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Circular functions

Objectives

» To use radians and degrees for the measurement of angle.

» Toconvert radians to degrees, and vice versa.

* To define the circular functions sine, cosine and tangent.

= To explore the symmetry properties of circular functions.

# To find standard exact values of circular functions.

# Tosolve equations involving circular functions. |
>

To understand and sketch the graphs of circular functions. "l e

¥ ”’fﬁ.i"{;;r-r "'l'h J'_" ._‘__ P
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You have studied trigonometry in earfier years, mainly for angles between (" and 90°, In this
chapter we sec how the trigonometry you have studied may be extended to form three new
functions: sine, cosine and tangent. We will see that the first two of these functions have the

real numbers as their domain, and the third the real numbers without the odd multiples of 5.

An important property of these three functions is that they are periodic. That is, they cach
repeal their values i regular intervals or peniods. In general, a functon § s periodic if there
is 4 positive constant a such that fix +a) = f{x). The sine and cosme lunctions cach have
period 2, while the tangent function has period .

The sine and cosine functions are used (o model wave motion, and are therefore central to the
application ol mathematics Lo any problem in which periodic motion is invalved — from the
motion of the tides and ocean waves to sound waves and modern telecommunications.
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14A Measuring angles in degrees and radians 475

Measuring angles in degrees and radians

The diagrum shows a unil circle, e, a circle of radius 1 unit y
The circumference of the unit circle = 2nx 1 A
= 251 unils 1| B

Thus, the distance in an anticlockwise direction around the
circle from

o A
S = 1
Ato B = < units —1 0 l
AtoC = units
0 —1{D
Atol} = — umils
2
Definition of a radian .
In moving around the cirele a distance of 1 unil from A ‘JL
to P, the angle POA 1s defined. The measure of this angle 15 1| p
I radian. w
/‘ | unit
One radian (written 19) 1s the angle subtended at the I® ¥ e
centre of the umit circle by an arc of length | unit. —IQJI
-1

MNote: Angles lormed by moving anticlockwise around the unil cirele are defined as positive;
those formed by moving clockwise are delined as negative.

Degrees and radians

The angle, in radians, swept out in one revolution of a circle 15 2at.

Za = 360"
n® = 180"
150° n
15 = or 1"=—
) 180
Hell Example 1
Convert 307 10 radians,
Saolution Explanation
n J.[L-
180
Wxn = n
0= T Multply by %0 and simplify by cancelling.
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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476 Chapter 14: Circular functions

Convert n? o degrees:

Solution Explanation
: 180"
15%=
L
a® ax180 180
—_— = 45" Multiply by — and simplify by cancelling,
] e ply by g plily by 2

Note: Often the symbol for radians, ©, is omitted.

For example, the angle 45 is writien as g rather thun %

/USing the TI-Nspire -

To convert 32 degrees o radians, enter 327 » Rad F_

as shown. (198)8 Bad E}‘
8 The degree symbaol * can be found using (] ( 5
or the symbols palette ([air (=) ). (32°)# Raa (n.ssss0sk
& The » Rad command can be found in the {xlroD (ﬁ]_
catalog ((=](1)(R)). 5
To convert 2 radians Lo degrees, enter 27 » DD e eroorid
1

a5 shown.

= The » DD command can be found in the catalog ([=](1)[D]).

Mote: If the caleulator is in radian mode. you can convert 32° to radians by simply typing
32" then (enter L If the caleulator is in degree mode, type 27 then (enter |

. S
JRTAT :
Using the Casio ClassPad
To convert 32 degrees to radians: © Edit Action Interacthe
m Ensure your caleulator is in radian mode (with Rad w ] z":'If:]Efm[E:rl 'I i l 'l
in the status bar at the bottom of the main screen). w [ +]
m Enter 32° and tap (5}, The degree symbol  is i
found in the (Mathi | keyboard. 8-x
m The answer can be displayed exactly, us shown, 0. 5585053600
or highlight the answer and tap F2] to convert o 2"
decimal. 80
To convert 2 radians to degrees: 3_;'?2.
8 Ensure your caleulator is in degree mode (Deg). 114. 581558
® Enter 2’ and tap (Exe). The radian symbol * is found P
in the [Mathl | keyboard.
LS A
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14A 14A Measuring angles in degrees and radians 477

IFSum mary 14A

of length 1 unit
m To convert:

a One radian (written 1°) is the angle subltended at the centre of the unit cirele by an are

s degrees 1o radians, multiply by % s radians to degrees, multply by %

Bxamplal 1 Express the following angles in radian measure in erms of m:

a 60r b 144° c 240" d 3307 e 420° f 4807
Examplez. 2 Express, in degrees, the angles with the following radian measures:
2 5 T
= = L d 09x
3 6 6
5 Om 1m
e — § .= s h 1.8x
9 3 5 9
3  Use acalculator w convert the following angles from radians lo degrees: B
a (6 b 1.89 c 29 d 431
e 372 f 518 E 473 h 600
4 Use a caleulator o express the following in radian measure:
a 38" b 73" c 1077 d 161°
e 54.1° f 208° E 1364" h 329"
5 [Express, in degrees, the angles with the Tollowing radian measures:
a3 b —4n ¢ —3n d —n
Sm ¢ Iz 23n 23n
o 6 ¥g 6
8 Express cach of the following in radian measure in lerms of 5
a 36" b —5407 o 240 d —720" e —A3" f 2107

7 a Onaselof axes, draw a unit circle centred at the ongin and indicate the position on

the unit circle corresponding to each of the following:
i = . 2 i 2 i

4

i

4

b On aset of axes, draw a unit circle centred at the origin and indicate the position on

the unit circle corresponding to each of the following:
i 2 i -2 i 2% i
i

3 3

43t

3

c Onaset of axes, draw a umit circle centred at the onein and indicate the position on

the unit circle corresponding to cach of the following:
n e 137

] n —? 1]

> H
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478 Chapter 14: Circular functions

@ Defining circular functions: sine and cosine
Consider the unit cirele.
The position of point P on the cirele can be deseribed by
reluting the angle 0 1o the Cartesian coordinates x and y.
The point P on the circle corresponding 1o an angle 0 1s
written A0,

Y

The rc-coordinate of A1) is determined by the angle (.
Similarly, the y-coordinaie of P()) 15 determined by the
angle (. So we can define two functions, called sine and
cosing, as follows:

s
Yy

I e e

The r-coordinate of P{0) is given by x = cosine ), forll e L

The y-coordinate of P{0) is siven by y = sine 0, for () e BL
These functions are usually written in an ¥
abbreviated form as [ollows: !'“

—_— .
= GED P(8) = (cosB, sind)
y=sinl g T o]

s sin
Hence the coordinates of PO are (cos 0, sm (). o """EH ,'ll
; = X
Note: Adding 2z to the angle results in a return -1 0 cosh I
Lo the same point on the unit cirele. Thus
cos{2n+ 1) = cos (0 and sin{2a +0) = sin ().
—1

(=)

©

Evaluate sinx and cosm.

Solution
Alter moving through an angle of x, the position is P{n) = (-1, 0).
sinm =)

Lok =—1 and

B exampic s

Evaluate Rin(—%) and ms( x )

2

Solution Explanation
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14B 14E Defining circular functions: sine and cosine 479

IC)Nl Example 5
Evaluate ﬁiﬂ(ﬁ?“] and sin[zj).
Solution
sin(j;) = sin(li_,:r:) = sin(z:n: - g) = sin[]—;) =1
\ln{%“‘) = sin(34a) = sin{2n + %") - sin{%’“] =
KCIN Example 6
Evaluate ﬁiﬂ(?g—[-} and cos{27x).
Solution
sin{%) = Hin{.tln + I—;} = &m{g] =1 cos(27n) = cos(265 + ) = cok = —1
'rsummiu"_v‘lr 14B

8 P0) = {cosl),sm)
| cos(2x +10) = cos O and sin{27 + (1) = sin Q)
m If an angle is an odd multiple of %, then its sine is

cither 1 or —1_ and its cosine is z:::rm =4
n

5 then its sine 15 2o,

& If anangle 15 an even multiple of

amd s cosine 15 either 1 or —1.

Exercise 148

Example3 1 For cach of the following angles, £, determine the values of sint and cos

Exam in 3n Sn
e ar=f b= cf=— di=—
Exampla 5 2 2 2
Example & In
: e t=-1n f:;T §i=— h (=4xn
2 EBvaluate using your calculator, (Check that your calculator is in radian mode. ) E
a snlY b sin23 c sind. 1 d cos0.3
e cos2.1 f cos(—1.6) g sin(—2.1) h sin{—3.8)
3 FPor each of the following angles, (1, determine the values of sin 0 and cos (-
5 27 Yn
a (0=27n hu_—?“ e =22 d 0=—=
[BE N -
e =— f0=5n g 0=21x h 0=—53x
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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480 Chapter 14: Circular functions

@ Another circular function: tangent

Again consider the umt circle,

If we draw a tangent to the unit circle at A, then
the y-coordinale of C, the point of inlersection
of the extension of (F and the tangent, 15 called
tangent O (abbreviated o tan 0).

By considering the similar tnangles OPD
and (CA:
Lan ()

| cos )

sin )

sim ()
cos

Note that tan O 15 undefined when cos () = 0,

in

Hence tan () is undefined when () = :t;, Hory

The domun of tan 15 B\ [0 cost) = 0L

T
—

Pi)

sin

14C

C(l.)

tand

r‘ir

—1 Ofa—- D

s

cos@

Y
"

Evaluate using a calealator. (Give answers (o two decimal places.)

a tanli3

Solution

a lunl3 =360
lan 1.9 =293
Lan{—2.8) = 036
lan 59" = 1.66
tan 1387 = —.90

T - T - O -

b tanl.Y

© tan(—2.8) d ian 359" @ [an 138°

Explanation

Don't forget thai your calculator must be in radian mode.
cos 1.9 18 negative.

Both cos(—2.8) and sin{—2.8) are negative, s0 lan is positive.
Calculate in degree mode.

