandz = 3 + 2i, find =X

z1 a+bi c—di
— = X

22
Solution

21 2—1 3-2i
— 8 - X ;
2 3+2i 3-2i

6 — 3i — 4i + 2i?

32+22
4-T7i
13
1
= —(4-17i)
13
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506 Chapter 16: Complex numbers

=== Solve for z in the equation (2 + 3i)z = —1 — 2i.

Solution
Q2 +3i)z=—1-2i
_1-2i
2+ 3i
_1-2i 2-3i
243  2-3i
8
13

Z:

1 .
~3B+)

There is an obvious similarity between the process for expressing a complex number with a
real denominator and the process for rationalising the denominator of a surd expression.

If z =2 — 5i, find 7! and express with a real denominator.

Solution

z‘l=l
z
1
S 2-5i
1 ><2+5i
2-50 2+45i
2450
29
=i(2+5i)
29

Using the TI-Nspire
Set to complex mode using > Settings > _ SMIg2...........  Fao{lER

Document Settings. Select Rectangular from the
Real or Complex field.
-16 4
Note: The square root of a negative number |
can be found only in complex mode.
But most computations with complex
numbers can also be performed in
real mode. g
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16B Multiplication and division of complex numbers 507

m The results of the arithmetic operations +, —, SM182
x and + are illustrated using the two complex 243 §434+4 £ 5474 [
numbers 2 + 3i and 3 + 4i. 243 i-(3+4 1) s
Note: Do not use the text i for the imaginary (2+3 2) (3+4 ) -6+17 &
constant. The symbol i is found using 2434 18 1
or the Symbols palette ((ctrl)(=)). 3447 AT

m To find the real part of a complex number, use
> Number > Complex Number Tools >
Real Part as shown.

Hint: Type real(. real(—l_) a
a+i a‘+1
m To find the modulus of a complex number, PR > SM182....... <
use > Nl..lmber > Complex Number Y P
Tools > Magnitude as shown.
(@ 92 a2+p?

Alternatively, use |O| from the 2D-template
palette () or type abs(. conil(a+o9)2) a%-b2-2-a-bi
m To find the conjugate of a complex number,
use > Number > Complex Number
Tools > Complex Conjugate as shown.

[

Hint: Type conj(.

There are also commands for factorising , SM182 <  Frao{lIER

polynomials over the complex numbers and for (xz )
cFactor\x“+4  x+15,x,

solving polynomial equations over the complex (e-(2fTT - 4)) Ger2eTT - 4)
numbers. These are available from >

2,4 x+15-
Algebra > Complex. csolvele e x+15-05)

x=-2-\11 "forx=-2+|(11 ¢
Note: You must use this menu even if the
calculator is in complex mode.

When using cFactor, you must include the

[

variable as shown.

Using the Casio ClassPad
In 1”,%, tap Real in the status bar at the bottom of the o Edit Action Interactive

i | Sime

screen to change to Cplx mode.

= Enter V-1 and tap to obtain the answer i. V-1
m Enter V—16 to obtain the answer 4i.

-16
Note: The symbol i is found in both the (Math2 | and 4-i
the (Math3 | keyboards.
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508 Chapter 16: Complex numbers 16B

With the calculator set to complex mode, various £+ Edit Action Interactive
operations on complex numbers can be carried out "‘ﬂ%Id“;" fﬁIIISimPIIi"ﬂI'IHJLI'[
using options from Interactive > Complex. cExpand ( ﬁ 3 4 ]
o a __ i
MINSERS 2 2
%1 - Jxq| Transformation ’ y at+l at+l
. Advanced 4 expand( (a+bei)2)
[ i 3
i Calculation 22-b24+2.ab-i
arg . .
List conia conjg(1+3i)
Matrix  |re 1-3-¢
Vector |im arg(1+38)
Equa.ation/ cExpand —tan“[l]+£
Assistant| compToPol 8/°2
Distributi| compToTrig [1+3%]
Financial | compToRect V10
Line || Define
p
Define| f g i o
solve(| dSlv | °* {E:B | = n
Alg Standard Cplx Rad m
Polynomials can be factorised over the complex & Edit Action Interactive
numbers (Interactive > Transformation > factor > e Ea e v[
rFactor). rFactor (2" 2+4ac+15) 4]

(24911 +8) - (42— 11-£)

solve (x2+4-x+1 5=0, x)

{x=—2-V11:%,x==2+/11-i}

m Multiplication To find a product (a + bi)(c + di), expand the brackets in the usual way,
remembering that i = —1.

