Transformations

Objectives

» Tointroduce a notation for considaring transformations of the plane, including
translations, reflections in an axis and dilations from an axis.
To determine the rule for the image of the graph of a relation after a transformation
has been applied.
To determine a seguence of transformations that will take the graph of a relation to

its image, where the rule for the image is known.

: _"'ufaamﬂ‘mmuunuuhhtpuinmnﬁhnplmmg:nmnl hparﬂmlzr.wha\r:.
Inﬂh.d 4t translations, reflections i an axis and dilations from an axis applied w the graphs
Of various functions and relations.

In this chapeer, we deline these transformations in general and develop technigues for both

applying and identifying transformations.

We state the following resull as an example of the relationship between the transformation of

points and the graph-sketching techmgues we have used carlier in this book. Similar resulis

hold for reflections i an axis and dilations from an axis.

For the graph of v = f{x). the following two processes yvield the same result;

B Applying the translation (x, v) — (x + v+ k) 1o the graph of v = fix).

m Replacing v with x— & and y with v — & in the equation (o obtain y — &k = f(x — k) and

sraphing the result.

Note: Transformations of the plane with rules of the form (x, ¥) — (ax + by, cx +dy) can also

be studied using 2 % 2 matrices. This approach 18 covered in an altermative version of

this chapter available in the Interasctive Textbook.
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286 Chapter 7: Transformations

m Translations of functions

The Cartesian plane is represented by the set 82 of all ordered pairs of real numbers.
That is, B2 = { (x.v) : x, v € R ). The ransformations considered in this book associate
cach ordered pair of B? with a umigue ordered pair. We can refer to them as examples of

transformations of the plane.

For example, the translation 3 units in the positive direction of the x-axis (o the right)
associales with cach ordered pair (x, v) a new ordered pair (1 + 3, ¥). This translation is a
transformation of the plane. Each point i the plane 15 mapped (o & unigue second point.

Furthermore, every point in the plane is an image of another point under this translation,

Notation

The translation 3 umits o the nezht can be writien

{x,3) — (x+ 3, y). This reads as ") maps

o{c+3.v)".

For example, (-1, -2) — (=1 + 3, -2).

In applying this transtation, it is useful w think of

every point (x, ¥) in the plane as being mapped 1o a

new point (x°, v'). This point (x, v} 1s the only point

which maps to (', ¥"). The following can be wrilten

for this translation;
Y=x3+3 and ¢y =y

As another example, consider the translation 2 units

in the positive direction of the x-axis (to the nght) and

4 units 1n the positive direction of the y-axis (up). This

can be described by the rule (x, v) — (x+ 2, v+ 4).

For example, (3.2) = (3 + 2,2 + 4),

The following can be wntien for this translation:

F=x+2 and ¥ =y+4

A
29 i
(.20 (6,2
E
i S I )
A
P (0, &)
) . J'-I
/ A (3,6)
{.—2, 4} .:-' II-‘JI
Fi
o (3:3)
A(1.2)
-J‘r

A translation of h units in the positive direetion of the r-uxis and & units in the positive

direction of the y-axis is described by the rale
(ryv) = (x+hyv+k)

or f-=x+ﬁ and ¥ =v+k

where fand k are positive numbers.
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7A Transiations of functions 267

A translation of k units in the pegative direction of the r-axis and & unts in the negative
direction of the y-axis is described by the rule
(x,3) = (x—h.y— k)
or X=x—h and ¥V =y—k
where h and £ are positive numbers.

Notes:

m Under a translation, if {a', 57 = (¢, d'), then (a, B) = (e, d).

® Fora particular translation (x, v} — (x + i,y + k), for cach poant {a, b) € B2 there is a
point { g, g) such that {p, g) — (a. b). (IUis clear thal (@ — kb — k) — (a. b) under this

trunslation. )

Applying translations to sketch graphs
We look at a particular example.
Translate the set of points defined by the function
[(xy):y=a"]
by the translation defined by the mule
(x,y) = (x+2,y+4)

Y=x+2 and ¥y =y+4

For cach point (. y) there is a unigue point (£, ') £
d (1. 1)
(0, a)

and vice versa

Wehave r=x —2andy =y — 4.
This means the points on the curve with equation y = x° are mapped 1o the curve with
equation y —4 = (1" —2)%

Hence {{r.y):y = )lmapsto| (. ¥): ¥ —4=(x-2)"}

For the graph of ¥ = f{x), the [ollowing two processes yield the same resull:

® Applying the translation (x. ¥) — (x+ h v + &) to the graph of y = [ix).

® Replacing xwith x — b and y with v — & in the equation to oblain y — & = f{x — k) and
graphing the resull

Proof A poinl (a, b) is on the graph of vy = f{x)
e fla)=b
e flavrh—Hh =h
e flath—h =b+k—k
e (a+hb+k)is apoint on the graph of y —k = flx—h)
Mote: The double arrows indicate that the steps are reversible.
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2B8 Chapter 7: Transformations

)
Find the equation for the image of the curve with equation y = f(x), where f{x) = 1
x
under a translation 3 units in the positive direction of the x-axis and 2 units in the negative
direction of the y-axis.
Solution Explanation
Let (', ') be the image of the point {x, y), The rule 15 {x, y) — (x+ 3,y —2).
where (x, ¥) is a point on the graph of v = f(x).
Then o' = x+Jand v = y—2.
Hencex=x"—3Jand y =y + 2.
The graph of ¥ = f{x) is mapped to the graph of Substitute x = x' — 3 and
V+2= flx'=3) y=y¥ +2into y= f{x)
1
ie.y= = is mapped Lo
1
e i T bl
Yy E=2 3
Recognising that a transformation has been applicd makes it easy 1o skeich many graphs.
FPor example, in order to sketch the graph of
-1
r= =2
note that itis of the form v = flo—2) where f(x) = i That 1s, the graph ol ¥ = 2 is
X x
translated 2 umts in the positive direction of the r-axis.
Examples of two other functions to which this translation is applied are:
flxy=x flx—2)=(x—2)"
flxy=x flx—2)=Vx-2
p
Summary 7A
For the graph of v = f{x). the following two processes yvield the same result:
m Applying the translation (x, v) — (x + & v + &) o the graph of v = f{x).
® Replacing x with x — h and y with v — & in the equation to obtain y —k = f{(x — h) and
graphing the resull.
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TA 7A Transiations of functions 269

