A gallery of
graphs

Objectives
» To recognise the rules of a number of common algebraic relations:
> y =x"! (rectangular hyperbola) > y=x2
> y?=x sy =X
> x?+y? =1 (circle). | e
> To be able to sketch the graphs of these relations. %
» To be able to sketch the graphs of simple transformations of these relations. H
» To find the key features of the graphs of these relations. T ——
> To determine the rules of relations of these types given sufficient information.
In Chapter 2, we looked at linear graphs, sketching them and determining their rules given
sufficient information. All linear graphs can be considered as transformations of y = x. The
features we concentrated on for linear graphs were the x-axis intercept, the y-axis intercept
and the gradient.
In Chapter 3, we considered quadratics written in ‘turning point form’ and sketched their
graphs by using transformations of the graph of the basic quadratic y = x>. The features we
concentrated on for graphs of quadratic polynomials were the x-axis intercepts, the y-axis
intercept and the coordinates of the turning point (vertex).
In this chapter, we study some other common algebraic relations, and develop methods
similar to those used in Chapter 3 to sketch the graphs of these relations. The relations in this
chapter have different types of key features. For example, we introduce asymptotes for graphs
of rectangular hyperbolas and graphs of the form y = x72, and the coordinates of the centre
and the length of the radius are key features in the study of circles.
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138 cChapter 4: A gallery of graphs

m Rectangular hyperbolas

Consider the rule
y=—-=x forx #0

1
We can construct a table of values for y = — for values of x between —4 and 4 as follows:
X

x -4 | =3 | =2 | -1 | -4

N | I—
—

-1 -2

W=

R el
W=
=
NS,

y —_

We can plot these points and then connect
the dots to produce a continuous curve.

A graph of this type is an example of a
rectangular hyperbola.

Note that y is undefined when x = 0, and
that there is no x-value that will produce the
value y = 0.

Asymptotes .

There are two lines associated with this graph L
that help to describe its shape. )

Horizontal asymptote

From the graph we see that, as x approaches infinity in either direction, the value of y

approaches zero. The following notation will be used to state this:

B As x — oo,y — 0*. This is read: ‘As x approaches infinity, y approaches 0 from the
positive side.’

B Asx — —oo,y — 07. This is read: ‘As x approaches negative infinity, y approaches 0 from
the negative side.’

The graph approaches the x-axis (the line y = 0) but does not cross this line. The line y = 0 is

a horizontal asymptote.

Vertical asymptote
As x approaches zero from either direction, the magnitude of y becomes very large. The
following notation will be used to state this:
B Asx — 0%,y — co. This is read: ‘As x approaches zero from the positive side,
y approaches infinity.’
m Asx — 07,y — —oo. This is read: ‘As x approaches zero from the negative side,
y approaches negative infinity.’
The graph approaches the y-axis (the line x = 0) but does not cross this line. The line x = 0 is
a vertical asymptote.
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Dilations from an axis
The diagram on the right shows the graphs of
1 2 1
y=-, y=- and y=—
X X 3x

The asymptotes are the x-axis and the y-axis,
and they have equations y = 0 and x = 0

4A Rectangular hyperbolas 139

respectively.

As can be seen from the diagram, the graphs
ofy = % andy = %c have the same ‘lshape’
and asymptotes as the graph of y = m but they
have been ‘stretched’.

1 2
The transformation that takes the graph of y = — to the graph of y = — is called the dilation
x X

of factor 2 from the x-axis. For example, the point (1, 1) on the graph of y = — is taken to the
X

2
point (1, 2) on the graph of y = —. Dilations will be considered formally in Chapter 7.
x

Reflection in the x-axis
1
When the graph of y = — is reflected in the x-axis,
X
1
the result is the graph of y = ——.
X

The asymptotes are still the two axes, that is, the lines
x=0andy=0.
- 2. . 2. .
Similarly, y = —— is the reflection of y = — in the x-axis.
X X

Reflecting in the y-axis gives the same result for these
two graphs.

Translations

Now let us consider the graph of y = 1 + 3.
x—

1

The basic graph of y = — has been translated 1 unit
X

to the right and 3 units up.

Asymptotes The equation of the vertical
asymptote is now x = 1, and the equation of the
horizontal asymptote is now y = 3.