Equations can be solved over the complex numbers
(Interactive > Equation/Inequality > solve).

m Conjugate If z = a + bi, then 7 = a — bi.
m Division To perform a division, start with
a+ bi _ a+ bi » c—di
c+di c+di c—-di
_ (a+Dbi)(c—di)

2 +d?
and then simplify.
1
m Multiplicative inverse To find 77!, calculate —.
z
Exercise I3
1 Expand and simplify:
a (4+i)? b (2-2i)? c (3 +20)(2+4i)
d (-1-ip? e (V2-V3)(V2+V3i) f (5-2i)(-2+3i)
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Example 6

Example 9

Example 7

Example 8

v

16C

16C Argand diagrams 509

2 Write down the conjugate of each of the following complex numbers:
a2-5i b -1+3i c V5-2i d -5i

3 Ifzy=2-iandz = -3+ 2i, find:
azg b z Czi-2 dziz
e fz+2 gu+n h zi+z

4 If z = 2 — 4i, express each of the following in the form x + yi:
az b =z Cz+2Z d z2(z+2)

e z-2 fiz-2) g ! h -
5 Find the real values of a and b such that (a + bi)(2 + 5i) = 3 — .

6 Express in the form x + yi:

2—i b 3+2i c 4+ 3§ d 2-2i e 1 £ i
4+i 2-3i 1+i 4i 2-3i 2+ 6i

7 Find the real values of @ and b if (3 — i)(a + bi) = 6 = 7i.

8 Solve each of the following for z:
a 2-i0z=42i b (1+3)z=-2-1i c Bi+5)z=1+i
d 2(4-Tz=5+2i e zl+i)=4

Argand diagrams

An Argand diagram is a geometric representation of the set of complex numbers. A
complex number has two dimensions: the real part and the imaginary part. Therefore a plane
is required to represent C.

An Argand diagram is drawn with two Im(z) A

perpendicular axes. The horizontal axis 3

represents Re(z), for z € C, and the vertical 5

axis represents Im(z), for z € C.

Each point on an Argand diagram represents a (240 11 *(3+)

complex number. The complex number a + bi . . . . . >

is situated at the point (a, b) on the equivalent -3 2 -1 0 2 3 Re(z)

Cartesian axes, as shown by the examples in ~14

this figure. )

A complex number written as a + bi is said to 5 3

be in Cartesian form. -3 *(2-3)
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510 Chapter 16: Complex numbers

Example 10

Write down the complex number Im(z) A
represented by each of the points shown 51
on this Argand diagram. 4j & A
D
C * ] S
-5 0, Re(z)
o F E F
5
Solution
A 2+3i B 4i C -5

D -1+ E -5-2i F 1-3i

» Geometric representation of the basic operations on
complex numbers

In an Argand diagram, the sum of two complex numbers z; and z, can be found geometrically
by placing the ‘tail’ of z, on the ‘tip’ of z;, as shown in the diagram on the left. We will see in
Chapter 20 that this is analogous to vector addition.

When a complex number is multiplied by a real constant, it maintains the same ‘direction’,
but its distance from the origin is scaled. This is shown in the diagram on the right.

Im(2) A 2+ Im(z) A ) a>1
E:5) 2 Lo az 0<b<1
/ %z
/ el c<0
// //./bZ
Z1 0 -7 -
0 Re(z) o Re(2)
cz

The difference z; — 2, is represented by the sum z; + (—22).