1 Find the image of the poant (=3, 4) after a mapping of a ranslation:

a of 2 units in the positive direction of the x-axis and 3 units in the negative direction
of the y-axis

b of 2 units in the negative direction of the x-axis and 4 units in the positive direction
of the y-axis

© Of 3 units in the negative direction of the x-axis and 2 units in the negative direction
of the y-axis

d defined by the rule (x.y) = (x—4, v+ 3)

e defined by the rule (1, v) = (x—2,v— 1)

2 For cach of the following, describe the translation that maps the first point o the second
point:
a (-1,5)10(—6,8) b (2.4)10(8.—11) ¢ (4,-5)tw(-8.12)

Emamplall 3 In cach of the following, find the rule for the image of the graph of ¥ = f(x) under the

oiven translation:

a fix)= lr under a translation 2 units in the positive direction of the r-axis und 1 unit
in the pegative direction of the y-axis

b fix)= l under a translation 4 umis n the positive direction of the x-axis and
3 umits in the positive direction of the y-axis

¢ f(x)= o under a translation 2 units in the negative direction of the r-axis and
3 umits in the negative direction of the y-axis

d f(x) = o under a translation 4 units in the positive direction of the raxis and 2 unils
in the negative direction of the y-axis

e fix) = yx under a trunslation 2 units in the positive direction of the r-axis and 1 unit
in the negative direction of the y-axis,

4 Fory= flo)= é, sketch the graph of each of the following, labelling asymplotes and
axis intercepls:
av=flx-1) b y=flx}+1 e y= flx+13)
d y= fix)—3 e v= fix+1) for=filxy—1

5 liory= f(x) = x*, sketch the graph of each of the following, fabelling axis intercepts:

ay=flx—1) b y=flx)+1 e y=[flx+3)
d y=f(x)-3 e y=flx+1) f y=flx)—1
8 Fory= f(x) = 1. sketch the graph of each of the following, labelling axis intercepts:
av=flxr—1)+2 b y=flx—3)+1 c v=fl{x+3)-5
d yv=flx+1)-3 e y+2=flx+1) Fy=fix—5-1
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270 Chapter 7: Transformations

m Dilations and reflections

The same lechnigues can be applicd to dilations from an axis and reflections.

Dilation from the x-axis

A dilation of factor 2 from the r-axis can be defined by the
rule (x, y) — (x. 2y}

Hence the point with coordinates (1, 1) — (1, 2).

Consider the curve with equation v =  and the dilation
of factor 2 from the raxis,

m Let (', v") be the image of the point with coordinates

(x, v) on the curve.

ta ™=,

® Henee x" = rand y' =2y, and thus x = x"and y =

® Substituting for x and v, we see that the curve with equation y = v maps to the carve
with equation ; = /¥, i.e. the curve with equation y = 24/t

For b-a positive constant, a dilation of factor b from the v-axis is deseribed by the rule
(x.y) — (x.by)

e ¥=x and ¥ =bhy

For the graph of ¥ = f{x). the [ollowing two processes yield the same result:

m Applying the dilation from the x-axis (x, ¥) — (x. by) to the graph of ¥ = f(x).

m Beplacing v with E in the equation o obtain y = bf(x) and graphing the result.

Dilation from the y-axis
A dilation of factor 2 from the y-axis can be defined by the rule (x, ¥) — (2x, ). Hence the
point with coordinates (1, 1) — (2, 1)

Again, consider the curve with equation y = . ¥

m Let (', v') be the image of the point with coordinates

{x, v} on the curve,
x

m Hence 5" = 2xand y' = v, and thus x = 3 and y = y'.

m The curve with eguation v = 4fx maps 1o the curve with

- \/?
cquation y = )
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7B Dilations and reflections 271

For a a positive constant. a dilation of factor a from the y-axis is deseribed by the rule
(x,y) = (ax.y)

or X=ax and y' =y

For the graph of y = f(x), the lollowing two processes yield the same result:

= Applying the dilation from the y-axis (r,v) = (ax, y) o the graph of y = fix).
(] Rephm’ngxwimg in the equation 1o obluin y = f[;)mﬂgnphingﬂmmuﬂ

Reflection in the x-axis y
A reflection in the x-axis can be defined by the rule A
{x, ¥) — (x, —v). Hence the point with coordinates

(L1I)—(1,-1)

m Let (1, y") be the image of the point (x, ¥).

® Hence x' = xand v = —y, which mives
r=xand y=—y'.

® The curve with equation y = x maps 1o the
curve with equation — = V', i.¢. the curve
with equation y = —r.

A reflection in the r-axis is deseribed by the rule
(z.5) = (x—¥)
o ¥=x ad y=—3
For the graph of y = f{x), the following two processes yield the sume result:
® Applying the rellection in the x-axis (x, v) — (. —y) to the graph of ¥ = f(x).
m Replacing y with —y in the equation to obtain y = —f(x) and graphing the result

Reflection in the y-axis
A reflection in the y-axis can be defined by the rule (x, ¥) — (—x, v). Hence the point with
coordinates (1. 1) — (=1, 1).