Intercepts with the axes The graph now has
x-axis and y-axis intercepts. These can be calculated
in the usual way to add further detail to the graph.
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140 cChapter 4: A gallery of graphs

Sketching rectangular hyperbolas

Using dilations, reflections and translations, we are now able to sketch the graphs of all

rectangular hyperbolas of the form y = Lh + k.
X—
Sketch the graph of y = —— - 3
x+1
Solution Explanation
2
y The graph of y = — has been translated 1 unit to
X
A the left and 3 units down. The asymptotes have
x=-1 ! (_%, 0) equations x = —1 and y = 3.
AN 2
I lL ——x  Whenx=0, y="—-3=-1
-4 2 1\0 o

N .". the y-axis intercept is —1.

| L

b When y = 0,

__________ N

| Lg y=-3 0= 2 _3

oL x+1

|

|

| -6 5o 2

1L x+1

|

3x+1)=2
1
xX=-=

3

.". the x-axis intercept is —%.

-2
Sketch the graph of y = 1
x -
Solution
2, ) 2 . .
The graph of y = —— is obtained from the graph of y = — by reflection in the x-axis.
X X

-2
This graph is then translated 1 unit to the right to obtain the graph of y = ——.
X

-1
y 5 Y |
A - Al

A= )
2 I = 1
I=E=% 0, 2) !
|
> = > X
0 o 0 !
l
|
|
|
|
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Summary 4A

1
m For a > 0, a dilation of factor a from the x-axis transforms the graph of y = — to the
X

graph of y = a2
* a a

m A reflection in the x-axis transforms the graph of y = — to the graph of y = ——.
X X

m For h, k > 0, a translation of 4 to the right and k upwards transforms the graph of y = 4
a X
to the graph of y = P + k.
P

m A rectangular hyperbola with rule of the form y = Lh + k has:
x —
e vertical asymptote x = &

e horizontal asymptote y = k.

Examplel 1 Sketch the graphs of the following, showing all important features of the graphs:

1 2 1
Example 2 ay=- b y== y=—
X X 2x
-3 1 1
d y=— e y=—+2 fy=--3
X X X
2 -1 1
=—-—-4 hy=—+5 =
gV Y 2x 'y x—1
-1 1 -2
i = k = 1 = —
Iy x+2 Y x+1 Y x—-3

2 Write down the equations of the asymptotes for each of the graphs in Question 1.

1
3x+6  ° 3(x+2)
1
Sketch the graph of y = e and hence the graph of y =
X

3 a Wecan writey = asy

3x+6
b We can write y = 3 asy =
YT a N T oy
3 3
Sketch the graph of y = — and hence the graph of y = ——.
2x 2x+4
¢ Weca ite -1 a !
n write y = sy=-— .
S T Y
1 -
Sketch the graph of y = —— and hence the graph of y = .
2x 2x+4
. 1
d We can write y = il asy = Yt %).
1
Sketch the graph of y = — and hence the graph of y = .
2x 2x+1
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4  Sketch the graphs of the following, showing all important features of the graphs:

1 1 -1 -2
R T Yt © YT Yt
-2 -2 2 3
= -4 fy= 3 = - h y= -1
© YT T L A T YT 3x+4
+3 4 +3
5 Show that al = —— + 1 and hence sketch the graph of y = x—.
x—1 x-1 x—1
2x+3 1 2x+3
6 Show that =~ = —— + 2 and hence sketch the graph of y = o
x+1 x+1 x+1
3-2 1 3-2
7 Show that A — 2 and hence sketch the graph of y = a
x—2 x—2 x—2
8 Sketch the graphs of the following with the help of your calculator: L
a v 4 | b v 3x+2 o ve Sx+2
T2 T T2

m The truncus

Now consider the rule

1
y:—zz)c_2 forx #0
X

We can construct a table of values for x between —4 and 4 as follows:

X -4 -3 -2 -1 - 1 2 3 4

=

EAE ST
—

1 1 1
Yy | %6 | 9 i 1 4

-

1 1
7 9

We can plot these points and then connect the dots to produce a continuous curve. A graph of
this shape is sometimes called a truncus.

y
Note that y is undefined when x = 0, and that there is no A
x-value that will produce a negative value of y.
Note: Asx — o0,y — 0*. As x — —co,y — 0.
Asx—> 0",y > 0. Asx —> 07,y - oo. o
O -

1
The graph of y = — has asymptotes y = 0 and x = 0.
X

1
The transformations considered in the previous section can be applied to the graph of y = —

5
All graphs of the form *
a

Taom

will have the same basic ‘truncus’ shape. The asymptotes will be the lines y = k and x = A.