Example 11

a Represent the following complex numbers as points on an Argand diagram:
i 2 il =3 ifi 21 iv —(2+3i0) v —1+2i
b Letz;=2+iandz = -1 + 3i.

Represent the complex numbers z;, 22, z; + 22 and z; — z on an Argand diagram and
show the geometric interpretation of the sum and difference.
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16C Argand diagrams 5711

Solution
a Im(2) A b Im (z) A
3] 41 «z1t 22
~1+2ie2] 2243 \
_ 2
1 2 M Az
o L i SR P
3-2-1,01 ; 3 Re(2) 4321101 2'3 4 Re(2)
21 —1 21\ ez-2
—(2+3i)e —39-3i 31 ¥22
_4]

21+22=Q+)+(-1+3)=1+4i
z271—-220=Q2+0)—-(-1+3))=3-2i

Example 12

Letz; = 1 —-4iand z, = -2 + 2i. Find z; + 7, algebraically and illustrate z; + z; on an

Argand diagram.
Solution Im(z) A
21+ =0 -4+ (-2 + 2i) -3
= —1-2i 2a T2
~ H1
r T T [0 : —>>
4 3 2 -1 /pyq1 2 3 4Re(?)
/ \
Z1 tz2¢ | ¥
L3\
\
F—4 vz
Rotation about the origin Alm(2) |
When the complex number 2 + 3i is multiplied by —1, 340 /; 2+ 3i
the result is —2 — 3i. This is achieved through a rotation :\\ ! //
of 180° about the origin. \\\ //
\\ //
When the complex number 2 + 3i is multiplied by i, we Y -
obtain // 0 Re(2)
i(2 + 3i) = 2i + 3i° /
=2i-3 //
230

=-3+4+2i

The result is achieved through a rotation of 90° anticlockwise about the origin.

If -3 + 2i is multiplied by i, the result is —2 — 3i. This is again achieved through a rotation
of 90° anticlockwise about the origin.
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512 Chapter 16: Complex numbers 16C

m An Argand diagram is a geometric representation Im(z)A
of the set of complex numbers. 3

m The horizontal axis represents Re(z) and the vertical —1+2ie 24
axis represents Im(z), for z € C. 1 2 _

m The operations of addition, subtraction and 32 _i—l 101 2 3 Re’(z)
multiplication by a real constant all have geometric 2 2-i
interpretations on an Argand diagram. ~(2+3i)s 39730

m Multiplication of a complex number by i
corresponds to a rotation of 90° anticlockwise about
the origin.

SN 16C
1 Write down the complex Im(z) )\
numbers represented on this -3
Argand diagram. Bt2 y
E 1 ’
S5 20,1 23 4 5 R0
Folao ep
-3
°C - —4

Example 11| 2

3

Represent each of the following complex numbers as points on an Argand diagram:
a3-4i b -4+i c4+i
d -3 e -2i f -5-2i

If z; = 6 — 5iand 7z, = —3 + 44, represent each of the following on an Argand diagram:

a1t bz-2
4 If z =1+ 3i, represent each of the following on an Argand diagram:
az bz c 7
1
d — e -
z
5 [If z =2 - 5i, represent each of the following on an Argand diagram:
az b z c zi?
v d zi’ e zi*
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16D Solving equations over the complex numbers 513

16D Solving equations over the complex numbers

Quadratic equations with a negative discriminant have no real solutions. The introduction of
complex numbers enables us to solve such quadratic equations.

» Sum of two squares

Since i% =

—1, we can rewrite a sum of two squares as a difference of two squares:
7 +d* =7 — (ai)
= (z + ai)(z — ai)

This allows us to solve equations of the form z2 + a*> = 0.

Solve the equations:

azZ+16=0 b 22+6=0
Solution
a Z+16=0 b 272 +6=0
2 —16i2=0 Z+3=0
(z+4i)(z—-4))=0 2-3i2=0
z=4i (z+ V3i)(z = V3i) = 0

7= +V3i

» Solution of quadratic equations

To solve quadratic equations which have a negative discriminant, we can use the quadratic
formula in the usual way.