® Lot (X, ¥') be the image of the ¥
point {x, y). A

® Hence x' = —xand v = v, which
gives x = —x" and v = ¥'. ¥y == sl

m The curve with eguation v = 4/x (1. 1) _Hd--*‘-"'-
mups Lo the curve with equation ‘___.-"'{T:] )
¥ = y—x. i.e. the curve with e X
equation y = y—x. 0
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272 Chapter 7: Transformations

A reflection in the y-axis 15 described by the rule
(x¥) = (=x¥)
or ¥=—x and =y
For the graph of y = f(x), the lollowing two processes yield the same result:
= Applying the reflection in the y-axis (o y) — (—x ¥) W the graph of y = flx).
2 Replacing x with —x in the equation to obtain y = f{—x) and graphing the result

EIf examoie 2

|
Determine the rule of the image when the graph of y = — is dilated by a factor of 4:
X

a [rom the y-axis b fom the x-axis,

Solution

a (xy)—(dx, 7

-

T

Let (x', ¥') be the eoordinates of the image of {x, ¥),
x =4,V =y

— x
Rearranging gives x = 77 =y
1

T

: 1
Therefore y = — becomes y' =
x°

7 .
X L 16 rr il [ ¥ § 8
The rule of the transformed function is y = = -‘-‘-:‘-E-l‘al——ﬁ—+——‘-='~'-‘:-‘)- x

b (xr.y)— (x4

Let (', 3') be the coontinates of the image of (x, y).
soxr=x ¥y =dy
i
Rearranging gives x=x'. y = -
. 1 L}
Therefore y = = becomes -

— 1
The rule of the transformed function is y = —

Applying dilations and reflections to sketch graphs

In order to sketeh the graph of v = Fllf, nole that it is of the form y = f( é) where fix) = yx.

Y2
This is the graph of ¥ = x dilated by factor 2 from the y-axis.

Examples of other functions under this dilation are:

=2 A3)-( -5

s HG)mg-3

|.j|;.|i —
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7B 7B Dilations and reflections 273

It should be noted that cach of these (unctions Tormed by a dilation of factor 2 from the v-axis
can also be formed by a dilation from the c-axis. This result 15 not true in general, as will be
seen when new functions are introduced m Chaplers 13 and 14.

_ [x . 1 1
m [or the graph ol v = \’—, wecan wrile y = —yx = —

2 V2 V2

15 formed by a dilation of factor ;%; from the r-axis.

flx), where f(x) = Y. That is, it

® For the graph of y = '?f wo can wrile y = %r} = ;if{.tL where fix) = = That is. it is
formed by a dilation of factor § from the c-axis.
2
m For the praph of y = —_ we can write y = 2 f(x), where f(x) = l That i, it is formed by a
x

x
dilation of factor 2 from the x-axis.

IfEummsu"_v‘l' 7B

For the graph of y = f{x), we have the following four pairs of equivalent processes:

1 = Applying the dilation from the x-axis (x. y) — (x, by) o the graph of y = [(x).
m Replacing y with % in the equation o obtain y = & f(x) and graphing the result,

2 m Applying the dilation from the y-axis (x. v) — (ax. v) to the graph of v = f(x)
m Replacing xwith = in the squation t oblait y = j(f] and priphing the résult,

il i

3 = Applying the reflection in the x-axis {x. ¥) — (x, —v) to the graph of v = fi{x).

m Replacing ¥ with —y in the equation (o obtain ¥ = —f(x) and graphing the result

4 m Applying the reflection in the y-axis (x.y) — (—x ) to the graph of y = f{x).
s Replacing x with —x in the equation 1o obtaim vy = f{—x) and graphing the result

1 [ind the image of the point (-2, —3) afier:

a arcllection in the raxis b areflection in the v-axis

¢ adilation of factor 4 from the x-axis d 4 dilation of factor 4 from the y-axis.

Examplez. 2  Wrile down the equation of the image obtained when the graph of cach of the lunclions
below is ransformed by:
i adilation of factor § from the y-axis fi adilation of factor 3 from the y-axis

iti a dilation of factor —‘i [rom the x-axis iv a dilation of factor 4 from the -axis

v areflection in the x-axs vi ureflection in the y-axis.
2 1 1
ay=x b y=— € y=-— d y=4x
o x
3 Skeich the graph of each of the following:
l 3 1 3
ay=3yx by=— @©y== dy=— e@ey=vix fy=—
: x T ox T 2x 2x
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274 Chapter 7: Transformations

m Combinations of transformations
In this section, we look at sequences of transformations. For example, first consider:
m a dilation of factor 2 from the r-axis
m followed by a reflection in the x-axis.
The male becomes
(x.y) = (x.2¢) — (£, 2y)
First the dilation is applied and then the reflection. For example, (1, 1) — (1,2) — (1,-2).
Another example 15;
m a dilation of factor 2 from the r-axis
m followed by a translation of 2 units in the positive direction of the x-axis and 3 units in the
negative direction of the y-axis.
The rule becomes
()= 2y —=ix+2.2y-3)

First the dilation 1s applied and then the trunslation. For example, (1,1) — (1,2) — (3,-1).

@)
Find the equation of the image of y = /x under:
a adilation of factor 2 from the x-axis followed by a reflection in the x-axis
b a dilation of factor 2 from the r-axis [ollowed by a translation of 2 units in the positive
direction of the x-axis and 3 units in the negative direction of the y-axis,
Solution

a From the discussion above, the rule 1s (x, ¥) = (x, 2v) — (x,—2y).

L=

If (x, v) maps to (', ¥'), then 2’ = rand y' = —2y. Thus x = x" and vy =
o A
The image has equation Se=y and hence ¥ = 2%
b From the discussion above, the rule is (1, ¥) = (1. 2v) — (r+ 2, 2y = 3).

3
Wi yimapsto(x, ¥hLthen ' =x+2and v = 2y 3. Thus r = 2" — 2 and y = 2 :3_

o e
The image has equation % = yx' —2uand hence y' =24 —-2-3.

2
| : ™
Using the TI-Nspire
Lse [menu| > Actions > Define to define the _
function f{x) = yx. Complete as shown, Define )= Done
2 ) -a fe
2 fle-2)-3 a2
|
A\ —
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TC 7C Combinations of transformations 275

B 3
Using the Casio ClassPad o
Lise Interactive = Define 1o define the function O Edit Action Interective
fix) = y/x, and then complete as shown, 'LJIJWFI_M:TEENMI_J] ]Jfl"' v
Note: The symbol v is found in (Math1] Define {(x)=Vx dmau
=20 (ac)
=2+x
2F(x=-2)-3

L

FSummary 7c

Given a sequence of transformations, we can find the rule for transforming points of the
plane. For example, the sequence

® a translation of 2 units in the positive direction of the y-axis and 3 units in the negative
direction of the y-axis
m [ollowed by a reflection in the y-axis

can be deseribed by the rule {x,y) = (x+ 2,y —3) = (—x— 2 y—3).