1  Ewvaluate:
a ann

2  Usea cateulator o find comect i two decimal places:

b an(-n) © m[%‘-—t) d un(-27) e mn(if—‘-) f tan(—r:-t-)

B

a mnlb b tan{—1.2) c© fan 136" d tan(—54")
e tan39 f an{—2.5) £ tan239°
3 For each of the following values of (), find tan (:
a =180 b 0= 360" c 0=0
d (0 =-180" e ()= -3 f O0=T720"
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140 Symmetry properties of circular functions 481

@ Symmetry properties of circular functions

The coordinate axes divide the unit cirele into ¥
four guadrants. The quadrants can be numbered, A

anticlockwise [rom the positive direction of the Quadrant 2 Quadrant 1
x-axis, as shown.

Using symmelry, we can determine relationships 0 *
between the circular functions for angles in

different guadrants. Cuadrant 3 Quadrant 4

Quadrant 1

Y

Quadrant 2
By symmefry:
sin{m—8)=>b=sind

|
|
i
L)
|
|
i
L)
|

cos(m — §) =—a=-—<os8
tanin—8) = % =_tan#

VA e ) PRI L B8 =(cosB, sinB)
: N =(a,b)
(-~ 0
{a, 0
Plr+@ P(2r—1)

Quadrant 3
sinfx +8)=-h=-=inBb

Quadrant 4
sinf2x—8)=—h=—sin#k
cos{2R—B) = a=cosd

cos{w +8)=—a=—cos8

tanint + 8)=— =tanB

- tan(2x—8)=—2— _tane

a
Hote: These relationships are true for all values of (.

Signs of circular functions
Using these symmetry propertics. the signs ol sin, cos and tan for the four quadrants can be

summarised as follows:

1st guadrant all are positive (A)
2nd quadrant sin is posilive (S) ﬁ m
3rd quadrant  tan is positive (T =
4th guadrant €08 is positive (C) Q_y
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482 Chapter 14: Circular functions 14D

Negative of angles

By symmaetry:
cos{—1)) = cos () P8
sin{—) = —sm 0
. > b ¢
Lan{—{1) = A = —tanfl
Cos

If sin x = (0.6, find the value of:

a sinjx—ax) b sin{mx+x) ¢ sin(2xa— x) d sin(—x)

Solution

a sin{m—x) b sin{x+ x) ¢ sinf2m —x) d sin{—x)
= &inx = —&inx = —sinx = —&inx
={L6 =—06 = -{).6 =6

I exampies

If cos x° = 0.8, lind the value of
a cos(180—x)° b cos{180 + x)" © cos(360 —x)° d cos{—x)”

Solution

a cos{ 180 —x)" b cos(180 + x)" ¢ cos{360 — o) d cos(—x)”
=—cosx =—cosx" = gos .’ = gosa
=08 =8 =08 =08

Exercise 14D

Examples 1 I sind) = 042, cosx = 0.7 and tan a = (L.38, write down the values of:

a sinfm+ ) b cos(n—x) ¢ sinl2x — ()
d tanin — ) @ sin{m—1}) f tan(2x —a)
E cos{m+ x) h cos(2n—x)

Exampla® 2 [Msinx™ =07, cos0® = 0.6 and tan a® = (1.4, write down the values of:

a sin( 180+ x)" b cos( 180 +0)" e tan{360 —a)”
d cos( 180 — (1" e sinf360 — )" f sin(—x)”
g tun(360 + a)” h cosi—0)
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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14D 140 Symmetry properties of circular functions 483

" § b
3 a [fi:u.ﬁ.r-——cus{a:lu.nd;{.r*'f.n,l'mdﬂ:ﬂ:vulm:uf_r.
) In
b lfumxi—mﬁ{gjan{ix =l T,Iindmﬁ\'ulm:u[‘:_

; 3
¢ feosx= um{'—ﬁt] anid Tn < x < 2x, find the value of x.

& For the diagram shown, wrile down the values of:

a a=-cos(n—1)
b b=smnin—0
¢ o= cos(—)

d d = sin{—0))

& lanim— )

f uni—)

5 lor the diagram shown, wnte down the values of:

a d=sinfzx+0)

1 Li‘)
c=cos(n+ ) PR ]

tun(m + 0}

Yot

b
[
d sinf2x— ()
e

B8 a Forihe diagram shown, use your calculator to find a and &
correct o four decimal places.
b Hence find the values of ¢ and o,
i Use your calculator o find cos 1407 and sin 1407,
ii Wrile cos 140" in terms of cos 407,

7T a Ifsina” = sin60" and 90" = 2 < 1807, lind the value of x.
b Ifsinx” = —sin60" and 180" < =" < 270", find the value of x
¢ Ifsinx" = —sin®)” and —90" < 1" < (", find the value of x.
d Ifcos o = —cos60” and 90" < 7 < 1807, find the value of x.
a Ifcosx” = —cos6l and 180" < x" < 270", lind the value of x
f Ifcos x® = cos 6007 and 270 < x® < 3607, iind the value of x
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022
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484 Chapter 14: Circular functions

1 013 Values of circular functions

Circular functions and trigonometric ratios

For nght-angled trnangles: t
|
)
il = 2 |
=8 H : Opposite side, O
|
el = n |
cosl) = i ¥
0 Adjacent side. 4
tan0) = —

Applying these ingonometric ralios o the neht-angled

trangle, GAB, in the unit circle:
- {3
sinl) = T =y
A x
cosfl = — =—- =1
H 1
¢ v sinl -
tanl) = — = = =
A x o5l

It
For) <0 < > the functions sin, cos and tan defined by the tngonometric ratios agree with
the circular functions introduced in this chapler,
Exact values of circular functions
A caleulator can be used o find the values of the circular functions for different values of (0.

For many values of 0, the calculator gives an approximation. We now consider some values
of () such that sin, cos and tan can be calculated exactly.

Exact values for 0 (0°) and g {(80°)

e

From the unmt circle:
s5in" =0 Sin9" =1
cosll” = 1 cos 9 = () :
sin @

L.
1
tan* =0 tan 9 5 undefined _Iurjya' I
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14E Values of circular functions 485

Exact values for ; (30°) and ; (60°)

Consider an equilateral triangle ABC of side length 2 units. Using
Pythagoras’ theorem in AACD gives CD = VACT —AD! = V.

sy = E = _1. sinbl" = ﬂ - ﬁ
AC 2 AC 2
. CD 3 . AD 1
u:}hf]-ﬂ' — E -— T Cl}hﬁﬂ' - A{' = 2
anE}“-fITE-_—In unmr_{:.i[f_.lr%_ﬁ
CD i AD 1

"
Exact values for 3 (457)

For the triangle ABC shown on the right, we have AC = V121 + 12 = V2

sin48" = % = L
AC 2
cos 45% = i S 5
AC B
BC
l2nds* = — =1
" AB

Exact values using symmetry

45

We can now use symimetry 1o find exuct values for some angles outside the first quadrant.

a Evaluate cos 150"

Solution
a cos 150" = cos( 180 =30
V3
=—gos )" = —
ces 2
BCHE Example 11
- S
a Evaluate Lm(-a-_-}
Solution
5 (At ) (ﬁ n 14 }
EOS — | = 0OR e
b 1
7
o)

. o
V2

ISBM 575-1-009-11045-7

{by symmetry)

& Michael Evans et al 2022

b Evaluate sin 690,

b sin6H” = sin(2 x 360 = 30)
: T
= sin{—=3{") = =

b Evaluate Em{ l—:}f )

1=
)

- Hiﬂ[lﬁ: = g)

-l

b sin|

(by symmetry)

Cambridge University Press
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486 Chapter 14: Circular functions 14E

Approximating sin 6 for small 8
The diagram shows part of the umit aircle, where 0 < 0 < g_
The arc from C 1o 8 has length (0. S0 we see that v
AB<(Q<CD
sint} < () < tant) et D
Dividing through by sin():

h] 1
l €« — =
sinl)l  cosQ

sin il
]

Taking reciprocals reverses the mequalilies: o A /C "

cos il = <1

sinf)

We know that cos (0 — 1 as O — (. 1t follows that — as i) — (.

Henee sin0 = 0 for smiall values of 0. (This also holds lor small negative values of 0.)

fSummary 14E
As an aid to memory, the cxact values for cireular functions can be tabulated.
0 | 0 | Z a0 | Susy | 5 e 5 o)
sin 0 0 % % 1‘; 1
cos () 1 g v’ii ‘—,1! 0
tan () 0 v_l‘i 1 V3 undef

Exercise 14E

Baempis10. 1 Without using a calculator, evaluate the sin, cos and tan of cach of the following:

a 1217 b 135° c 21y d 240° e 315"
£ 300" g 420 h —135° i 300" j —60"
Example1l/ 2 Write down the exact values of:
a Hin(?) b uﬂs(?} c lan(%) d sin(_%l e mh(%‘
4n . 5w T ) 18]
" U:i.l'.l.[?) g ﬁlﬂ(?) h Cl’.)!v(?) i Llan T)
ISEM 973-1-009-11045-7 2 Michael Evans ef al 2022 Cambridge University Press
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14E 14F Graphs of sine and cosine 487

3 Write down the exact values of:

o 2n f 1 13a (15
o I L 5 I o 5 I L
14n 3n (1A 21xn
e L’m‘(T f Em[—T] g sin T) h cos —-3-—)
& Compare the values of 0 and sin () for each of the following: E
a =101 b (=02 e 1) =-0.1 d 0=-)2

@ Graphs of sine and cosine

Graph of the sine function

A table of exact values for y = sina is given below,

3 o b 0 o || 3m S| 3w | T 2 O [ 5x | 1ix 3
2 el e Al ey o el el el d = e el
-1 —1 1 | —1 -1 1 1
el 0 | | == ] = 0 s S e e =] ] — | 0
V2 V2 V2 V2 V3 V2 V2 V2

A calewlator can be used Lo plol the graph of ¥ = sinx (for —x = x < 3x). Note that radian
mode must be selected.