Example 14
‘=== | Solve the equation 37> + 5z + 3 = 0.

Solution

Using the quadratic formula:
-5+vV25-36
7= ———
6
-5+ V-11
6

1 .
c(-5 Vili)
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514 Chapter 16: Complex numbers

Skillsheet

Example 13,14

v

Cambridge Senior Maths AC/VCE
Specialist Mathematics 1&2

Using the TI-Nspire

m To factorise polynomials over the complex
numbers, use > Algebra > Complex >
Factor as shown.

= To solve polynomial equations over the
complex numbers, use > Algebra >
Complex > Solve as shown.

Using the Casio ClassPad

To factorise:

= Ensure the mode is set to Cplx.

= Enter and highlight the expression z2 + 16.

m Select Interactive > Transformation > factor >
rFactor.

To solve:

= Enter and highlight 3z> + 5z + 3.

m Select Interactive > Equation/Inequality > solve.

m Ensure the variable selected is z.

16D

< rao {11 P38
cFactor(z2+16,z) (-4 1) (+ad)
cSolve(& 22+S : z+3=0‘z)
5 (11 s 11
Z=—""+ iorz= 7
6 6 6

% Edit Action Interactive
51| b [ fod | sime | T | ¥ [ 44| ¥ ]I[:
4]

rFactor (=" 2+16)
(z44-i)-(2—4-i)
solve(3-zz+5-z+3=[l, z)
{z__g_v‘lloi z__§+\f11-i}
~ B B "7 8 6

0

m Quadratic equations can be solved over the complex numbers using the same

techniques as for the real numbers.

m Two properties of complex numbers that are useful when solving equations:

o 72 +ad? =7 —(ai)? = (z+ ai)z - ai)

e +/—a = iva, where a is a positive real number.

FCE I 16D

1 Solve each of the following equations over C:

azZ+4=0 b 22+18=0

c 3z2=-15 d z-2%+16=0
e (z+ 1) =-49 f2-2z+3=0
g 2+3z+43=0 h 222+5:+4=0
i 32=z-2 j 22=22+5

k 222-6z=-10 | 2-6z=-14
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16E Polar form of a complex number

Polar coordinates for points in the plane were introduced in Chapter 15. Similarly, each
complex number may be described by an angle and a distance from the origin. In this section,
we will see that this is a very useful way to describe complex numbers.

The diagram shows the point P corresponding to the Im(z)A
complex number z = x + yi. We see that x = rcos 0
and y = rsin 0, and so we can write | P(x +iy)
— . r |
Z=x+Yyi Ly
=rcosO+ (rsin0)i 9 i
= r(cos O + i sin 0) 0 X Re(;)

This is called the polar form of the complex number. The polar form is abbreviated to
z=rcis0

m The distance r = \/x% + y? is called the modulus of z and is denoted by |z|.

m The angle 0, measured anticlockwise from the horizontal axis, is called the argument of z.

Polar form for complex numbers is also called modulus—argument form.

This Argand diagram uses a polar grid with Im(z)A
rays at intervals of % =15°.
. (27 2i .
ZCIS(?) . . 2(;15(%)
. ZCis(%n) . cis(%) N ZCiS(%)
-2 2 Re(z;)
cis (— 2%) . . cis(— %)
=2i

Non-uniqueness of polar form

Each complex number has more than one representation in polar form.

Since cos 0 = cos(0 + 2nm) and sin O = sin(0 + 2nmw), for all n € Z, we can write
z=rcisO =rcis(0 +2nm) forallneZ

The convention is to use the angle 6 such that —st < 6 < m. This value of 0 is called the
principal value of the argument of z and is denoted by Arg z. That is,

—T<Argz<m
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Example 15
(c— )

az=1+v3i
Solution
a Wehavex =1landy = V3, giving
r=V@Ty?
=VI1+3

[\

The point z = 1 + V3i is in the

1st quadrant, and so 0 < 6 < E.