=) D

1 Find the image of the point (2, —1) under each sequence of transformalions:

a atranslation of 3 units in the positive direction of the r-axis [ollowed by a dilation of
factor 2 from the x-axis

b areflection in the x-axis followed by a dilation of factor 3 [rom the y-axis

c adilation of factor 3 from the x-ans followed by a translation of 1 umt in the
positive direction of the x-axis and 2 units in the negative direction of the y-axis.

Exampla3) 2 Find the equation of the image of the graph of v = x when each of the following

sequences of transformations have been applied:

a atranslation of 2 units in the positive direction of the x-axis [ollowed by a dilation of
factor 3 from the x-axis

b atranslation of 3 units in the negative direction of the z-axis followed by a reflection
in the x-axiy

¢ areflection in the x-axis followed by a dilation of factor 3 from the r-axis

d arcflection in the x-axis followed by a dilation of factor 2 from the y-axis

e a dilation of factor 2 from the r-axis followed by a translation of 2 units in the
positive direction of the r-axis and 3 units in the negative direction of the y-axis.

1
3 Repeat Question 2 fory = —.

X

|
& Repeat Question 2 for vy = x3.
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278 Chapter 7: Transformations 7C

5 Find the equation of the image of the graph of v = & when each of the following
sequences of ransformations have been applied:
a almnoslation of 2 unils in the posiive direction of the x-axis [ollowed by a dilation of
factor 3 from the yv-axis
b adilation of factor 3 from the y-axis followed by a translation of 2 units in the
positive direction of the x-axis.

8 Find the equation of the image of the graph of v = = when cach of the following
sequences of transformations have been applied: *
a atmnoslation of 2 unils in the posiive direction of the x-axis [ollowed by a reflection
in the y-axis
b areflection in the y-axis followed by a trupslation of 2 umts in the posinve direction
ol the x-axis.

7 Find the equation of the image of the graph of v = 2(x — 2)* + 3 when each of the
following sequences of translormations have been applied:
a atranslation of 2 units in the negative direction of the r-axis and 3 units in the
negative direction of the y-axis
b areflection in the x-axis followed by a transtation of 3 units in the positive direction
of the y-axis
¢ arcllection in the y-axis [ollowed by a dilation ol factor 3 from the y-axis.

8 Find the equation of the image of the graph of y = 2 + 5 when cach of the following
sequences of transformations have been applied: a
a atranslation of 2 undts 1 the negatve direction of the r-aas followed by dilation of
factor 3 from the y-axis
b a dilation of factor 3 from the y-axis followed by a transiation of 2 units in the
negative direction of the x-axis.
8 The graph of y = 1 is transformed by: E
® alranslation of a units 1 the positive direction of the y-axis
m followed by a dilation of factor k from the x-axis,

a If the image of the graph passes through the points (1, 1) and (2, 4), find the possible

values of aand &
b If the image of the graph passes through the points (1, 1) and (2, 2), find the possible
values of aand &
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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70 Determining transformations 277

@ Determining transformations
The method that has been wsed 1o find the effeet of ransformations can be reversed o
determine the sequence of transformations used to take o graph to its image.
For example, to find a sequence of transformations which maps v = T 10 ' = -2/,
work backwards through the steps in the solution of Example 3a:

¥ =
B y=+rmapsio == V'
I'IJ
B Wecanwhnle x = x'" and y = e and s0 x* = rand v = =2y
® The transformation is a dilation of factor 2 from the x-axis followed by a reflection in
the r-axis.

This can also be done by inspection if you recognise the form of the image. For the
combinations of transformations in this course, it1s often simpler to do this.

©

a Find a sequence of transformations which takes the graph of y = 22 to the graph of
y=2x—2Y+3

b Find a sequence of transformations which takes the graph of ¥ = x to the graph of

y= Vix-2.

Solution

a By inspection
By inspection, it is a dilation of factor 2 from the raxis followed by a translation of
2 units in the positive direction of the c-axis and 3 units in the positive direction of
Lhe y-axis.
By the method
¥ = x> maps 10y = 2(x' — 2)* + 3. Rearranging this cquation gives

}'*—3_ 2
3 =(x'-2)
: y' =3
We choose to wrile y = ° 3 and x = x' - 2.

Solving for x' and y' zives
=242 and Yy =3y+3

The transformation is a dilation of factor 2 from the r-axis followed by a translation
of 2 units in the positive direction of the r-axis and 3 units in the positive direction of
the y-axis.

b Wehave v = V5 — Zand v = yx. We choose to write y = ¥ and x = 5x° — 2, Hence

x+2 x 2

= = o=
3 5 5
The transformaton 1s a dilation of factor % from the y-axis followed by a translation of
2

5

¥

= atid ' =y

units in the positive direetion of the -axis.
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278 Chapter 7: Transformations

= ; - 3
a Find a sequence of trunsformations which takes the graph of y = G +6 1o the
. 1 wEm
graph of y = =
b Find a sequence of transformations which takes the graph of ¥y = (3x— 1)° + 6 1o the
graph of y = .
Solution
. ¥ 1 1 : cs— =il 1
a Wroie - = — and ¥ = ——. The points (x, ¥) satislying = = - @
TR T - St o St e A e Il
!
mapped to the points (1, ") satistying ¥ = ey
Hence we choose o write
—6
.F'—'}T and x'=x-1
One transformation is & translation of 6 units in the negative direction of the y-axis and
1 unit in the negative direction of the x-axis followed by a dilation of factor % from
the x-axis.
b Write y— 6 = (3x— 1)? and y* = (x*)%. The points (x, y) satisfying y — 6 = (3x — 1)% are
mapped (o the points (2, v') satislyving v = (x)%.
Henee we choose Lo wrile
¥=y—6 and ¥ =35x-—1
One transformation 18 a dilation of factor 5 from the y-axis followed by a translation
of 6 units in the negative direction of the y-axis and 1 unit in the negative direction of
the x-usxis.
We note that the trunsformations we found are Far from being the only possible answers. In
fact there are mlinitely many choices.
'
Summary 7D
The notation developed in this chapter can be used o help find the ransformation that
takes the graph of a function to its image.
For example, if the graph of y = f(x) is mapped o the graph of ¥ = 2f(x" — 3), we can
see that the transformation
Y=x+3 and ¥y =2y
is 4 suitable choice. This 15 & translation of 3 units o the rght followed by a dilation of
factor 2 from the x-axis.
There are infinitely many transformations that take the graph of y = fix) to the graph of
¥ = 2fi{x" —3). The one we chose is conventional.
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=)