y k
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-1
Sketch th hofy=—— —4.
etch the graph of y T3P
Solution Explanation
y -1
A The graph of y = %) is translated 3 units to the left
X
__ar and 4 units down.
x=-3! 0
4 : 2= 25 The y-axis intercept is found by putting x = 0;
Y= | =
““““ I itis —.
: — itis —
l —73
: 18
l
Exercise 4B

Example3. 1  Sketch the graphs of the following, showing all important features:

1 1 1

Y= G3y Y= CY=Go2
1 1 )

dy=—+ N fy=—" +1

YT Go1p ¢ Y=k +3y Y=oy
3 1

-2 hy=—— 42

Y=y YT G4y

2 Write down the equations of the asymptotes for each of the graphs in Question 1.

. 1 1
3 a Wecanwritey = m asy= m
1 1
Sketch the graph of y = 02 and hence the graph of y = Gx+6)
b We can write y = ; asy= ;
YT @ T A
3 3
Sketch the graph of y = e and hence the graph of y = —( 2t A
c W it - 1
ecanwriey = ——— aSy = ————.
YT a2 BT a2y
1 -1
Sketch the graph of y = ) and hence the graph of y = 2x+ 47
4  Sketch the graphs of the following with the help of your calculator: L
4 2 6
- b y=———+2 = S e 12
VT G2y YT Z6x+9 YT sar 16
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@ The graph of y? = x

Next consider the rule y*> = x. We can construct a table of values for y between —4 and 4

as follows:
-4 -3 -2 -1 0 1 2 3 4
16 9 4 1 0 1 4 9 16
We plot these points with y against x and then Y

connect the dots to produce a continuous curve.

The graph of y* = x is a parabola. It can be
obtained from the graph of y = x? by a reflection

> X

in the line y = x. 0 10 12 14 16
The vertex of the parabola is at (0, 0), and the

axis of symmetry is the x-axis.

The transformations considered in the previous sections can be applied to the graph of y* = x.
All graphs of the form

(y—k)? =d*(x—h)

will have the same basic parabola shape. The vertex of the parabola will be at the point (4, k),
and the axis of symmetry will be the line y = k.

Sketch the graph of:
a (y-4>=x+3
b y>+2y=2x+3

Solution Explanation
a y The graph of y? = x is translated 3 units to
A the left and 4 units up.
The vertex has coordinates (=3, 4).
4++3 5
3, 4) Whenx =0, (y—4)"=3
4-13 y—4=+\3
- y=4+V3
0 3o
Wheny =0, 16=x+3
x=13
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4D The graph ofy = vx 145

The graph of (y + 1)> = 2(x + 2) is obtained
from the graph of y> = x by a dilation

of factor V2 from the x-axis and then a
translation 2 units to the left and 1 unit down.

The vertex has coordinates (-2, —1).

Whenx =0, (y+1)>=4

y+1==+2
y=-1£2
y=lory=-3
Wheny=0, 1=2x+4
x= 2
2

4C
b Complete the square:
Y +2y=2x+3
YV +2y+1=2x+4
b+ 172 =2x+2)
y
A
2
v > X
-2,-D4¢ 0
_3\
Example 4

a(y-2>=x-3

d y>=2(x+5)

g 0+3)7=2x-4

i Y +6y-2x+3=0

m y’=—x

b (y+2?=x+4

e (y—4)?=2(x+3)

x

h y’==2
)
k y»+y—-x=0

nyY+2y—x=0

1 Sketch the graph of each of the following relations, showing all important features:

c y* =2x

f (y+4)7°=2x

i Y +4dy=2x+4

1 Y +7y-5x+3=0

2 Sketch the graph of each of the following with the help of your calculator. (Instructions L
are given in the calculator appendices of the Interactive Textbook.)

a y?=—-4(x+5)

b y?+2y+3x+12=0

@ The graph of y = /x

The graph of the rule
1
y= \/} = x2

forx >0

is the upper half of the parabola y> = x.

All graphs of the form
y=aVx—-h+k

will have the same basic shape as the graph

of y = x.
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146 Chapter 4: A gallery of graphs

Sketch the graph of y = 3Vx + 1 - 6.

Solution
y
A
y=3Vx+1-6
0 / (3,0) =
/ (0’ _3)
(_13 _6)

When x =0, y=-3
Wheny =0, 3Vx+1-6=0

3Wx+1=6
Vi+1=2
x+1=4
x=3

Example 6

Sketch the graph of y = -2Vx -1 + 3.