2
We know that
1
e = - = —
cos >
and sinO = Y - ﬁ
r 2

Hence 6 = g and therefore

z=1+V3i
. [TT
= 201s(§)
Example 16

-2
Express z = 2 cis(Tn) in Cartesian form.

Solution
x=rcosH y=rsin0
-2 -2
= 2c05(5") = 2sin( =57
1 -3
=2 —— = _
X( 2) ( 2 )
=-1 —
. [—2T .
Hence z = ZCIS(T) =—1-13i.
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Express each of the following complex numbers in polar form:
bz=2-2i

b We have x =2 and y = -2, giving

MY
=V4+4

2V2

The point z = 2 — 2i is in the 4th quadrant,

andso—g<9<0.

‘We know that
1
cosO=—-—=—
V2
and sinO = Y _—1
rooA2

Hence 6 = —% and therefore
z=2-2i
=2V2 cis(—g)
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» Multiplication and division in polar form

We can give a simple geometric interpretation of multiplication and division of complex
numbers in polar form.

If z; = r; cis0; and zp = r; cis 0,, then

2122 = r1rp cis(0; + 07) (multiply the moduli and add the angles)
a_4a cis(0; — 6;) (divide the moduli and subtract the angles)
2 n

These two results can be proved using the addition formulas for sine and cosine established
in Chapter 14.

Example 17

Let z; = 2cis 30° and z, = 4 cis 20°. Find the product z;7, and represent it on an

Argand diagram.
Solution
Im(z)A o
7120 = rirp cis(0; + 0,)
=2 x 4¢is(30° + 20°) 50° 2
= 8cis 50° =
. 2
|4 >
0 | Re(2)
20°
Example 18
(T . (ST .
Letz; =3 015(5) and zp = 2 CIS(?)' Find the product z; 2.
Solution
2122 = 1 CiS(el ar 92)
T Sm
sl
cis > 6
4
= 6cis( )
cis 3
-2
212 = 6cis(Tn) since -t < Argz < 7
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Example 19
== ) | Ifz; = —V3 +iand 25 = 2V3 + 2, find the quotient 4 and express in Cartesian form.

22
Solution
First express z; and z; in polar form:
B ul=v3+1=2

-V3 1 5
Let 6; = Argz;. Then cos 0, = T‘/_ and sin0; = 2 giving 0, = —n.

6
B | =V12+4=4

Let 6, = Argz,. Then cos 0, =

V3
2

[SS)

1
and sin 0, = > giving 0, = g

5
Hence z; = 2cis(§) and 2, = 4cis( ) Therefore

o a

4D is0, - 0y)
22 r
2 St m
=3(% %)
1 . /2%
=53

In Cartesian form:

71 1 (2n)+ 1 . (27:),
_ = = — — sin| —
> 2cos 3 2s 3 i

- 1)+ 1(£)i

2\ 2 2\ 2
1
= —Z(l - \/gl)
m Polar form Im(z)A
A complex number in Cartesian form
) P(x + iy)
Z2=X+Yi |
I I
can be written in polar form as : J
- 6 :
z=r(cos0 +isin 0 >
( ) 0 3 Re(z)

=rcis0

o The distance r = 4/x* + y? is called the modulus of z and is denoted by |z].
e The angle 0, measured anticlockwise from the horizontal axis, is called the
argument of z.
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m The polar form of a complex number is not unique. The argument 0 of z such that
—7t < 0 < mis called the principal value of the argument of z and is denoted by Arg z.
m Multiplication and division in polar form
If z; = ry cis 0; and 2o = 7, cis 05, then
2

. r .
z12p = rirpcis(0; +0,) and — = —cis(0; — 0,)
22 rn

D (1= 16E

Skillsheet » 1 Express each of the following in polar form rcis 0 with -t < 0 < 7

Example 15 a 1+V3i b 1-i c 2V3+2i
1 1
d -4-4i e 12-12V3i f—s+3i

example 16, 2  Express each of the following in the form x + yi:

. (T L (T
a 3013(5) b \/Ems(g) c 2018(6)
3w 5w el
(3 (57 ¢ . (_)
d 501s(4) e 1201s(6) 3V2cis 2
4 -2
g SCiS(?n) h 5cis(Tn)
example 17,18 3 Simplify the following and express the answers in Cartesian form:
(T . (T L[ T (T
a 201s(6)‘301s(ﬁ) b 401S(E)-301S(Z)
(T . (5T (-7 (21
c 013(2)-5c1s(ﬁ) d 12015(7)-3015(?)
. (ST (T . (3=
e 12013(—)-3013(—) f (\/Ecm:rc)-\/gms(—)
6 2 4
1ocis(§) 12cis(%n) 12\/§cis(:%n) 20cis(%”)
Example19 g —TC h —231: i —JT j —53'[
SCiS(—) 3cis(?) 3\/§cis(ﬁ) 8cis(?)

/ 12
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Chapter summary

m The imaginary number i has the property i> = —1.
m The set of complex numbersis C ={a+bi:a,beR}.

@k

m For a complex number z = a + bi:
o the real part of zis Re(z) = a
o the imaginary part of z is Im(z) = b.
m Complex numbers z; and 7z, are equal if and only if Re(z;) = Re(zp) and Im(z;) = Im(zy).
m An Argand diagram is a geometric representation of C.
® The modulus of z, denoted by |z|, is the distance from the origin to the point representing z
in an Argand diagram. Thus |a + bi| = Va? + b2.
m The argument of 7 is an angle measured anticlockwise about the origin from the positive
direction of the x-axis to the line joining the origin to z.
m The principal value of the argument, denoted by Arg z, is the angle in the interval (-, 7t].
m The complex number z = x + yi can be expressed

in polar form as Tm(2)A
z=r(cos0 +isin0 i
( ) | P(x + iy)
=rcis0 ) :

x 7

where r = |z] = VX2 +y2, cos0 = =, sin0 = 2 9 !
r r >

This is also called modulus—argument form. 0 x Re(z)

m The complex conjugate of z = a + bi is given by 7 = a — bi. Note that 77 = |z].
m Division of complex numbers:

a_u n _un
2 2 |l

m Multiplication and division in polar form:
Letz; = r;cis0; and 2o = r, ¢cis 0,. Then

. 21 re .
2120 = rirpcis(0; +0,) and — = —cis(6; — 6,)
22 r

Technology-free questions

1 Forz; =m+niand z; = p + gi, express each of the following in the form a + bi:

a 271+ 3z bz C 2122
71 _
d = e 71 +7] f (21 + 2@ —22)
2
1 Z . 3z
g — h 2 j =L
21 21 22

y
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2 Letz=1- V3i. For each of the following, express in the form a + bi and mark on an

Argand diagram:
1 1
az b cz? d - ez f =
Z Z
3 Write each of the following in polar form:
a l+i b 1-+v3i c 2V3+i
d 3V2+3V2i e —3V2-3V2i f V3-i
4 Write each of the following in Cartesian form:
3
a —2cis(g) b 3cis(g) C 3CiS(Tn)
-3 -5 -
d -3 cis(Tn) e 3cis(Tn) f \/icis(%)
5 Letz= cis(g). On an Argand diagram, carefully plot:
1 2
az bz c - d cis(—n)
z 3

6 Lletz= cis(;). On an Argand diagram, carefully plot:

v aiz bz ¢l d -iz

Z

Multiple-choice questions
. .
1 Ifu=1+ithen is equal to
2-u
1 1 1 2 I 1 1 1
A ————j B -+ i —+ =i D ——+-i E 1+5i
5 "5t 5+51 C2+21 2+51 + 5i
2 The point C on the Argand diagram represents the Im(z)A
complex number z. Which point represents the complex B
number i X z? j
A A B B ccC ? . . 14 >
Re(z)
D D E E ]
+D °F
1
3 If[z] =5, then —‘ =
Z
1 1 1 1
A — B -—— C - D —- E V5
\V5 \5 5 5
4 If (x + yi)> = —32i for real values of x and y, then
A x=4y=4 B x=-4y=4
Cx=4y=-4 D x=4y=-4or x=-4,y=4
E x=4,y=4 or x=—4,y=—4 N
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522 Chapter 16: Complex numbers