Examples; 1 Foreach of the following, find a sequence of transformations that takes;
a the graph of y = 2 o the graph of

i y=2(x—1"+3 ioy=—{x+1P+2 il y=(2c+1Y7-2

1
b the graph ol y = — o the graph of
r

i_y—% ii_v—_t_:_3+2 iii }'—-113—1
¢ the graph of ¥ = yx o the graph of
i j=vVr+342 i y=2v3x il y=—yr+2
Exampls5 2 a Finda x::.qm:ml::: of transformations that takes the graph of y = lI; T 7 1o the
graph ol y = =
b Find a sequence of transformations that takes the graph of y = (3x + 2)* + 5 to the
graph of y = 1*.

¢ Find a sequence of transformations that takes the graph of y = —3(3x + 1) + 7 to the
graph of y = 1~

d Find a sequence of transformations that takes the graph of v = 23 — x to the graph
of v = +fx.

e Find a sequence of transformations that takes the graph of v = 293 — 1 + 3 1o the
graph of y = -yt + 6.

3 a Find amle for a transformation that takes the graph of v = 2x + 7 1o the graph
of y=3x+2

b Find a rule for a transformation that takes the graph of y = — 1 to the graph

1
(x—2)
of y = ————+ 4.
< (x=5°
¢ Find a rule for a transformation that takes the graph of y = (x + 2)* + 4 1o the graph

of y=(3x— =8,

d Find a rule for a transformation that takes the graph of v = 243 — x 1o the graph

of y = 5vx—6.
@ lind a rule for a transtformation that takes the graph of y = 242 — x + 3 o the graph
of y = —5yr+ 6.

4 a By equating cocflicients, find a and b such that 2x* — 127 +24x— 13 = 2(x—a) +b
forall re B
b Hence, describe a sequence of transformations that takes the graph of y = x* o the
graphof y = 207 — 127 + 24x— 13,
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Transformations of graphs of functions
In this section, we further explore the effect of ransformations on the graphs of functions.
Applying transformation rules to graphs

The following table summarises what we have established in previous sections. The rule for
each transformation is given and the rule for the image of the graph of y = fix).

The graph of
Mapping Rule RCIIIN ‘
Reflection in the x-axis (x.3) = (x,—¥) y=—f(x)
Reflection in the y-axis (X, ¥} — (—xy) ¥= f(—x)
Dilation of factor a from the y-axis {x, v} — lax_ y) y= f{f}

e

Mlanon of factor b from the x-axis (x, ¥} — (x, by y=hfix)
Translation of h units in the positive (ryv)—= (x+h v+ k) v—k= flx—h)
direction of the r-axis and & units in
the positive direction of the y-axis

Note that each transformation in this table has a mle of the form
(x,y) — lax + h,by + k), wherea £ Dand b+ 0
Moreover, any sequence of these transformations will also have a rule of this form.
©
A transformation 15 defined by the rule (x, y) — (%x 2_1.-)_
Find the equation of the image of the graph of ¥ = 2 + 2 + 3 under this transformation.
Solution

Let(x;v) = (x'.¥). Thenx' = 41‘:.1: and y' = 2y

Thus xr = 32" and y =

(2] e

The graph of v = & + 21+ 3 is mapped tu% = (3¢ +2(3x) + 3.

Hence the image has equation v = 182 + 120+ 6.

Reflection in the liney = x
In our study of mverse funclions in Section 5G, we have considered the reflection in the
line v = x. This transformation has the mle

(z,¥)—=(v.x)

The graph of ¥ = fix) maps to x = f(y), which is nol necessarily the graph of a function.
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(&)

o

A transformation is defined by the rule

(r,y)—=i(=3y+1,2x+2)

Find the image of the straight line with equation ¥ = 2x + 5 under this transformation.

Solution
Let(x, v) = (x.7v'). Then £ = 3y + 1 and v' = 2x+ 2.
Sux—i—l:md_y——i-!——}-_

2 33

The graph of ¥ = 2x + 5 15 mapped 1o

= vl [
£ AE iz o SO BN
373 2{2 )

Rearranging this eguation gives y' = —g - g
Henee the image is the straight line with equation y = —g - -’:-

Transformations of the graphs of quadratic functions
For any two guadratic functions fy and f5, there is a sequence of transformations that takes
the graph of ¥ = fi(x) to the graph of v = &{x). This is illustrated in the next example.

©
Find a sequence of transformations that takes the graph of the guadratic function with rule
filx) = & + 2x + 6 to the graph of the quadratic function with rule f5(x) = 227 + 8x + 5.
Solution
Complete the square for cach of the rules:
filad=(x+ 1745 and falx)=2(x+2) -3
To find a sequence of transformations, we write

y=(x+1P+5 and ¢y =2"+27-3

Rearranging pives

Vv +3

-l 3
5 TR (= +2)
+3

y=5=(x+1)y and

¥

andx+1=x"+2

We choose o write y—5 =
Solving for x* and ¥ gives
X=x—1 and y'=2y—13

The transformation is a dilation of factor 2 from the v-axis followed by a translation
of 1 umit in the negative direction of the r-axis and 13 amits in the negative direction of
Lhe y-axis.
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Using function notation

We have seen throughout this chapler how the effect of a transformation may be deseribed
using function nolation. For example, iF the graph of v = f(x) is ranslated 2 units in the
positive direction of the raxis, then its image 18 the graph of vy = f(x—2).