¥

|
L
P
B B = I
N 3 x x /% =
\4 2 4 4
-1
2

Observations from the graph of y = sin x

m The graph repeats itself after an interval Gf 2 units,
A function which repeats isell regularly 15 called a periodic function, and the interval
between the repetitions is called the period of the function (also called the wavelength).
Thus y = sin x has a period of 23 units,

B The maximum and mimmum values of sin xare 1 and —1 respectively.
The distance between the ‘mean position” and the maximum position 15 called the
amplitude. The graph ol y = sin x has an amplitude of 1.
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488 Chapter 14: Circular functions

Graph of the cosine function

A table of exact values Tor ¥y = cos xis given below.

. . G| m | o=m ol T|XE Ix N 5z | 3m | Tm i O | 5x | 1l= i
4| 2|4 2 |24 |7 w1524 4|2 | 4
-y | I = -1 | | | 1
—I—ﬂ-—1—ﬂ——l—|ﬂ—-—l-—n———l
' vl |V || || Vil | V2
' =
Using the TI-Nspire 0
m A graph of y = cos 1 for—x < x £ 3m can be W
=l 1 s anill r FL T
plotied in a Graphs application by entering 1O fentld, mersy n
flHx)=cos{x) | —x < r=3n
L
m Change the window to suit ((mena] > I)""u /\\
Window,/Zoom > Window Settings ). !r=- I}J'f \; / - ..;
2
ALY "
-2
L8 S
o 3
Using the Casio ClassPad
To plot the graph of y = cos x for —a < x < 3m: o Edit Im JmTvlis . [x]

m Ensure that your caleulator is in radian mode.
m [n Graph & Table E enter the equation in vl

‘Shieet! [Sheet? [Sheet) Sheatd [Shests

. — M v i=eoniy ) |—ndxgdoa —i
as shown, then tick to select and tap - 1o produce [ya:0 l
the graph. MyE:0
m Select the B2 icon o adjust the window settings as *;‘!I;
shown below. f,;u
Cly7:0 o
File Memory ’
|_,E']W iyioa [ []]]
T 1 AL
Il'l“ tdwr
| scadet ]
| dat 10,05
jmn t=1.0
mwd 11,5
| i n |‘|
|| x| [ vl | [ oefedi | G
\. .

Observations from the graph of y = cos x
m The period is 2m and the amplitude s 1.
B The graph of v = cos xis the graph of ¥ = sin x translated % umits in the negative direction

of the r-axis.
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14F Graphs of sine and cosine 489

Sketch graphs of y = a sin(nt) and y = a cos(ni)

The graphs of functions of the forms y = asin(nt) and v = a cos{at) are ransformations of
the graphs of y = sing and y = cos £ respectively, We lirst consider the case where a and n are
positive numbers.

Transformations: dilations
Graph of y = 3 sin(2f) The image of the graph of ¥ = sinr under a dilation of factor 3 from
the r-axis and a dilation of factor § from the y-axis is y = 3sin(21).
Note: Let f(t) = sint. Then the graph of y = (1) is ransformed to the graph of y = 3/(26).
!
The point with coordinates (1, ¥) is mapped Lo the point with coordinates {37 3y).

g 0 x b1 3 In ¥

- — — ;4
. 4 | 2] 4 3 v=3sin(2u),0<tsn
y=3sin(20) | 3|0 | =3 & 2

We make the following observations about the graph of
¥ =3sm(2):

m amplitude s 3

m period s x

Graph of y = 2 cos(3t) The image of the gruph of ¥ = cos f under a dilation of factor 2 from
the f-axis and a dilation of fam:r From the y-axisis y = 2 cos{37).

i n‘ 1—2{:05(3:!(1*1:‘:——
-

=2 cos(3r) 2 -2 _
14
We make the fullowing observations about the graph ol
0 :

y = 2eos(3r):
m amplitude is 2 =

v A

=N k-

a| &
= by
o [ B

& el i:.zT“

Amplitude and period Comparing these results with those for y = sing and y = cost, the
following gencral rules can be stated for @ and n positive:

| Function Amplitude Pariod
: In
¥ = asn{ar) i —
n
x
¥ = acos(n) i -—
n

Note: The dilation from the t-axis determines the amplitude,
The dilation from the y-axis detenmines the period.
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Example 12

For each of the following functions with domain B, state the amplitude and period:

(&)

o

1
a fir = 2sin(31) b fin)= =5 Sin{%] e [ = decos(3nr)
Solution
a Amplitude is 2 b Amplitude is J—_.; ¢ Amplitude is 4
2 4
Piiod is = Periois 2x = L = 4n Pesiodis = = <
3 = Ix 3

Graphs of y = a sin(nt) and v = a cos{nt)

In general, for a and o positive numbers, the graph of v = asin(nt) (or y = acosint)) is
oblained from the graph of y = sinf (or ¥ = coss) by a dilation of Tactor ¢ from the 1-axis
and a dilation of factor e from the yv-axis.

The point with coordinates (1, y) is mapped to the point with coordinates (i ﬂy:].

The following arc importanl propertics of both of the functions f{(r) = a sin{m) and

#1) = acos(nt):

® The penod is 2-;-3

m The amplitnde is a.

m The maximal domain is B

m The range is [—a, al.

|_ ® ] Example 13

For cach of the following, give a sequence of transformations which Lakes the graph of
¥ = sin x 0 the graph of v = gix), and stute the amphiude and penod of g{x):

a gix) =3sin(2x)

b pix) = 4xin(§)

Solution
a The graph of y = 3sin{2x) is obtained {rom the graph of y = sin x by a dilation of
lactor 3 from the x-axis and a dilation of Tactor % from the y-axis.

2
The function g{x) = 3 sin{2x) has amplitude 3 and period %1 =t

b The gruph ol y = 4.~iin(-§) is obtained Ffrom the graph of ¥ = sin x by a dilation of

£

factor 4 from the x-axis and a dilation of factor 2 from the y-axis.

i

The function g(x) = 4 mn{g | has amplitude 4 and period 2 =

= 45
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(&)

o

Sketeh the graph of cach of the following functions:

a y=2cos(20)

b y= % sin(;}

In cach case, show one complete cyele,
Solution Explanation

a y=2cos(20) The amplitude 15 2.

The period is 2—; =

"

The graph of y = 2 cos{20)) 15 oblained
24 from the graph of ¥ = cos () by a dilation
of factor 2 from the (-axis and a dilation
of factor .',: from the y-axis.

-2 -
1,
b y=3sin(3) The amplitude is .
v The period is 2+ § = dn
A The graph of y = L sin(#) is obtained
| from the graph of ¥ = sinx by a dilation
7] of factor § from the x-axis and a dilation
of factor 2 from the y-axis.
0 1 T » X
b4 2 3n 4n
Al
2

HCJN Example 15
Sketch the graph of £: [0,2] — B, f(1) = 3sin{n1).

Solution Explanation
1 The amplitude is 3.
The period 15 2n + 1 = 2.
1 1 1 =1 The graph of f(f) = 3sin(mt) is obtained from the
J 2 U graph of ¥ = st by a dilation of factor 3 from the
= t-axis and a dilation of factor i from the y-axis.
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492 Chapter 14: Circular functions

Transformations: reflection in the horizontal axis

©) D

Sketch the following graphs for x & [0, 4}

a f(x) =—2sin{ %} b y=—cos(2x)

Solution Explanation

a V¥ The graph of f(x) = —2sin{3) is obtained from
3 'i' the graph of y = 2sin(3) by a reflection in

/\ the x-axis.
e The amplitude is 2 and the period is 4.

=]
A
i
2

The graph of y = —cos(2x) is obtained from
the graph of v = cos{2x) by a reflection in
the w-axis.

The amplitude is 1 and the period is .

Transformations: reflection in the vertical axis

Bemember that sin{—x) = —sin xand cos{—x) = cos x.

Hence, when reflected in the y-axis:

® The graph of ¥ = cos x transforms onto itself, (The point (o, B) 15 mapped o the point
(—ct, B). This second point 15 on the curve v = cos x by the observation above.)

m The graph of ¥ = sin x transforms onlo the graph of v = —sinx. (The point {a, )
15 mapped o the point (—o, f). This second point 15 on the corve y = —sin x by the
observation above )

'fsummm"_v‘lr 14F

For positive numbers a and n, the graphs of y = a sinint), y = —gsin(ar), y = acos{nt) and
y = —acos(ne) all have the following properties:

m The period is E
n
m The amplitude 15 a.

m The maximal domain is B

m The range i [—a, al.
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14F 14F Graphs of sine and cosine 493

PO ccorccosr

Bample12’ 1  Wnie down i the peniod and §i the amplitude of cach of the following:

a 2sinl b 3sn(20) [~ %ms(_’:l}j

d i ) 4 cosl 3 f ! anfd
3:.1:.{5:1] e 4cos(30) ~3 sin(40)

g —zms{%u) b 2cos(m) i —Esin(g)

Bampla13 2  For cach of the following, give a sequence of transformations which takes the graph of
v = sinx o the graph of ¥ = gx), and state the amplitude and perdod of gix):
a glx)=dsinx b g(x) =sin(5x)

c glx)= xin{%] d g(x) = 2sin{3x)

3 For each of the following, give a sequence of tansformations which takes the graph of
v = sinx to the graph of v = glx), and state the amplitude and perod of g{x):

a glx) = —sin{3x) b glx) = sin{—x) c glx)= E:iin[ '35}
d glx)= —45il1(%) e glx)= "hnn[ 3.1)

examplz1a & Sketch the graph of cach of the following, showing one complete eycle, State the
amphitude and period.

a y=3sin(2x) b v=2cos(30) e y= 45in(g)
: .
d y= 5 cos 3x) e y=4xin(lx) f v=5cou(2x)
0 1}
E yv= —ECU!‘(‘;’*) h y=2cos(4d) iy= —Zhin(:‘i}

Bampla1s. 5 Sketch the graph of:

a f:]0,2] =R, fif)=2cos(ni) b /- [0,2] = &, f() = 3sin(2xi)
Example1s. 6 Skeich the graph of:

a f(x) = sin(2x) for x € [-2x, 22] b f(x)= Esan(jJ for x € [—6, 671]

¢ [fix) = 2cos(3x) for x £ |0, 2x] d fi{x) =—2sin(3x) lor x £ |0, 2x]

7 Sketch the graph of f: [0,27] = R, f(x) = —um( ]
Hint: For the endpoints, find {0) and f(2x).

8 a Onthe one set of axes, sketch the graphs of [ 0, 2x] — B, f{x) = sinxand
gr |0, 2n] — B, gix) = cosx.
b By inspection [rom these graphs, stale the values ol x for which sinx = cos x.