Solution

y
A

(1,3)

R .
\

When y = 0: 2Vx—-1+3=0

2Vx—-1=3

Square both sides: 4x-1)=9
9 13
Theref =—-+1=—
erefore x 2 2

Explanation

The graph is formed by dilating the graph
of y = v/x from the x-axis by factor 3

and then translating 1 unit to the left and
6 units down.

The rule is defined for x > —1.

The set of values the rule can take
(the range) is all numbers greater than or
equal to —6,i.e.y > —6.

Explanation

The graph is formed by dilating the
graph of y = /x from the x-axis by
factor 2, reflecting this in the x-axis and
then translating it 1 unit to the right and
3 units up.

The rule is defined for x > 1.

The set of values the rule can take (the
range) is all numbers less than or equal
to 3,i.e.y < 3.
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The graph of y = \/—x y
The rule A

y=V-x forx <0

yields a graph which is the reflection of the graph
of y = v/x in the y-axis.

All graphs of the form
y= am +k y= \/;

will have the same basic shape as the graph > X

of y = vV—x.

Example 7

Sketch the graph of y = V2 — x + 3.
Note: V2 — x = y/—(x—2)

Solution Explanation

Y We can write the rule as

A
=4-(x-2)+3
\(O’ﬁ+3) y ()C )
0

The rule is defined for x < 2. The set of
2,3) values the rule can take (the range) is
all numbers greater than or equal to 3,
> X ie.y>3.

When x = 0, y=\/§+3.

Summary 4D

m All graphs of the form y = aVx — h + k will have the same basic shape as the graph of
y = +/x. The graph will have endpoint (A, k).
m The graph of y = v/—x is the reflection in the y-axis of the graph of y = /x.

Example5 1 For each of the following rules, sketch the corresponding graph, giving the axis
intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:

ay=2yx+3 b y=vx-2+3 cy=vVvx-2-3
d y=vx+2+1 e y=-Vx+2+3 fy=2vx+2-3
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Example6 2 For each of the following rules, sketch the corresponding graph, giving the axis

Example 7 intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:
ay=-Vx-2+3 b y=+y-(x-4)-2 c y=-2y-(x+4)-1
d y=2V3—-x e y=-2V3—-x fy=4Vv3—-x-4

3 For each of the following rules, sketch the corresponding graph, giving the axis
intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:

a y=1V3x b y=+3x-1) c y=-V2x
d y=+2B-x) e y=-242 - x) f y=4423-x)—-4

4  Sketch the graph of each of the following with the help of your calculator: L
ay=+-4x+5) b y=-v5-x-3 c y+6=2V2x—-4

m Circles®

Consider a circle in the coordinate plane with centre the origin and radius r. If P(x,y)
is a point on the circle, its distance from the origin is r and so by Pythagoras’ theorem

X2 +y? =1

Conversely, if a point P(x, y) in the plane satisfies the y
equation X2+ y2 = 2, its distance from the origin is r, A
so it lies on a circle with centre the origin and radius 7. 1

To the right is the graph of the circle with equation

¥ +yr =1

All circles can be considered as being transformations ; 0 0 > X
of this basic graph. a

As has been seen with other graphs, the basic graph

may be translated horizontally and vertically. 1

The equation for a circle is
(x—h?+@-k?=r

where the centre of the circle is the point (4, k) and the radius is r.

* Circles are listed in the 10A Victorian Curriculum, but not explicitly listed in the VCAA study design for
Mathematical Methods Units 1 & 2. This section is included to provide valuable background for the study of
functions and relations in this subject and in Specialist Mathematics.
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4E Circles 149

If the radius and the coordinates of the centre of the circle are given, the equation of the circle

can be determined.

Example 8

Write down the equation of the circle with centre (-3, 5) and radius 2.

Solution
If the radius is 2 and the centre is the point (=3, 5), then the equation will be

(= (=3 +(-57 =4
(x+3)+(@y-57>=4

If the equation of the circle is given, the radius and the centre of the circle can be determined

and the graph sketched.

Example 9

Find the centre and radius of the circle (x — 1)> + (y — 2)* = 4.

Solution Explanation

The equation We can sketch the circle with a little extra work.