E)l Example 9
Let f{x) = 2%,
a Write the equation for the graph of v = 4 f{x + 3).
b Give a sequence of transformations that takes the graph ol y = f{x) to the graph
of y = 4f(x+ 3

Solution
a y=4x+3)
o
b The graph of y = & maps oy = 4z’ + 3)°. Rearranging gives % = {x' + 3P,

Ll
We choose W write v = 2 and x = &+ 3. This givies o' = x— Jand v = 4y

The transformation is a dilation of factor 4 from the raxis followed by a translation of
3 units in the negative direction of the r-axis,

The image of two points
We can determine the rule for a transformation of the form (x, v) — (ax+ by + k) il we
are miven the mmages of two points in the plane. (The two points must not lie on the same

horizontal or vertical line.)
® Example 10
The points (1, 1) and (3, 9) lie on the graph of y = ©*. A transformation with a rule of the
formi (x. v} — (ax + by + k) maps (1, 1) — (5.4) and (3. 9) — (11, 12).

a Find the values of a, Jr, b and k Tor this transformation.
b Find the image of y = x* under this transformation.

Solution

a Given(l, 1) — (5.4) and (3,9) — (11_12), we obiain four cquations:
a+h=3 (1)
b+k=4 (2)

ath=11 (3)

Oh+k=12 ()
From equations (1) and (3L, we have a =3 and i = 2,
From equations (2) and (4), we have b= 1 and k = 3.

Henee the transformation bas rule (xv) — (3x+2, v+ 3).
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b Let(x,y)—= (2, ¥).Thenx' =3x+2and ¢ = y+ 3.
3

L

and y = y" — 3.

Henee x =
(x' =27

The graph of y = x* is mapped o v = T+3_

Function notation for transformations
We can consider a transformation of the plane as a function from 8 to B2, In this section, we
have been considering transformations of the form
TR R, T(ay)=(ax+hby+k)
and T:RESREL Ty =(ay+hbx+k)
Another important class of transformations are those of the form
T:-R' SR, Ty = lax + by.cx + dy)

These are called linear transformations, and they are considered Questions 20 and 21 of
the exercise.

Emmmple® 1 A transformation is defined by the rule (x, y) — (30, —2v). Find the equation of the
image of the graph of y = x* + x + 2 under this transformation.

2 A transformation is defined by the rule (x, v) — (4x, —=2y). Find the cguation of the
image of the graph of y = ¥ 4+ 2x under this transformation.

Bxampla? 3 A translormation is defined by the rule (x, ¥) — (2y, —3x). Find the image of the straight
line with equation ¥ = 2x + 3 under this transformation,

& A transformation is defined by the rule (x.y) — {4y, —2x). Find the image of the straight
line with equation v = —2x + 4 under this trunsformation.

5 [or each of the following, find the image of the strajght line with eguation y = =2x + 6
under the transformation with the given rule:
a (oy) = (-2y-1)x+32)
b (ey) = (-2y—Lax+2)
€ (ny)—=(-2x—23y+32)

Examples 8 Find a sequence of transformations that takes the graph of the guadratic function
with rule fi(x) = 2 +4x + 12 w the graph of the guadratic function with rule
falx) = 35 + 6x+ 3.

7  Dind a sequence of ransformations that takes the sraph of the quadratic funclion
with rule fi(x) = —x" + 6x + § o the graph of the guadratic function with rule
Salx)y = 20+ 8x+5.
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284 Chapter 7: Transformations TE

8 a The transformation with rule (x.v) — (3e— 1, v + 2) is applicd to the graph
7y
of y = — 5 Determine the equation of the image.
x—
2
b Describe a sequence of transformations that takes the graph of y = = — 3 to the graph
of y= + f.
T 3x—-9
Examples) 9 Let fx) = x".
a Write the cquation for the graph of y = —5(2x + 3).
b Give a sequence of ransformations thal takes the graph of v = fi(x) o the graph
of y=-5f(2x+3).
1
10 Lletgix)= —.
e
a Wrile the equation For the gruph of y = 2g(x—3) + 4,
b Give a sequence of transformations that takes the graph of ¥ = g{x) o the gruph
ol y = —2g(x—3)+ 4
Bmmpie10. 11 A transfonmation of the plane with rule (x, v) — {ax + b by + &) maps (2.5) — (=3.6)
and (3.6) — (-4, 7).
a Find the values of a, b, b and &.
b Find the image of the graph of y = x7 under this transformation.

12 A transformation of the plane with rule (x, ¥) — (ax + h, by + &) maps (1,3) — (=2,-3)

and (2.4) —= (=3, 11).
a Find the values of a. f, b and k.
b Find the image of the graph of y = x* + 2x under this transformation.

13 A transformation of the plane with rule (x, ¥v) — (ax+ hoby + &) maps (1, -2) — (—4.3)
and (3.4) — (18.3).

a Find the values of a, b, b and &.
b Find the image of the graph of v = x* under this transformation.

14  The graph of ¥ = 1 is transformed by a dilation of factor & from the y-axis followed by
4 translation of @ units in the negative direction of the x-axis, where a > (). The onginal
graph and its image intersect at the point (=1, 1).

a Find the value of a.
b Find the coordinates of the second point of intersection of the two graphs.

15  ‘The graph of y = 17 is translaied by g units in the positive direction of the x-axis and
a” units in the positive direction of the y-axis, where a > 0. The line y = x is tangent (o
the image.

a Find the value of a.
b Find the coordinates of the point where the line y = x ouches the image,
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18 The graph of y = x is reflected in the y-axis and then dilated by a factor of a from the
y-ax1%, where a = (0, The hoe x+ y = 1 1% tangent to the image.
a Find the value of a.
b Find the coordinates of the point where the line x + v = 1 ouches the image.

17 a Given that the graph of vy = f{x) has x-axis intercepls at (—4.0) and (2, 0, find the
x-axis intercepts of the graph of v = 3 flx —4),
b Given that the praph of v = g{x) has r-axis intercepts at (—3,0) and (6.0), find the
x-axis intercepts of the graph of v = 2g(3x).
¢ Given that the graph of ¥ = hix) has x-axis intercepts at (—2,0) and (8.0), find the
x-axis intercepts of the graph of v = 34(2(x — 4)).