8 With the help of your calculator, sketeh the graphs of v = sin xand v = x on the same E

. b § n
set of axes fur—E Lxx =
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Solution of trigonometric equations

In this section we introduce methods for solving equations of the form a sin(nr) = & and

acosinl) = b.

Solving equations of the form sint = bandcost=>b
First we look at the techniques for solving equations of the form sing = b and cosr = b,
These same techmigues will be applied to solve more complicated irigonometric eguations

later in this section.

[©)

Find all solutions to the equation sin () = ‘—_11 for () £ [0, 4]

Solution Explanation
— i - i b4 .
I'he solution for () e [ﬂu %] sl = r By skeiching a graph, we can see that there
= : are four solutions in the interval |0, 4x).
- . . b1
T'he second solution is l=x— = = -—R
i t
‘ v 13
The third solution is 0 = 2+ = = 22T
6 f
. i 5 17
The fourth solution is () = 2n + - = ?:n;

These four solutions are shown on the
graph below.

v The first solution can be obtained from

a knowledge of exact values or by using
i

sin” on your calculator.

The second solution 15 oblained using
symmetry. The sine function is positive in
the 2nd guadrant and sin(m — ) = sin (),

Further solutions are found by adding 2,
since sin () = sinf 23 + ().
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143 Solution of trigonometric equations 495

(&)

e Example 18
ind two values of x
asmx=-03with)<x<2x

b cosx”" =07 with()" = x" = 360"

Solution
a First solve the equation sima = 0.3 fora e [{]. %] Use your caleulator to find the
solotion « = (030469 .
Mow the value of sinx s negative Tor Plx) in the 3rd and dih quadrants. From the
symmetry relationships (or from the gruph of ¥ = sin x):
3od quadrant: x =+ 030469 .
=3446 (o3 dp.)
4th quadrant:  x = 2z — 030469 . _.
=5978 (w3dp.) { s
S Ifsinxy =03, then r= 3446 0r x = 5.978.

b First solve the equation cos a” = (1.7 for a” € |07, W)°]. Use your calealator to find the
solution a” = 4557,

MNow the value of cos x* is negative for P{x") in the 2nd and 3rd quadrants,
2nd gquadrunt: 1" = 180° — 45.57" |

L,
= 134.43° 0.7, ) Nﬂ.?. )
d quadsant: 1 = 180° +45.57° .
i PP,

S lfeos s = .7, thén 2" = 134437 or 2" = 225.57".

0] ETYD

Find all the values of (7 between (7 and 36" for which:

3
a i:mil;]"'z£ b 2zinl)"=-1 e cosll —— =10
2 V2
Solution Explanation
a cos()” = =i cos 07 15 positve, and so P(0°) hes in the

1st or 4th quadrant.
0" =30" or 0" =360"-30"

0 =30° or 0° = 330" cos( 3607 — 0%) = cas ()
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4986 Chapter 14: Circular functions

b 2sin()" = -1

S | - ; : wiilog
sinf()® = = sin ()" is negative, and so P(07) les in the

3rd or 4th guadrant.
0% = 180" +30" or 0" =360"-300

0" =210° or 07 = 3307

sin{ 180" + 07) = —smm 0F
sin{360° — (") = —sin )"

[ 4.:1:@.:1:]'"—L =)

1 . . —_—
cos ) = ? cos 17 is positive, and so0 PEO™) hes in the
5

% 15t or dth guadrant.
0" =45" or 0" =360"-45"

0 =45 o 0" =315"

s =
Using the TI-Nspire
We show two methods for Example 19a:

m For the first method, the caleulator isin
radian mode, and the degree symbaol must

ﬂw{:u&']-Tﬁ_x st 180

be used in the equation as shown. =38 or k=230
®m For the second method, the caleulator is in I""“{ TN : ) P
degree mode, and the degree symbol 15 not 2
. w20 dp =230
reguireed.
|
L
e : ™
Using the Casio ClassPad
m  Ensure that your caleulator is in degree mode O Edit Actlon Intersctive
{with Deg in the status bar at the bottom of the | e |l s e o [ 4+ I:
TR AET. _ _ solve(cos(x)=Yd |0cxcas0 =
m Select fmn% the (Math1] or [Matha] keyboard. PNl
m Use the (Mathl ] (Math3 ] and [ Trig | keyboards to I
enter the equation and domain as shown.
a Tap (ExEL
LN J
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14G Solution of trigonometric equations 497

Solving equations of the form a sin(nt) = band acos(nt) = b
The techmigues introdoeed above can be apphied in a more general situation. This 15 achieved

by a simple substitution, as shown in the following example.

§CIR Exampie 20

3
Solve the eguation sin(20) = ——g for 0 € [—mx, n].

Solution
It 1% clear from the graph that there are four ¥
solutions. A

To solve the equation, let x = 20.

Note: If 0 € |—x x]. then we have
=2 e |-2x2x).

¥ =sin(26)

Mow consider the equation

3
ST = —f\l—r-— for x € | -2, 2x|

2
The st guadrant solution w the eguation
. V3 E
sing = - is e = 5.
Using symmetry, the solutions to
3
$inx = —— for x e [(), 2] are
n n
x=n+—undx=2n——
3 3
; dn d ik
e x=—uandx="—"
3 3

dn Sn
The other two solutions (obtained by subtracting 2m) are x = i 2xand x = = 2

o n dxn 1
2. The reguired solutions i ane ———, ——._ id ===,
Lm.ll.lll'L solulions Lor @ ane 3, 3 3 1 3

o 2x Sx

. e S e _fE R
2 The required solutions for O are 3 8 3 =

rFUs.ing the TI-Nspire

complete as shown.

1
B

Ensure that the caleulator is in radian mode and _

tﬂﬂ(ﬂﬁ{lr .':'!I-:-:E.wlkﬂﬁs

= “n & m
N O Y I e — [ —
[ 3

Sem

6
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498 Chapter 14: Circular functions 14G

IR ;
Using the Casio ClassPad o

® Ensure that your caleulator is i radian mode (with o Edit Action Intersctive
Rad in the status bar at bollom of the main screen). 't'.].Ia'-.l-I}ﬂ}]Piml—[_‘;‘J]- lT—'-—j-J—I ¥ E

B LUise el and complete as shown. uuhﬂain{hlﬁ%l S 4]

=X =% 2= 5:m
l’"?'“"?' e TRl

N, S

fSummary 146G
m For solving equations of the form sint = band cosit = b
s First lind the solutions in the interval [0, 2x]. This can be done using your
knowledge of exact values and symmetry propertics, or with the gid of a calculator,
s Further solutions can be found by adding and subtracting multiples of 2mn.
m For solving equations ol the form a sin{at) = b and acos(nt) = b:
s lirst substitute x = nr. Work out the mnterval in which solutions for x are reguired.
Then proceed as in the case above Lo solve for x.
s Once the solutions for o are found, the solutions for 1 can be foand.
For example: To solve 3in(31) = 3'! for ¢ € [0, 2], first let x = 3¢, The equation becomes
anxr= % and the required solutions for xare in the mterval [0, 6]

PO oorciserca

Exampie1?] 1 Find all the values of x between 0 and 4x for which:

a cosx = — b sinx- o G'iirl_t'ﬁ
2 V2 :
Bamplais 2 Find, correct to two decimal places, all the values of x between O and 2 for which: E
a sinx =08 b cosc=-—4 ¢ sinx=-0353
d sinx=04 e cosx=—{7 f cosx=-02
Bampla1s. 3 Without using a caleulator, lind all the values of 07 between (7 and 3607 for cach of the
following:
3 1 1
a cosll" = —g b sl = 3 c cosll” = ~3
d 2eos(0F)+1 =0 e 2sinll" =43 f V2o —1=0
& Without using a calculator, find all the values of x between () and 2Zn for cach of the
following:
a 2cosxr= V3 b V2sin(x)+1=0 e V2eos(n—1=0
5 Find all the values of x between —n and « for which:
a I b si V3 c :
COST = —— Sifx = — COST = ——
V3 2 2
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8 a Sketchthe graphof f: |[—2n,2x] = B, flx) = cosx.
b On the graph, mark the points with y-coordinate % and give the associated x-values.
© On the graph, mark the points with y-coordinate —% and give the associated x-values.

Bmmpia20 7 Solve the following equations for 0 -2 [0, 2x):

] V3 1
a sin{20) = —= b cos(2)) = — ¢ sin(20) = =
1T 3 Cos 3 sin( 5
| V3 1
d sin(30) = —— e cos(2M)) = —— f sn(20) = ——
V2 2 V2
8 Solve the following eguations [or ()€ [0, 2x]: E

a sin(20) = —0.8 b sin(2{) = .6 ¢ cos(2() =04 d cos(30) =06

Sketch graphsofy =asinn(t+e)andy = acosn(t + g)
In this section, we consider translations of graphs of functions of the form (1) = a sintar) and
g(t) = acoslmt) in the direction of the f-axis.
EGIY Exampie 21

On separate axes, draw the graphs of the following functions. Use a caleulator to help
establish the shape. Set the window appropnately by noting the range and period.

a_',;z?.:-:inz(f—g), %EIESTH hj=2um3{1+g). —%5!"_‘5;
Solution
7
a The range is [—3.3] and the period is . b The range 15 [—2. 2| and the period is ﬂ
¥ ¥
3 A
2
|
0 + oo i
|| E E3} = = 5
2] 4 24 4 6 3
-3

Observations from the example

a The graph of ¥y = 3sin 2{_! - %] is the same shape as v = 3sin(24), but is translated ; Lnits

in the positive direction of the t-axis.
4 n
b The graph of ¥y = 2cos _'5|:I - E) 15 the samce shape as ¥ = 2 cos(31), but 15 translated 3 il
in the negative direction of the -axis. '
The effect of e 15 to ranslate the graph parallel o the r-axis, (Here ¢ 15 called the phase.)
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Determining the transformation

To determine the seguence of transformations, the technigues of Chapter 7 can also be used.