(x=1?+ (-2 =4 When x = 0, v

defines a circle of radius 2 A

with centre at (1, 2). 1+ -2°=4 J/ (0,2 +3)
y-2°=3

HenceyzZi\/g

Example 10

Sketch the graph of the circle (x + 1)* + (y + 4)* = 9.

Solution y Explanation

When x = 0, A The circle has radius 3 and

2 _ centre (—1, —4).
1++4)"=9 -
(+4)72=8 The y-axis intercepts can

be found in the usual way.

Hencey = -4 + V8

=-412V2
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The equation of a circle may not always be written in the form (x — h)* + (y — k)> = r2.
Expanding the general equation of a circle gives
(x—-h?+G-k?*=r
X2 = 2hx + 1 +y* = 2ky + k> = r?
X +y—2hx—-2ky+h*+k-r*=0

Let ¢ = h* + k* — r*. Then we obtain an alternative form for the equation of a circle:

The general form for the equation of a circle is

¥ +y—2hx-2ky+c=0

You will note that there is some similarity with the general form of a straight line,
ax+by+c=0.

Notice that in the general form of the circle equation, the coefficients of x> and y? are both 1
and there is no xy term.

In order to sketch a circle with equation expressed in this form, the equation can be converted
to the ‘centre—radius’ form by completing the square for both x and y.

Find the radius and the coordinates of the centre of the circle with equation
¥ +y —6x+4y—-12=0
and hence sketch the graph.
Solution
By completing the square for both x and y we have
¥ +y —6x+4y—-12=0
(P =6x+9) -9+ +4y+4)-4-12=0
(P —6x+9)+ (> +4y+4) =25

(x =372+ +2)7° =5
The radius is 5 and the centre is at (3, —2). 3 8 .
]
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Semicircles

Transposing the general equation of the circle x*> + y? = r* to make y the subject, we have

Y=o
y=xVr2 - x?

We can now consider two separate rules
y=+Vr2—x* and y=-Vr:-x2
which correspond to the top half and bottom half of the circle respectively.

Similarly, solving for x will give you the semicircles to the left and right of the y-axis:

Sketch the graphs of:
ay=+V4-—x2 b y=-V4-x2
c x=—4-y’ d x=+44-y2
Solution
ay=+Vd-x? b y=-V4-x?
y y
A A
2
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Sketch the graph of y = =2 + /49 — (x — 2)2.

Solution Explanation
ii It is a semicircle of the circle
(x=2"+(y+2°*=49
24375 The centre is at the point (2, —2) and
the radius is 7.
_ It is the semicircle y = V49 — x?
2- 3\61 0 . 2+ 3\/5\ translated 2 units to the right and
(-5,-2) 2,-2) (9,-2) 2 units down.
In the usual way, we find the x-axis
intercepts and the y-axis intercept.
When x = 0,
y=-2+ \/4_5
=-2+3V5
When y = 0,
“2+4/49-(x-22=0
49— (x-2)2=2
49 - (x-2)*=4
(x-2)* =45
x=2+3V5

Summary 4E

m The equation of a circle with centre (4, k) and radius r is
(x—h?+@y-k?=r

m The general form for the equation of a circle is
X +y*—2hx-2ky+c=0

m The two separate rules for semicircles with their base on the x-axis are

y=+Vr2—x2 and y=-Vr2-—x?

They correspond to the top half and bottom half of the circle respectively.

m The two separate rules for semicircles with their base on the y-axis are

N R R N

They correspond to the right half and left half of the circle respectively.
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sheet

Example 8

Example 9

Example 10

Example 11

Example 12

Example 13

4E Circles 153

1 Write down the equation of each of the following circles, with centre at C(h, k) and

radius r:

a C0,0), r=3 b C(0,0), r=4 c C(1,3),

5
d C2,-4), r=3 e C(-3,4), r= 3 f C(-5,-

2 Find the centre, C, and the radius, r, of the following circles:
a (x-1)2+(y-372=4 b (x=22+(y+4?=5
c(x+3)2+(y—2)2=9 d (x+5)2+(y—4)2=8

3 Sketch the graphs of each of the following:
a x> +y* =64 b X +(y-47>=9

r=>5
6), r=4.6

c (x+2)7%+y>=25 d x+ 1)’ +(-42-169=0

e 2x-37+Q2y-5?=36 f (x+5%+(3-5>=3

4 Find the centre, C, and the radius, r, of the following circles:

6

ax2+y2—6y—16:() bx2+y2—8x+12y+10:0

c X*+y —6x+4y+9=0 d x> +y? +4x—-6y—12
e X>+y?-8x+4y+1=0 fX2+y?—x+dy+2=

5 Sketch the graphs of each of the following:

=0
0

ay=+V9—x?2 b x=+49—)? c y=-V16—x?
25
d y=-V25-x2 e x=—49-)? fx=4/—-)

6 Sketch the graphs of each of the following:
36 - (x-2)? b y—2=+4-(x+2)?

7 The graph of x*> + y? < 9 is as shown. Note that (1, 1) satisfies
12 + 12 < 9. The coordinates of every point in the shaded region
satisfy the inequality.