18 Let f{x) = & The line y = 3x — 2 touches the graph of y = f(x) at the point (1, 1).
Consider the transformation with role (x, v) — (3x + 2,3y,
a lind the equation of the image of the line y = 3x — 2 under this transformation.
b Find the equation of the image of the graph of ¥ = f{x) under this transformation,
¢ Give the coordinates of the point where the image of the line v = 3x — 2 touches the
mmmage of the graph of ¥ = fx)

18 Letf: R\ [}) =R flx)=
a Find f~.
b Find the translation that maps the graph of [ 1o the graph of £

S5x—=2

20 For the transformations considered in this book, two different poinis in the plane

will map o two different image points, More formally, we say that a transformation

7:RB* — B is one-to-one if (xy, y;) # (xz y2) implies T(x.y1) & Tixz,y2).

Now consider & linear transformation

T-R' = RIT Iix.y) = lax+ by, cx+ dy)

where a, b, o, d & B Prove that T is one-to-one if and only if ad — be £ (.

Hint: Prove that if 7" 1s not one-to-one; then ad — be = (. Then prove that if ad —be = (),
then T 15 nol one-to-one. (Note that *T 18 nol one-lo-one” means that thens exist
(x. 1) (x2. ¥2) € B such that (xy. y1) # (x2.32) and T(xy, y1) = T(x. y2).)

21 [l a lincar ransformation 7 15 one-lo-one, then 1t has an inverse transformation
TR R, Ty =@w if Tow) =(xy)
For example, if 7(3,4) = (6,2), then T746,2) = (3,4).
a LeaaT: R =B T(xy) = (2x+ 3, —4y). Find T
b Let 7: B — B T'(x.y) = (3 —x,—4y). Find 771,
€ LetT: B* - B2 T'(ny) = (3x+ 3,2y +5). Find T,
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Chapter summary

In the following table, the rule for cach transformation s given and the rule for the image of
the graph of y = f(x).

=) e

The graph of
Mapping fule y =ﬁ=;ilﬁp maps to
Reflection in the x-axis (x, ) — (x.—y) y==fx
Reflection in the y-axis (x,5) = (—x,3) ¥ =J(—=)
Dalanon of factor a from the y-axis (x, ¥) — lax, v y= f(f}
Difation of factor & from the r-axis (x,v) — {x, by) y=hfix)
Translation of f unils in the positive (vl = x+h v+ k) v—k=flx—Hh)
direction of the x-axis and k units in
the positive direction of the y-axis
Reflection in the line y = x (x.y) = (» 1) x = f{y)

Technology-free questions

1 Find the image of the point (—1, 3) under each of the following trunsformations:
a dilation of factor 4 from the r-axis
b dilation of factor 3 from the y-axis

reflection in the x-axis

a o

reflection in the y-axis

reflection in the ine y = ¢

2 Sketch the graph of each of the following, labelling asymptoles and axis inlercepis:

1 1 1
ay==+3 b y=—-3 cy=

x a2 (x+ 2
1 H
d y=vx-2 B_]r:I_I f}r=;—4‘
_ ! h v= I : _
£ Y=x+32 R . ﬂﬂ_{:—j}:’-
1
i = k = 1 | =2
i [0 (x+4)? fix) x—1 i Six x—2 L
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Chapter 7 review 2B7

3 Sketch the graph ol each of the following, stating the equations of asymptoles, the axis
mntercepts and the range of cach functon:
3 1 1

i
=ity . ; = d ==y
L 0 IR iy P =3

&  Consider the transformation of the plane consisting of a dilation of factor 2 from the
a-axis followed by a translation of 2 units in the positive direction of the r-axis and
3 umits in the positive direction of the y-axis.
a Find the rule for this transformation in the form (r, v) — (2. ¥).
b Hence find x and y in terms of 1" and ¥ respectively.

5 For cach of the following, find a sequence OF transformations that takes:

a the graph of v = © to the graph of

i_}r=3{x+1]2+2 ii y3—2{1+2}2+3 ifid }r-—"{lr-I—]}:—l
1
] ﬁk:gruphuf}rzzlﬂ[h::graphnf
. 4 o !
b ¥=os Hy—I—+ﬁ—12 llly—I_j—S
e the graph of ¥ = yx to the graph of
i y=vVi—4+2 i y=2v2x il y=—2yx+3

B8 Consider the ransformation of the plane consisting of a reflection m the x-axis followed
by a dilation ol factor 3 from the y-axis and then by a translation of 2 units in the
negative direction of the x-axis and 3 units in the posiive direction of the y-axis.

a Find the rule [or this transformation in the form (x, ¥) — (2, ).
b Hence find x and v in terms of x* and v respectively.

1
7T Laf:R\B]|=R flx)= — Write the equation for the graph of each of the
T
following:
a y=f2x=1) b y=f2x+3 c y=f2Ax—4) +5

Multiple-choice questions

1 The point P(1,7) is translated 3 units in the positive direction of the y-axis and then
reflected i the w-axis. The coordinates of the final image of Pare
A (—-1.T) B (—1.-7) C {(L-1 D 0N E (1.1

2  The point Pi4, —3) lies on the graph of a function f. The graph of f is translated 4 units
in the positive direction of the y-axis and then reflected in the y-axis. The coordinates of
the final image of # are
A (4.3) E (—4.-1) Ci—4.-7) D (-4 E (4.-T)
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2 A tunsformation of the plane is defined by (x,v) — (3x— 1. v+ 2). U {a, b) — (8, 8),

then
Aa=35=6 B a=-3 b=-6 € a=T7 h=06
D a=6_5=3 Ea=23 k=10

& A transformation of the plane 15 defined by (xv) — (3 — 1.2y + 2). Il (e, b) — (a, b),

then
3 1
Aa=3, b=—6 B a=3, b=-2 € a==1, b=2
1
D a=5 b=-12 Eﬂ:=—2.b=2
5 The square shown is subject o successive transformations. ¥
The first transformation has rule (x. v) — (—x. y) and the A
second transformation has rule (xy) — (—v, =20 + ¥). 1 (LD
Which one of the following graphs shows the image of the
syuare after these two transformations?
o
0 1
B ¥ c ¥
A A
=5 W%
2‘
I_-
-1 X T T =X
10/ 1 2 -1 0 1 2
D ¥ E ¥
A A
C 5
T ) 2
-—1 i
e — T T =
- -1 01