5 The linear factors of z2 + 6z + 10 over C are
A (z+3+10)? B (z+3-i) C z+3+)(z-3+10)
D (z+3-D(z+3+1) E z+3+D(Z-3-1)

1
6 Letz= -5 If r = |zl and 6 = Argz, then
—1

1
Ar=2and6=§ Brzzandezg Crzﬁandez—g
1 T 1 7
D r=—and6=—-—-— Er=—and0=—
V2 4 V2 4
. . z—-2i .
7 The solution of the equation ————— =2, where z € C, is
z—(3-20)

A z=6+2i B z=6-2i Cz=-6-6i D z=6-6i E z=-6+2i

8 Letz=a+bi, where a,b € R. If 22(1 + i) = 2 — 2i, then the Cartesian form of one value
of z could be

A V2i B —2i C -1-i D —-1+i E V=2

9 The value of the discriminant for the quadratic expression (2 + 2i)z> + 8iz — 4(1 — i) is
A -32 B 0O C 64 D 32 E -64

10 If Arg(ai + 1) = g, then the real number a is

v A V3 B -V3 (o D E -

L
V3

&l

Extended-response questions

1 a Find the exact solutions in C for the equation z> — 2V3z + 4 = 0.
b i Plot the two solutions from part a on an Argand diagram.

ii Find the equation of the circle, with centre the origin, which passes through these
two points.

iii Find the value of a € Z such that the circle passes through (0, +a).

2 Let z be a complex number with |z| = 6. Let A be the point representing z and let B be
the point representing (1 + i)z.

a Find:
i |(1+i)y]
il |(1+10)z-27

b Prove that OAB is a right-angled isosceles triangle.

y
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1
3 Letz——+—

v

a On an Argand diagram, the points O, A, Z, P and Q represent the complex numbers
0,1,z 1 +zand 1 — z respectively. Show these points on a diagram.

)
b Prove that the magnitude of ZPOQ is g Find the ratio O_Q

4 Let z; and z; be two complex numbers. Prove the following:
a lz+2f =kl + el +azz + 7z
b |21 -l = lul + el - (2122 + Ziz2)
c |z + 2l + 1z — 22 = 2z + 2|z

State a geometric theorem from the result of c.

5 Letz; and 7, be two complex numbers.

a Prove the following:

i Zim =222

i 7122 + 7120 is a real number

iii 7,7 — 71z s an imaginary number
v (% +72) - (% - T2) = Aol

b Use the results from part a and Question 4 to prove that |z; + z| < |z1] + |z2].
Hint: Show that (|z;] + |z2])” — |21 + 222 > 0.

¢ Hence prove that |71 — 22| > |z1] — |z2]-

6 Assume that |z] = 1 and that the argument of z is 6, where 0 < 6 < ;. Find the modulus

and argument of:

-1
az+1 b z-1 c I
z+ 1

7 The quadratic expression ax’ + bx + ¢ has real coefficients.
a Find the discriminant of ax? + bx + c.
b Find the condition in terms of a, b and ¢ for which the equation ax? + bx + ¢ = 0 has
no real solutions.
c If this condition is fulfilled, let z; and z, be the complex solutions of the equation
and let P, and P, the corresponding points on an Argand diagram.
i Find z; + 2 and |z;] in terms of a, b and c.
ii Find cos(ZP,0OP,) in terms of a, b and c.

8 Letz; and z, be the solutions of the quadratic equation z2 + z + 1 = 0.
a Find z; and z,.
b Prove thatz; = 25 and z, = z].
¢ Find the modulus and the principal value of the argument of z; and z;.

d Let P, and P, be the points on an Argand diagram corresponding to z; and z,. Find
‘/ the area of triangle P, OP>.

A
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