The graph of y = sins is ransformed o the graph of ¥ = 3sin Z{I - 14-:]

. z ¥ "
Write the second equation as I = gin 2{!' 2 }

i
From this it can be seen that y = l?-— and | = 2{:'— g} Thus ¥ = 3yand ' = = +

bd | =
S

Hence the sequence of transformations is:

m dilation of factor 3 from the t-axis

® hlation of factor % from the y-axs

® translation of = units in the positive dircction of the f-axis.

Alternatively, we can lind this sequence by noting that the graph of v = f{1) is transformed 1o
the graph of y = 3/{2(z - -15]], where f(1) = sint.

Summary 14H

The graphs of v = asinn(t + £) and y = acosn(l + &) are translations of the graphs of
v =asinint) and y = a cos(ni) respectively,

The graphs are translated & units paralled (o the r-axis, where +¢ is called the phase.

Exercise 14H

Bmmplezi 1 Sketch the graph of cach of the following, showing one complete eycle, State the period
and amplitude, and the greatest and least values of y,
a }-;3:;111([1-%] b y=sin2(0+n) c }'—25in3(ﬂ'+§}
. o : n
d y= \Emnﬁ[ﬂ'—i) e y=3sin{2rx) F )‘—2:u53(!l+ E)
. » i N -~ =
g v=V2sin 2({1 - 3) h y=—3sin(2x) i y=-3cos 1{!] + 2)
2 For the function f: [0,27] = R, f(x) = uus{x— %]
a find f(0), f{2x) b sketch the graph of f.
3 Forthe function f: [0,2n] = B, fix) = Hinl'.{_t - %)
a find f{0), f(2x) b sketch the graph of f.
i ; . n
& Por the function [ [-n,n] = &, f(x) = sin 3[:.1:-!- E]
a find fi—n), fix) b sketch the graph of [,
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14H 141 Sketch graphsof y = asinn(t +e)+bandy —acosnit+e)+b 501

5 Find the equation of the image of v = sin x for cach of the following translormations:
a dilation of factor 2 from the y-axis followed by dilation of factor 3 from the r-axis
b dilation of factor % from the y-axis followed by difation of factor 3 from the x-axis
¢ dilation of factor 3 from the v-axis followed by dilation of factor 2 from the x-axis
d dilation of factor £ from the y-axis followed by translation of ; units in the positive
direction of the x-axis
e dilation of factor 2 from the y-axis followed by translation of % units in the negative

direction of the x-axis

@ Sketch graphsofy =asinn(t + €) + band
y=acosn{t+e)+b

We now consider translations parallel to the y-axis.

9

§CIN Example 22
Sketch each of the following graphs. Use a calculator o help establish the shape,

b 4 by 5= I n b
= 1 e e i =T = SR —oin L =i
ay 33m2(: 4)"’2‘ 1 =1= 3 b y HLuﬂ(:. 3) I, : {:{3

Solution

N
Pl =
g
el

Observations from the example
11 b o
a The graph of v = 3sin 2{! - -3} + 2 is the same shape as the graph of y = 3sin2(/ — :t-],
but 15 translated 2 units in the positive direction of the y-axs.
T T
b The graph of y = Zeos 31 + ?;l — 1 is the same shape as the graph of y = 2eos 3(1 + 3)
but is translated | umit in the negative direction of the y-axis.

In general, the effect of b 15 1o ranslate the graph £ units paratlel to the y-axis.
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Finding axis intercepts
HCJN Example 23
Sketch the graph of each of the following for x € [0, 2x]. Clearly indicate axis intercepls.
a y=Visin(x)+1 b y=2cos(2e)—1 c _‘|.‘=2:iin?_(.t—g)—‘v'§

Solution

a To determine the r-axis infercepts, the equation ﬁsin{x} + 1 = () must be solved.

V2sin(x) + 1 =0 y
- 1 y=2sin(x)+1
sinx = _E B
o LU
Lx=magordn—o 0,1 : =
st 7 o £
I n ; . i —
Lx=Ter— w.I'E+I1 hs n SE~—"Tn 2x
The x-axis intercepts are z % £
Sn n
— and —.
4 1
b 2eos(2x)—1=10 i y=2cos(2x) - |

L
cou(21) = Lxr s m ux
{}\r’ 6 G f:/z":r
® St Tk 1= '
: or —— 14

2] =

Sgrigg e g
I_ni_n?_:tmlln 2
6 6 6 6 Ll
. L p) o
I'he x-axis intercepls are Al
T;:lm 1lm
6 o
V3
c WInE(r——)'——-
! 2
1{ n) n M Tn 8«
=353 3" v
# nax Tn 4dn |
YE Byt o
m 2 3m  Sn
S R TR 0
n2x 2
The x-axis intereepis are 33 W3
3n Sm =
— S — .] -y
5 and 3 (0.-2+3)
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=) I

Bample23 1 Sketch the graph of each of the following for x € [(), 2x). Label the axis intercepts.

a v=2sn{x)+1 b y=2sin{2x)— 3 e y=y2cosx) + 1
d y=2sin2xr)—2 e y= ﬁsin(.:—%]-!—l
2 Skeich the graph of each of the following for x € [—m, 2. Label the axis intercepls.
a y=2u&n(39 -2 B = zm.;:(_r_g] € y=2kin(2)—13
d y=2cos(2x)+ 1 a _1"—2::1).\;2(1—%]—1 f }'—25in2(.t+%)+1

3 Skeich the graph ol each of the following for x € [—m, n|. Label the axis intercepts.

a '—-Zﬁin‘-‘._(:-!-f;f)-!-l b _}'—-—lsinfl(.r—}-g]—:-l [ )‘—Euu52{1+§)+ﬁ

@ Further symmetry properties and the
Pythagorean identity

Complementary relationships
From the diagram to the right,

sin(g - []) =g

and, since @ = cosfl,

ﬁm(g —U] = pos()

From the same diagram,

Lm{g - H} =bh

and. since b = sin (),

S .
L‘I}H(E - l'}) = sin ()

From the diggram to the nght;

sin(% +l.'!) =g = tosl)

L ;
r.m{i+l}) =—h=—sinl)
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504 chapter 14: Circular functions

Example 24

I sin 0 = 0.3 and cosa = (0.8, find the values of:
L I z
a :em(; — u) b Elk‘i(i —t—ii) © sini—{)

(&)

o

Solution
P i « It . ’ :
a 3-“1.[; - u) = oS b Etlﬁ(i B l}) = —sinf) ¢ smi—{) = —sinf)
=18 =13 = -3

The Pythagorean identity

Consider a point, P{0), on the unit circle.

-
E

By Pythagoras’ theorem,
0P = OM* + MP? Pia)
I = (cos 0)* + (sin () |

Now (cos 07 and (sin 0 may be writlen sin@

. L
as cos” U and sin~ (L 2] g

~1 0| cos® M 1

~ 1=cos" 0+sin’ 0
As this is true for all values of 0, it is
called an identity. In particular, this is
called the Pythagorean identity:

cos” 0 +sin0 =1

g

Example 25

Given thal sinx =

7 i .
aml; < pr=m, find:

£

Ui | e

A cosx b tanx

Solution .
a Substilute sinx = 3 mito the b Using part a, we have

Pythagorean identity: sin x

3 . 3 CO% X
cos- x+ s = |

u.m?'_r+% =] _gf[_g)

COs® X = !—;—5 = ; ;.q[__)
_ 16 3
75 —

R 4 It "
Iherefore cos x = £—. But xis in the

2nd quadrant, and so cosx = —%.
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144 14J Further symmetry properties and the Pythagorean identity 505

-
Summary 14J
= Complementary relationships
i (E—u) = cosl) 0|5 —0) =sin0
Jii 7 =C0s Lm.z = 5in
sin(g+u)-—-msﬂ uug(;+ﬂ)=—sin{]

m Pythagorean idantity

cos2 0 +sin?0 =1

Bample2d 1 [sinx =03 cosa= 06and an = 0.7, find the values of-

a cos(—uau) b sin{g - u) c tan{—() d mls(% —_:}
e sin{—x) f l.im(g - {]') g uus{g - .1:) h sin[g — u:]
i Hin(%{ + :1} i Em[?‘lj - )

|

2 a Giventhat 0 <0< = and cos ) = sin E), find the valiis of 0.

]

Given that 0 < () =

p2]

n
and sinl) = uu.‘i{ EJ, find the value of 0.

Given that 0 < () =

o
2]

and cos 0 = sin( 5 ). find the value of 0.

1
d Given that 0 < () < g and sin () = m.-fﬁj, find the value of 0,

3= :
= x < 2n. lind sin x and tan x.

2

3
Example 25! 3 Given that cosx = 3 and

5 m
and — < x < x, find cos xand tan x.

& Given that sinx =
sven tny =5 3

- | Tt : 2
5 (hven that cosx= 3 and > = x < 2m, find sin x and tan x.
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506 cChapter 14: Circular functions

m The tangent function

A table of values lor y = tan x is ziven below. Use a calculator to check these values and plot
the graph of y = tun x.

3:1:; b1 * | g | == 3 52 | 3 | Tn 2 Or | S| llx 3
x| —-m|- — | = S|lz|l=|a=|=|—=|n|—|=|— |3
4| 2| 2 4|37 2|72 |4 4|32 |73
y o] v [wa{ ol 1w o]t {u[a]o] 1 ua]aTo
¥
A
: =__1E i _E i _3_“ i _5“'-
T2 172 T T2
PN : : i
- ; i i3 ; In ‘ 3
T — T T T ey T T 1y T X
3 211 /o 1142 4 15 7 1B
e : I :
: i i |
i ] i 1
: ' ' '
. , n ) In S
MNote: The hnesx=——, x= G ¥=7 x = —- are asymploles.,

The x-axis intercepls occur when sinx = 0, which is for x = 0, 7, 2=, ete. In general,
x = km, where k 18 an integer.