8 The graph of y = g{x) is obtained by reflectimg the graph of ¥ = f{x) in the x-axis. The
relationship between § and gois given by

A f(0) = g0 B f(x)=—g(0) € f(x)=g(—2)
D f(x)= g% E f(x) =280
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7 'The translation that maps the graph of v = 27 to the graph of y = (x — 5§ — 2 can he

described by
A (xy) = (x—2,3+5) B (ry)— (x+2y+5)
C(ry)—={x—2y-35) D (x.y)—={x+5v-2)

E (x.¥)=(x—5.y=-1)

8 The translation that maps the graph of v = (x4 2)* + 8 1o the graph of ¥ = x” can be

deseribed by
A (z.y) = (x—8y+2) B (x,y) = (x+2,y+8)
€ (xy)—=(x—2y+8) D (x.y) = (x+2,y—8)

E(ry)—=(x—2yv—8)

8 The graph of y = yxis reflected in the y-axis and then translated by 2 units in the
positive direction of the x-axis and 3 units in the positive direction of the y-axis. The
pmage is the graph of

D y=vr—-2+3 Ev=V-x+2+3

1
10 The graph of v = — is reflected in the x-axis and then dilated by a Factor of 2 from
X

the x-axis. The image is the graph of

2 2
Rr==3 y=3z €r=2
252 {(—x)

11 The graph of the relation y* = x is transformed by a dilation of factor 2 from the x-axis
followed by a dilation of factor % from the y-axis. The equation of the image is

A 1@ =x By =12x e 18" =x Dy =18 E 47 =ix

12  Consider a transformation of the plane with a rule of the form (x, v) — (ax+ by + k),
where a b € M and bk € B Suppose that (1.2) — (3, m) and {(m. 3) — (5, 6) under this
trans formation, for some m & B, Then the largest possible value of a + b+ h + k15
Al B 3 C 8 D 11 E 13
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Extended-response questions

1 Let fixy= 25
a Find the value of £ such that the line v = x is tangent o the graph of v = fix) + &
b Find the value of i such that the line y = x is tangent 1o the graph of y = fix— k).

2 a The graph of f(x) = &% is transhated 1o the graph of y = f(x + A). Find the possible
values of A il f(1 +h) =&
b ‘The graph of f(x) = & is transformed 1o the graph of y = f{ax). Find the possible
values of a if the graph of v = f{ax) passes through the point with coordinates (1, 8).
¢ ‘The quadratic with equation y = ax” + bx has vertex with coordinates (1, 8). Find the
values of @ and b.

3 A quadratic function g has rule g{x) = «* + 4x— .
a Find the value of & for which the equation g{x) + & = (0 has one solution,
b Find the values of h for which the equation g{x — k) = () has:

i two positive solutions

i two negative solutions

iil one positive and one negative solution,
4 a Find the rule for the image of the parabola y* = 4x reflected in the line y = x.

b ‘The point A(4, 4) lies on the parabola y* = 4, Find the equation of the line which
passes through A4, 4) and B(1, ) and then find the coordinates of the point C where
this line mects the paraboka again,

& Desenbe the image AC' of the line segment AC reflected in the line v = x

d 1Hustrate the two parabolas and the line segments AC and AC” on the one set of axes.

5 a Find the dilation from the x-axis which takes the curve v = x* to the parabola with its
verlex at the origin that passes through the point (45, 9).
b State a rule which reflects this difated parabola in the x-axis.
© State a rule which takes the reflected parabola of part b to a parabola with x-axis
intercepts (0, 0) and (90, 0) and vertex (45,9).
d State a rule which takes the curve y = 1 to the parabola defined in part c.

B A cubic function f has rule f{x) = (x—3)x+ 4K x—3).
a Solve the eguation f{xr—2) = (),
b Solve the equation f{x +2) = (),
e ltis known that the eguation f{x) + k = () has a solution x = (. Find the value of &
and solve the equation fx) + & = (.
d The equation f{x— A) = 0 has a solution x = (). Find the possible values of A
& Find the values of & such that f{x — i) = 0 has only one positive solution,
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7 & Find the image of the pomt with coordinates (2, 6) under a reflection in the
line x = 3.
b Find the rule for the following sequence of transformations:
# a translation of 3 units in the negative direction of the r-axis
= followed by a reflection in the y-axis
= lollowed by a translation of 3 units in the positive direction of the x-axis.
& Hence, give the rule Tor the transformation of reflection in the line x = 3.
d i Giveaseguence of three transformations which would determine a reflection
the hine x = m. (For convenience, assume that m = (1)
il Give the rule for the transformation of reflection in the line x = m.
8 | Give asequence of three transformations which would determine a reflection in
the hine y = n. (For convenience, assume that n > (1)
il Give the rule for the transformation of reflection in the ling y = n.
f Find the image of cach of the following curves under a reflection in the line x = 3:

i y=x-3 ii y=x i y=u0 iv y=(x—3)

8 a The point A(3. 1) is rotuted aboult the origin by
) anticlockwise. Find the coordinates of A, A"
the image of A.
b i State the gradient of the line (4.
ii Stale the gradient of the line A" A3, 1)
o Now consider a point A(p, g).
i State the gradient of the line (A, -1
ii The point A(p, g) is rotated about the ongin by
907 anticlockwise. Find the coordinates of A",
the image of A,
d Find the rule for the transtormaton of rotation about the origin by 907 anticlock wise.
e Find the image of cach of the following curves under this transformation:

I

iy=x §iy=2x il =1 v y=—
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