Sketch the graphs of each of the following. Use a dotted line to
indicate that the boundary is not included.

a x>+y’<4 b x?+y>>1 c X¥*+y*<5

d X2+y*>9 e x> +y°>6 fx2+y°<8

8 Sketch the graphs of each of the following with the help of your calculator. (Instructions L

are given in the calculator appendices of the Interactive Textbook.)
a (x=-3+@uy-1*=1 b (x-5%+(y-27%=4
c (x=272+y*=2 d ?>+y2-6y-16=0

e X>+y +4x-6y-3=0 fxX2+y?—8x+22y+27=0
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m Determining rules

In Chapters 2 and 3 we looked at some sufficient conditions for determining the rules for

straight lines and parabolas. For straight lines these included:

m the coordinates of two points
m the gradient and a point.
For parabolas these included:

m the coordinates of three points

m the coordinates of the vertex and the coordinates of one other point.

In this section we are looking at some sufficient conditions for determining the rules for the

graphs of this chapter.

a The rectangular hyperbola y = 4 + 8 passes through the point (-2, 6). Find the value
X

of a.

b The rectangular hyperbola y = a + k passes through the points (2,7) and (-1, 1). Find
X

the values of a and k.

Solution
a When x = -2, y = 6. Hence

6=_—2+8
a
I,
-2
a=4

4
The equationisy = — + 8.
X

b Whenx=2,y=7. Whenx=-1,y=1.

So we have the equations

a

= 3 +k (1)

l=-a+k (2)
Subtract (2) from (1):

6= %’ +a  (3)

Multiply both sides of equation (3) by 2:

12=a+2a
a=4

From equation (2): k=5.

4
The equationis y = — + 5.
X

ISBN 978-1-009-11045-7
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Explanation
The general technique is to substitute
the given values into the general
equation

y:xih+k
In this case 7 = 0 and k = 8.

The general technique is to substitute
the given values into the general
equation

a
= k
Y x—h+

In this case & = 0 and the values of a

and k are unknown.

Simultaneous equations need to be
formed and then solved.
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A graph which has rule y = aVx — h passes through the points (4, 2) and (7, 4). Find the

values of a and /.

Solution
When x =4,y =2. Whenx =7,y =4.
We have the equations

2=aV4-h (1)
4=aVT-h (2
Divide (2) by (1):
=g
Multiply both sides of equation (3) by V4 — h:
NETh=ViTh
Square both sides of the equation:
44-h)y=T-h
16-4h=T7-h
3h=9
h=3

Substitute in (1) to find a = 2.

The required equation is y = 2Vx — 3.

Example 16

Explanation

The general technique is to substitute
the given values into the general
equation

y=aVNx—-h+k

In this case k = 0 and the values of a
and A are unknown.

Simultaneous equations need to be
formed and then solved. Note that
h # 4 from equation (1).

Find the equation of the circle whose centre is at the point (1, —1) and which passes

through the point (4, 3).

Solution
Let r be the length of the radius. Then

r=yV@-12+G6-(Dy
= V32142
=5
Hence the equation of the circle is

x-1?+@+1*=25

© Michael Evans et al 2022
Photocopying is restricted under law and this material must not be transferred to another party.

Explanation
We use the centre—radius form for the
equation of a circle:

(x—h?+@-k?=r

The centre is (1, —1). We need to find
the radius.
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Skill-
sheet
Questions marked with an asterisk (*) involve circles.

Example 14a. 1 The rectangular hyperbola y = 443 passes through the point (1, 8). Find the value of a.
x

2 A rectangular hyperbola with rule of the form

has vertical asymptote x = 3, horizontal asymptote y = 4 and passes through the
point (0, 6). Find the values of a, & and k.