Observations from the graph of y = tanx
m The graph repeats itsell every m units, ie. the period of tan is .

®m The range of tan is R, a2
B The equations of the asymplotes arc of the form x = F—-ﬁ . where k is an integer.
]

The x-axis intercepts oceur for x = km, where & is an integer.

Transformations of y = tanx

Consider a dilation of factor :t, from the v-axis and a dilation of factor 3 from the c-axis:
() = ($2.3y)

If the image of (x. y) under the transformation is (2. '), then 2* = xand ¥ = 3y. Henee

_Il'lt'al'ld_l-‘li.

3
]
Thus the graph of ¥ = tan x 15 ransformed o the graph ui"%— = tan(2x). That is. it is

b |
transformed to the graph of v = 3 tan{2x). The period of the graph will be =

ISBM 575-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press

Photocopying is resincied under law and this malenal must not be fransfemred to another party.



14K The tangent function 507

Graph of v = atan(nt)

In general, for a and n pesitive numbers, the sraph of v = g tanint) % obiained from the
graph of y = tan 1 by a dilation of factor g from the -axis and a dilation of factor ’—t Irom
the y-axis.

The following arc importanl propertics of the lunction (1) = atan(nd):

(] Thtpf:riudisi m The range iy B
n
2k+1
B The asymploles have equations § = L-%-E.whmk is an integer.
=

k
B The f-axis inlercepls dre | = _::‘ where k i an integer.
: n

Example 26

Sketeh the graph of each of the following for x € |-, x]:

ey
=

a y=3an(2x) b y=-—2tan{3x)
Solution
a Period = = = 2 etk
w2 n 3
%+ 1 2+ 1
Asymplotes: x = {—Ej keZ Asymploles: x = % kel
Axis inlercepls: x = an= keZ Axis intercepls: x = %, ke
¥

i

1
HE
£}

Solution of equations

The techmgues for solving equations of the form atan(nr) = b are similar to those for solving
equations of the form a sinfaf) = b and a cos(nt) = b discussed in Section 146G, An imporiant
difference 15 that the period of tanis . The method for obtamning further solutions s to add
and subtract multiples of x.

©

Solve cach of the following cquations for x € |—m, x|
a tanx=—1 b tan(2x) = V3 ¢ 2tan(3x) =0
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508 chapter 14: Circular functions

Solution
a lany=-—]
) S
X=— Or —
4 4
b tan(2x) = 3
Leta = 2x. The equation becomes
bnoa = ‘Er
n 4n —-2n —5n
Sl = — 0of — Of —— OFf ——
3 3 3 3
. n dx -2n —5=n
x=2or— or — or =
x 2 -—-nm 5=
= —0r oFr — OFf —

6 3 3 6
c-21E3x) =0

dr=-3x 22 —n 0, n, 2nor3n
—In —-x

T ) £ I
Lrx=—f, —, —_, ), =, — or
3 3 31

Example 28

i

®

Explanation

Since tan x is negative, the point Plx) lies
in the 2nd or 4th guadrant. Solutions are
requited for x € |[—m, ]

Use tan{zx — x) = — tan x and
tani—x) = — lan x.

Consider solutions fora € |-2x. 2x|.

Since tan a 1% positive, the point Pla) lies in
the 1st or 3rd guadrant.

Use tan(m + x) = tan x.

Subtract i from cach of the st two
solutions o oblain the second two,

The solutions for 3x are (o be m the mterval
| =3, 3m|.

Sketch the graph of v = tan{2x) + 1 for x € [—, ).

Solution
The graph of v = tan(2x) + | is obtained from the graph of y = tan(2x) by a translation of
1 umit in the positive direction of the y-axis.
For the y-axis intercept, let x = 0. Then y = tan0) + 1 = 1.
Feor the x-axis intercepts, consider tan(20) + 1 = ()
This implics tan{2x) = —1.
In — Tn ; —5m

- —, — o ——
4 4
Ix — Tn  —5n

e e T e
8 & 8 8

The asympioics are the same as
those lor v = tan{2x),

(2k+ 1)x

T - k e Z

that 1%, x =
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14K 14L Numerical methods with a CAS calculator 509

Exercise 14K

1 Foreach of the following, state the period:

>
a y = tn(dx) b y= l,un(_{] e y=—3tn(2x)

Bmmple2s. 2 Sketch the graph of cach of the following for x € [—mx, x|
a y=lan{2x) b yv=2tan{3x) € y=—lunx

Bmmpia2?’ 3 Solve cach of the following equations for x € |—m, xt):
a 2tan(2x) =2 b 3tan(3x) = V3
© 2tan(2x) =2V3 d 3tan(3x) = —V3

Exnmphzﬂ- & Sketch the graph of cach of the following for x € |—a, x]:
a _v—3l.un{.r'j|+‘y'r_i b y=tun{x)+2 ¢ v=3tan(x)—3

Numerical methods with a CAS calculator

) EETE

Solve the egquation 5= sin x, giving your answer correct o two decimal places.

[ Using the TI-Nspire

m Use (menu) > Algebra > Solve o solve

as shown.,

X
.« : sl —-milti‘r.x]
® Press (et enter |, if necessary, w obtain the L 2

answer a5 4 decimal approximation, ou-1.80540 or x=0. or = LEVEL0

L 7

'/_Using the Casio ClassPad

The equation i sin(x) can be solved numerically by drawing a graph for each side of
the equation and linding the intersection points,

o Edlt Toom Amilysiz e =
EIMEEEREE S

|Sheet1 |Sheat2 | Sheetd [Sheati [Sheets. |

Wl=snix}

B v i=sin(x) — 0
W vﬁ:% _..
Cly3:0
CJxdi0
[ 2 H
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510 cChapter 14: Circular functions

m To see all the intersection points, set the window to —2n € c < 2nand 2 <y < 2,
m Sclect Analysis = G-Solve = Intersection (0 obtun the lirst pomL To lind the other
points, navigate across using the cursor arrows on the hard keyboard,

vl=sinix) bE vi=mimix) R
va=x/3 wa=x/2
' ' i = 1.5955,0.9477
Ry \:/5‘
Intersection
we=l. 8994943 | ye=0, 8477471
LIEY LIk
Rad  Feal i Rad  Feal am
Alternatively, the solutions can be @ Edit Action Interactive
found in the main screen. FEEmmemee
*s:;b]'\-ef-'zz'-:-%iufx} 4]
(== FA549426T, w=0, =1 . 8AH40426T} I‘
n
L J

Fitting data

Fit a sine curve (o the points (1, 2.08), (2,2.3), (3,0.49), (4,=1.77) and (6, —0.96).

FUsing the TI-Nspire R
# Enter the data either in a Calculator 1.4
application as lists or in a Lists & Spreadsheet A yg Bys e o E
application as shown. =
1 1 208
2 2 23
J 3 048
- 4 1.7
5 F 005 il

® In u Caleulator application, choose (manu) >

Statistics > Stat Calculations > Sinusoidal SinReg x3 19,8 CopyVar siat.RegSgn f1: wiat?
Regression. “Titla"  “Sinuscidal Regression”
ol . PRegmant ma g g
m This now gives the values of a, b, ¢ and d, .ﬁq“ . JF:;:;:M
and the function has been stored as f1. b 0.981003
g 0002883
Mote: This regression analysis can also be done " =0.001191
% . i “Reald " il 1
in the Lists & Spreadsheet application. =
|
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press

Photocopying is resincied under law and this malenal must not be fransfemred to another party.



14L 14L Numerical methods with a CAS calculator 511
m The curve can be shown in 2 Graphs 3
application together with the scatter plot " file)=2.497- sin(0.981- v +0.0029b-0,0012
(|menu| > Graph Type > Scatter Plot) ’/—\\
using an appropriate window (| menu) > i \\ /
Window,/Zoom}. \ _,a'f;:
FE1 L] @
Mote: The scatter plot and regression . //I )
curve can also be obtained wsing the —
Data & Statistics application. a
o
" AP ;
Using the Casio ClassPad
® In Statistics [[lns . enter the data in list] and © Edit Cale SetGraph @
lisi2 as shown. M]E}tldﬂlf.}_[ﬂ;]ﬁ]mﬁﬁ
m Select cale = Regression > Sinusoidal Reg und Iili‘*'! 1ili'ﬂ [ZEIN - |
check the settings are correcl. Tap ok, ; 2 L
8
Mote: Sct Copy Formula to yv1, as this will store the ; ;
formula for the graph lor later use. ?
m lake note of the formula. Then tap ok again to e
Stat Lastukston
produce the graph.
e Sinusolds) Aeg
y=esinfhocte)Hl
o =2, 4974204
s =] 48 1003
& =2, REI -3
il ==, 18]1p-3
{MSe =1. 2088x-3
L
Exercise 14L
Bmmpie2s 1 Solve cach of the following equations for x, correct o two decimal places:
a cosx=x b sing=1-x € cosx=x d sinx=2*
Bmmple30. 2 Forcach of the following sets of data, find a suitable trigonometric rule (model):
- :
) n 3n
1] ‘ 0 ‘ - = - n
= L. 2 4
- ERERERET |
BN o [ oz 0.4 0.6 (.8
v | 0 177 | 285 | 285 | 177
L
0 l 0 0.2 0.4 0.6 0.8
5all S 218 | 034 | 013 | 162
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512 cChapter 14: Circular functions

m General solution of trigonometric equations

In Section 14G, we considered the solution of equations involving circular funclions over a
restricted domain. In this section, we consider the general solutions of such equations over

the maximal domain for each funclion.

If an cquation involving a circular function has one or more solutions in one ‘cycle’, then it
will have corresponding solutions in each eyele of its domain, 1.¢. there will be an infinite
nurmber of solutions.