Example 14b 3 The rectangular hyperbola y = gy passes through the points (1, 8) and (-1, 7). Find
X
the values of a and k.

4 A rectangular hyperbola with rule of the form

has vertical asymptote x = 2, horizontal asymptote y = —4 and passes through the
point (0, 4). Find the values of a, & and k.

5 A graph which has rule y = a+/x passes through the point (2, 8). Find the value of a.

Example15. 6 A graph which has rule y = aVx — & passes through the points (1,2) and (10, 4). Find
the values of a and .

7 A graph which has rule y> = a(x — h) passes through the points (9,4) and (6, —2). Find
the values of a and /.

8 A graph which has rule (y — k)*> = —4(x — h) passes through the points (4,4) and (-4, 8).
Find the values of /& and k.

9 Find the rule for each of the following graphs. The general form of the rule is given for

each graph.
ay=aVNx—h+k b y= ah+k
X —
Y y
A A !
i
|
! 3,3
y=2 S
et i A
2,1 | x=2
0 > X 0 | > X
|
(1,-2) |
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c y= 4 ik dy=aVh—x+k

=
|

Y
A

| x=1 \

: > X

i (2,3)

=2 I ——— \
(3,-3) 2,1

> =

> X

0

y:(x_ah)2+k “f (x—h)?+(y—k)? =1
y
't A

/’\‘x
I st Y re

~
=
I
(#I —
~
S

———q—————f——————————=

Centre at (2, -2)

10 a A graph has equation of the form y = % + b. Find the values of a and b if L
the graph passes through the points:
i (3,10) and (10, 3) ii (3,-3)and (10,-10)
b A graph has equation of the form y = 2Vx — h + k. Find the values of 4 and k if
the graph passes through the points:
i (2,3)and (10,6) ii (2,-3)and (10,0)

Example 16 *11 For each of the following, find the equation of the circle:
a centre at the point (2, 1) and passes through the point (4, —3)
b centre at the point (-2, 3) and passes through the point (-3, 3)

0

centre at the point (-2, 3) and passes through the point (2, 3)

-9

centre at the point (2, —3) and touches the x-axis

centre on the line y = 4 and passes through the points (2, 0) and (6, 0)

*12 Find the equations of the circles which touch the x-axis, have radius 5 and pass through
the point (0, 8).
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Chapter summary

I-—ij m The standard graphs:

Assign-

ment y
5] )
Nrich

-1
Y X

Rectangular hyperbola

y
A
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= Dilations of these graphs:

y
A
2
1
12,
" y=\2x
=z
=3
> X
0
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m Reflections in the axes:

> X
f\ O

m Translations of graphs:

y y

A
|l y=-112 (x—22+(@y-2)2=4
| x—1
|

TR y=2 N .

0 ! 0

lx=1

m Equation for a circle with centre at (/, k) and radius r:
(x-h?+(G-k?*=r
Alternative form:
X +y?—2hx —2ky+c=0

where ¢ = W2 + k2 — 12

Technology-free questions

Questions marked with an asterisk (*) involve circles.

1 Sketch the graphs of each of the following:

- — b = — = = 1
YT Y= Y= YT
-2 -1 4 -3
e y=— fy= =—+3 h y=—+1
Y= e YT g 2—x Y=
i y=2vx+2 J y=2Vx-3+2 k y=-2Vx+2+2
1 y? =4(x-2) m (y-1)2=16(x-2) n (y-4>=-4x-1)
2 A rectangular hyperbola with rule of the form
a
= +k
Y x—h
has vertical asymptote x = 2, horizontal asymptote y = 5 and passes through the
point (0, 8). Find the values of a, & and k.
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3 A curve with a rule of the form
a
=———+k
(x = h)?
has vertical asymptote x = —2, horizontal asymptote y = —5 and passes through the
point (1,4). Find the values of a, h and k.

y

4 A graph with a rule of the form y = aVx — & passes through the points (2, 6)
and (10, 10). Find the values of a and h.

5 A graph with a rule of the form y> = a(x — h) passes through the points (1, 3) and (2, 5).
Find the values of a and h.

6 For each of the following, write the equation in the form (y — k)> = a(x — h) by
completing the square, and state the coordinates of the vertex, the x-axis intercept and
the y-axis intercepts of the graph of the equation:

ayY+dy=x+2 b Y +6y+2x+4=0 c 2’ +8y-5x+6=0
1
7 Show that the line x + 4y = 4 touches the hyperbola y = — at only one point.
X

12
8 Consider the hyperbola y = —. The points P(2, 6) and Q(—4, —3) lie on the hyperbola.
X
The line PQ cuts the y-axis at B and the x-axis at A.

a Find the coordinates of points A and B.
b Prove that PB = AQ.