For example, if cos x = TII' then the solution in the interval [0, ] 15 given by:
x= ::ma"[j'fl

By the symmelry properties of the cosine function, other solulions are given by:
—uuh'_'{%]l, 2 + L'H.‘-i_li:dl}, 2 — L'{'I'.\i-_l'l%}. 2dn + uuri_l{}'}, dn —L'“EJH_I'{%}. ag

In general, we have the following:

m Fora e [—1, 1], the general solution of the equation cos x = ais
x=2nn+eos a), whereneZ

® bor € E, the general solution of the equation tan x = g 18
t=nw+tan (a), whereneZ

m Fora e [—1, 1], the general solution of the equation sin x = « is
I=?J:!:|t+!ill'l_l{ﬂ_] or x=(2n+Dr—sin'(a). whereneZ

Mote: An alternative and more concise way Lo express the general solution of sinx = a is

x=nn+(—1)sin"(a), wheren € Z.

Example 31

Find the general solution of each of the following equations:

a cosx=105 b ‘Hﬁm{}n‘x}:l ¢ 2sinx =2
Solution

a cosx=105 b [,-m{j;}_l

Vi
x = 2nx + cos T {(L.5) I
T 3_r—m1:+lan_E(——}

=2nnt— V3
3 B 3
(6r + 1y =t
= . ne
3 _{6n+ )=
(1]
{6+ 1)m z
r=———"_ nt
18
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14M General solution of trigonometric equations 513

. V2 1
SINX = 7 = 7
—4f 1 oy Al
e B T e —
= 2nn 4+ &in (\ﬁ} or xy=(2n+ 1)t—sin (ﬁ}
n by
— 0 = {7} s
2nm+ i (Zn+ l)m )
(8n+ in (8n+3)x
— _-4_1. ne 2- = _Tr me Z
T . '
Using the TI-Nspire
Check that the caleulator 1s in radian mode. "
a LUse {menu] > Algebra > Solve and complete ﬁw{ { '_i,l_,‘]

as shown, Note the use of % rather than 0.5 1o

: l6-ar-1) = {&-pasth =
ensure that the answer 15 exack . orx

H ]

solvel 3 -omf3 ety | lenpeibn satvel 7 - sinly)=1.4)

18

=1 Al ﬂ:- or x=1nf K+?’
4

i ey G
Using the Casio ClassPad
Check that the caleulator is in radian mode.
amin :ﬁ+ select [soivet] from the (Mathi] or [Matha| keyboard.
m Enter the equation cos(x) = (.5 and tap (EXEL

o i a . a 2
m To view the entire solution, rotate the screen by selecting 13, -

0 Edit Action Interactive

i) 60 (7 CR CR O G -

solvetcos{ax)=0, §
In:!-:it'unﬂn {1 IHE yx=dmeconstn (2 :H'Et I

]

b o wdit Action mterective o Edit Action imterective

] 6e [ 3] s Iﬂﬂﬂ MR ECCOEE

solve (VI tan(3x) =1 ‘solve ( 2sin (a)=v7 4

ix- I l w=Zeeconstnd 1 3+ 2 1 w=dwconmin (2 )+ 3‘:
simplify (ans) ia
{frconstni 1 3+] j+n
{"' 18 I
Mote: The constni 1) and consin(2) are replaced with snin the writien answer. )
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514 cChapter 14: Circular functions i4m

Example 32

Find the first three positve solutions of cach of the following equations:
a cosx=05 b V3ian(3x) = | ¢ 2sinx =2

(&)

o

Solution

a The general solution (from Example 31 a) is given by x = M'HEZ
thnnzu,.r::tj and when n = 1, .I—j?nur.l'—%}l

Thus the first three positive solutions of cos r =05 ame x =

Sn
3
- ; . Foi (6 + 1)x .
b The general solution (from Example 31 b)is given by r = ———— ne Z

I
Tn 13n
- = = = — i o | -
Whenn=0, x IE'MdWhL"" 1. = S_.mdwhl..nn 2ox=y-
n Tx 13=n

Thus the first three positive solutions of ¥3 tan(3x) = 1 are x = 78 18-

{En-s-l]:lturx_[ﬁn+3]n:
4 4
Whenn=0,x= —ur.I—E—&.ndthlin I,I=Em'.t*—ﬂ.
4 4 4 4
In Yn
75 o

Tt
3T

s

¢ The general solution (from Example 31 ) s x .ned

Thus the first three positive solutions of 2sinx = V2 are x = E

frEummiu"_v‘lf iam

# Forae|-1,1], the general solution of the equation-cos © = a is
x=2nx :tcus"[u]‘ wherene @

m Fora € B the peneral solution of the equation tanx = a is
x=nx+tan a)., wherenel

& Forae|-1.1], the general solution of the equation sinx = a is

x=2nmw+sin (a) or x= (2m+ I]n—:ﬁn"[a]. whete ne X

Exercize 14M

Bample3i| 1 Find the general solution of cach of the following equations:
a smx=05 b 2cos(30) =3 c \Emn: =1

Exampie3z. 2 Find the first two positive solutions of each of the following equations:
a smx=1035 b Z2cos(3x) = Vi e Viunx=—
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14M 14M Applications of circular functions 515

n
3 Find the general solution of 2 cos(2x + E:I = 2. and hence find all the solutions for x
in the interval (—2n; 2a).

4 Find the general solution of V3 Lﬂ.u[% - _Tr.l'] — 1 = 0, and henee find all the solutions for
xin the mterval |-, 0].

5 Find the general solution of 2 sin{4nx) + ¥3 = 0, and hence find all the solutions for x
in the imterval [—1, 1.

Applications of circular functions
Gl Exampie 33
It is sugeested that the height, hir) metres, of the tide above mean séa level on 1 January at
Warnung 1s given approximately by the rule

mn=¢ﬁ4§q

where 1 18 the number of hours after midmght.

a Draw the graph of y = () for 0 < < 24,

b When was hizgh tide?

¢ What was the height ol the high tide?

d  What was the height of the fide at § am.?

& A boatl can only cross the harbour bar when the tide is at least 1 metre above mean sea
level, When could the boat cruss the harbour bar on 1 January?

Solution
a V¥ b High tide oceurs when
A hit) = 4
4+ y=h(1) in[ =1 =
) 4.\111(.6.1'} 4
n
Hin(—f} —$
=y ¥
0 6 2| 4 n m Sn
—f ==, —
6 2 2
44 7 = S
I
MNote: Penod =2xn - — =12 i.e. high tde occurs at

6
03:00 and 15:00 (3 p.m.).

¢ The high tide has height 4 metres above the mean height

d Mg = -‘-15itl(-?.) - 45in(¢Tﬂ) =4 x %ﬁ = 23

The water is 23 metres below the mean height at 8 a.m.
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516 cChapter 14: Circular functions 14N

e Wcﬁmlmmidrrdsin{gr] =3,
o 1
Thus sm[gr) =3

E: = (02526, 2.889, 6.5358, 9.172

r= 04824, 55176, 12.4824, 17.5173
i.e. the waler is at height 1 metre at 00:29, 05:31, 12:29, 17:31.
Thus the boat can pass across the harbour bar between 00:29 and 05:31, and between
12:29 and 17:31.

SM) eercisotan

Bmmpia33’ 1 Il is sugresied that the height, A{f) metres, of the tde above mean sea level during a

particular day at Scabreak is given approximately by the rule

e
=5 Hrn(gl]

where ¢ is the number of hours after midnight.
Drraw the graph of v = hin) for 0 <1 <24,
When was high tide?
What was the heizght of the high ade?
What was the height of the tde al 2 a.m.?
What was the height of the tide at 2 p.m.?
A boal can only cross the harbour bar when the tide is at least 2.5 metres above mean
sea level. When could the boat eross the harbour bar on thes day?

- 0 O o N

2 A particle moves on a straight line, (X, and its distance x metres from € af time
i seconds is given by x = 3 + 2 sin{3r).

Find its greatest distance from 0.

Find its least distance from (2.

Find the times at which it is 5 metres from O for ) =1 < 5.

Find the times at which it is 3 metres from O for 0 < r < 3.
Descnbe the motion of the particle.

3 A particle moves on a straight hine, X, and its distance x metres from € at tme
f seconds is given by x = 5+ 2 sin2m1).

Find its greatest distance from C).

Find its least distance from €.

Find the tmes at which it is 7 metees from O ford <1 £ 5,
Find the times at which it 1s & metres from (0 for(h < 1 < 3,
Describe the motion of the particle.

o a6 e
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& A purticle moves in a vertical cirele of radius 10 m. The height, k(1) m, of the particle
above the ground at time ¢ seconds 5 given by the function

. [
hif) = 10 s-‘.m[T} +10 wherer>0

Find the height of the particle above the ground For:
ir=0 i =1 il =2 iv (=4 ¥ =35
b Find the period of the motion of the particle.
© Find the greatest height of the particle above the ground.

d Find the fist four times that the particle is at a height 15 m above the ground.

@ lind the first four tmes that the particle 1s at a height 5 m above the ground.
5 The temperature, 7C, in a town over a day is modelled by the function with rule E

T=17-8cos| =)
= st

where 1 is the time in hours after midnight, (0 < 1 < 24,

a What is the lemperature at midmght?

b What are the maximum and minimuem wemperatures reached?

c Al what imes of the day. to the nearest minute, are lemperatures warmer than 20°C?
d Sketch the graph for the lemperatures over a day.

B8 The depth, () metres, of water at the entrance 1o a harbour at ¢ hours after midnight on
by o

a particular day is given by (1) = 10+ 33in{—ﬁ- }_, 024

a Skelch the graph of INf) for O < ¢ < 24,

b Find the values of ¢ for which I(t) = B.5.

¢ Boals which need a depth of w meltres are permitted Lo enter the harbour only if the
depth of the water al the entrance is at least w metres for a continuous period of
1 howr. Find, correct to one decimal place, the largest value of w which satisfies this
condition.

7  'The depth of water at the entrance to a harbour ¢ bours after high tide is D metres, where
D = p+gcos(r)” for suitable constants p, g, r. Athigh tde the depth is 7 m; at low
tide, & hours later, the depth is 3 m.

a Show that r = 30 and find the valoes of p and g.

b Sketch the graph of D against t for0 = ¢ < 12,

¢ Find how soon after low tide a ship that requires a depth of at least 4 m ol water will
be able 1o enter the harbour,

8 For each of the following, construct a formula involving a circular function which could
be used 1o model the situation described:
a Waier depths i a canal vary between a mimimum of 3 metres and a maximum of
6 metres over a 24-hour period.
b Ata ceriain town just south of the Arctic circle, the number of hours of dayhizht
varies between 2 and 22 hours during a 365-day year.
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Chapter summary

el

m Definition of a radian
m One radian (writlen 1%) is the angleé formed at the
centre of the unit circle by an arc of kength 1 unit.

D . 1807 s at
3 =T T 180
Nrich

mernt

| | unit

|
()
Y
P

m Sine and cosine
x-coordmate of P{0) on unit cirele:

e

r=cosmel), DR
y-coordinate of A1) on unit circle:
¥ = sine (0, el

i
HC]—I S .
Abbreviated 1o -1

x=cos0

)

y = sinl)

= Tangeni
If the tangent to the unit circle at A 15 drawn, then the
yv-coordinate of B is called tangent () (abbreviated 1o
tan (). By vsing similar inangles:

-

- sin ()

cos i)

TN

LN

=P

ST = = ..

-d-—E—H
-]

r

P

m Circular functions and trigonometric ratios

A
gnp=2 =L oy
"1

1 AT A Hypotenuse, )
A x ¥ H Opposite
Em{li'ﬁ:-=r (1 i side, ()
ﬂ -
¢ v sinf) *
Bnf) = — === =
A x  cosl - A ATl
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® Symmetry properties of circular functions

Quadrant 2 (sin is positive) ¥ Quadrant 1 (all functions are positive)
sinfm—B)=h=sinH A cg sinB=h

3 Y
\'\“\ ‘|
*y
sinfrt+ B8)=—bH=—sinb sinf2r—@)=—h=—sinf
Quadrant 3 (tan is positive) Quadrant 4 (cos is positive)
a Further symmetry properties ¥
MNegative angles: A
cos{—01) = cos () |
sin{—{) = —sin ()
—&in0 et
tan(—0) = — 2 = _pan0) el
cos "' 1lI =T
Complementary angles: -l 0 ‘j\:a i !
. [T o _ *sl
stn[i —i]) = cos ), ﬁln(i +i]) = posi
*m(n IJ) =sinl), «© (x +ll) = —sinf) S
£ 2 = 5I & COs 2 = 1
m Pythagorean identity
cos” () +5in> 0 = 1
m Exact values of circular functions
= 1 I b1 4 T
A D - - I A
~ 1 1 V3
sin () ) E E T l
. Vi 1 1
cosl) 1 T E E ]
i
tan () 0 — 1 V3 | undef
V3
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m Graphs of circular functions

Amplitude = | Amplitude = |
Period =2m Period =2n
¥
A
v= tan®
| 1+
: ; -y
P < g S Y B gl .
i 4 2 12 | 2
Amplitude is undefined
Period =m
® Graphs of circular functions of the type
v=agsinn{f el hand y =acosn(i +e) = b }""
e.g. y =2cos31+ ;} -1
» Amplitude, a = 2
2 In
s Pericd=— = =
n
. Mgmphisﬂmsmnushapeas;rzlumﬂr}butisnﬂmlaml% units in the negative
dircction of the f-axis and 1 unit in the negative direction of the y-axis.
® Solunions of mgonometric equations of the type siny” =gand cos 1" = a
e.g. Solve cos x” = —0.7 Tor x £ |0, 360].
First ook at the 1st quadrant: If cos a® = (L7, then o = 45.6.
Since cos 1" 15 negative for P{x") in the 2nd and 3rd quadrants, the solutions are
x=180—-456=1344 und x=180+456=2256
Technology-free questions
1  Convert cach of the following o radian measure interms of
a 330" b 81F c 1080° d 135" e 135
f 405" g 300" h 4200 i BO¥
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2 Convert cach of the following lo degree meéasure:

Sm© Ta* 11n® 4 Inc 15a°
e n ¢4 2 ® =3
It nt 11n° 2inc
p = = A=k =
2 57 2 53
3  Giveexact values of cach of the following:
. (1 { In walha Tn
a sm(T) b m(—T) © si T] d ms(—E
(13x . (23x% [ 23 . 17
se=t)  amm)  Sewsa) e
4  State the amplitude and period of sach of the following:
{] |
a 2sin( 3] b —3sin(40) e 5 sin(30)
fx 2 2=
d —Jcos(2x) a8 —4mn{i] f Eam(;]
5 Skeich the graph of each of the following (showing one cycle):
; X ;
a y=2sin(2x) b _‘F——3Lu.\‘{5) ¢ yv=—2sin(3x)
. ) ) n . n
d yzlmn(g) e y—s:n(:—z] Fy —mn[_r-l— —3—)
by 4 T
E _'b'=2:‘:0${.:—?) h yz—lwg{:+ E)
& Solve cach of the following equations for (1
a s'mu=—§. ) e |-m.m| b sin(20) =—£, (1 € |—m. x|
c sin([}—g.]=—%, 0 e 0,27 d sin(u+g)=—1, 0 € [0, 2

e ﬁi‘n[g —u] = —%, 0 € 10,2x]

Multiple-choice questions

1 Inarght-angled triangle, the two shorter side lengths are 3 cm and 4 cm. o the nearest
degree, the magnitude of the smiallest angle is
Al B 23" c 3™ D ¥ E 92°

2  The mimmum value of 3 — 10 cos(2x) is

A =13 B -17 c -23 D -7 E -10
3 The range of the function £: [0,2x] — R, f(x) = 4$in[2x—%] is

AR B 10.4] c [0 D [0.8] E |[-4.4]

8 'The period of the graph of y = jsin[-;-x—rt] +4is

Ax B3 C da D a+4 E 2n
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1
5 The graph of y = sin xis dilated by factor 5 from the y-axis and translated 2 units in

2 4
the positive direction of the r-axis. The equation of the image is
Ay- '{' +2) 8 y- 'n(l =) ¢ y=2sinx—2)
y—smzx 1 ¥ =S 21 A y=2snlx 1
D y= sin(l;:— g} E y= sin(!{::— IED}]
8 Letf: R — R flx) = asinlbx) + c. where a, b and e are positive constants. The period
of the function f is
A B 5 C 2% D 2x E =
£ a b 2n
7 One cycle of the graph of y = tan{ax) has vertical asympiotes at x = —g and x = ~:—:
A possible value of a is :
: n
A6 B c — D - E 3
= 6 3

8 The cquation 3sin(x) + 1 = b, where b is a positive real number, has one solution in the
mnterval [0, 2n]. The value of b is
Al B 15 c 2 D3 E 4

2  The number of solutions of the equation b = a sin x, where x € [—2n, 2n] and a and b
are positive real numbers with a = b, is
A2 B 3 C 4 D S E 6

10  The depth of water, in metres, in a harbour at a certain point at time ¢ hours is given by

D=8+ Zsin(%). 0 =t = 24, The depth of the waler is first 9 m al

A =0 Bi=1 C =2 D=3 E =4

Extended-response questions

1 The number of hours of daylight at @ point on the Antarctic Cirele is modelled by the E
1 |
functiond = 12 + IEum{ E:t{r + ¥]) where 1 is the number of months which have
elapsed since 1 January. _

a i Find d on 2] June (1= 5.7). ii Find d on 21 March (¢ = 2.7).
b When will there be 5 hours ol daylight?

2  The temperature; A"C. inside a house at f hours after 4 a.m. 15 given by the rule
A=21- Ecus{%)., for 0 < t < 24. The temperature, B°C, outside the house at the same

al
timé is given by the rule 8= 22 5 cus(ﬁ), for 0 <r<24.

a Find the temperature inside the house at § am.

b Write down an expression for D = A — B, the difference between the inside and
outside temperalures,

& Sketch the graph of D for (0 < 1 <24,

d Determine when the inside temperature 15 less than the outside temperature.
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3 Aracertain ime of the year the depth of water, d metres, in the harbour at Bunk Island E
i% given by the rule

d=3+18 um(—:ﬂ)

where 1 18 the tme in hours after 3 a.m.

a Skeich the graph of d against ¢ for a 24-hour penod from 3 am. o 3 am.

b At what timeds) does high tide oceur for 1 e |(,24]?

c At what time(s) does low tide oceur for 1€ |0, 247

A passenger ferry operates between Main Beach and Bunk [sland. 1t takes 50 minuies

to go from Main Beach to Bunk Island. The ferry only runs between the hours of

8 am. and 8 p.m., and 15 only able to enter the harbour @1 Bunk [sland if the depth of

waler 1% at least 2 metres.

d What is the carliest time the ferry should leave Main Beach so that 1t ammives at Bunk
Island and cun immediately enter the harbour?

2 The tme o go from Bunk Island to Main Beach s also 30 minutes. The minimum
time the ferry takes at Bunk Island harbour is 5 minutes. The minimum me at Main
Beach is also 5 minutes.

i What is the latest me the ferry can leave Main Beach W complete a round trip in
105 minutes?

it How many complete round trips can the ferry make in a day?

4  The depth of water, £2 metres, at the end of Brighton paer ¢ hours after low tde 15 given
by the rule I = p — 2 cosiri), where p and r are suitable constants.
At low tide (¢ = 0) the depth s 2 metres; at high tide, which oceurs 8 hours later, the
depth s 6 metres.
a Shuwlhulr=gandp=4.
b Skeich the graph of 1= 4 — zms{’—;;) for0 <1< 16.
e If the first low tide occurs at 4 a.m., when will the next low tide oceur?
d At what times will the depth be equal 1o 4 metres?
The poles that support the Brighton pier stand 7.5 metres above the sea bed.
2 How much of a particular pole is exposed at:
i high tide ii 2pm?
Over the years mussels have attached themselves o the pole. A particular musse! is
attached 4 metres from the top of the pole so that some of the tme it 18 exposed and
some of the tme 1t 1s covered by water.
f For how long will the mussel be covered by waler during the time from one low tide
Lo the next?
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