*9 By completing the square, write each of the following equations in the form
x—al+@Gy-b?=r=

a xX>+y’-6x+4y—-12=0 b X+ -3x+5y-4=0
c 2%+ 2P —x+y-4=0 d 2 +y*+4x-6y=0
e ¥ +y>=6(x+y) f x2+y?=4x-6y

*10 The equation of a circle is x> + y> + 4x — 6y = 23. Find the centre and radius.
*11  Find the length cut off on the x-axis and y-axis by the circle x> + y> — 2x — 4y = 20.

*#12 Sketch the graphs of the following semicircles:
ay=vV9-x2 b y=-416—(x+1)2
cy-2=-Vl-x? d y+3=+4-(x+2)?

Multiple-choice questions

Questions marked with an asterisk (*) involve circles.

5
1 Fortheruley = — + 3, when x = E, y=
X 2

5 12a* +5 20a* + 3 12a* +5 20
A —+3 B —— cC — D —— E —+3
4a? 4a? 4a? a? a?
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1
2 The equations of the asymptotes of the graph of y =5 — =3 are
x —
3 5 5
A =), = — B = 5’ = — c = 5’ = —
x=5,y 5 y X 3 X y 3
3 5
D = 5, = = E = 5, = -3
y *=3 X Yy 3
. 1
3 The equations of the asymptotes of the graph of y = 5 + G2y are
X—
Ax=2,y=5 B x=-2,y=5 C x=5y=4
D x=5y=2 Ex=4y=5
4  For the rule y = =2+/x + 3, where x > 0, the range of possible y-values is
Ay>3 B y>-3 Cy>-3 D y<3 Ey>3
5 Therule (y — 2)> = —=3x + 1 is defined for
1 1 1
Axs§ B x>3 C x<2 Dx2§ Ex>—§
6 A possible rule for the graph shown opposite is ‘J:
1
1 i
Ay-a= B y+a= !
M YA G e !
1
1 1 i
Cy-a=—— Dy-2=—— !
Y (x + 27 Y (x—ay i
1
1 I— 1
E _ - e —————— L.
y (X _ 2)2 a i
i
0 ) > X
7 The graph of (y + a)’> = —=3(x — 2), where a > 0, has
A vertex at (2, —a) and y-axis intercepts at (0, —a — V6) and (0, —a + V6)
B vertex at (-2, a) and y-axis intercepts at (0, —a — V3) and (0, —a + V3)
C vertex at (2, —a) and y-axis intercepts at (0, a — \/3) and (0,a + \/6)
D vertex at (-2, a) and y-axis intercepts at (0, —a) and (0, a)
E vertex at (a,2) and y-axis intercepts at (0, —a — V6) and (0, —a + V6)
8 The graph of y —b = —va — x, where a > 0 and b > 0, has
A endpoint (a, b) and y-values y > b B endpoint (b, a) and y-values y < a
C endpoint (a, b) and y-values y < b D endpoint (a, b) and y-valuesy > a + b

E endpoint (a, —b) and y-values y < —b

*9  The circle with equation (x — a)> + (y — b)> = 36 has its centre on the x-axis and passes
through the point with coordinates (6, 6). The values of @ and b are

A a=0andb=6 B a=0andb=0 Ca=2andb=0
D a=-6andb=0 E a=6andb=0
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*10 If the y-axis is an axis of symmetry and the circle passes through y
the origin and (0, 4), the equation of the circle shown is ‘\4
AxXP+(-27%=4 B (x—22+y"=2
C (x+27%+y>=4 D X*>+(y+27>=4

E x>+y"-2=4

#*11  For the circle with equation (x — 5)> + (y + 2)*> = 9, the coordinates of the centre and the

radius are
A (-5,2)and 3 B (-5,2)and 9 C (5,-2)and 9
D (5,-2)and 3 E (-2,5and3

Extended-response questions

The following questions also involve techniques developed in Chapters 2 and 3. Questions
marked with an asterisk (*) involve circles.

1 Consider the parabola with equation (y — 2)*> = 3x — 2.
a Find the coordinates of the points of intersection of this parabola with the line y = x.
b Find, in terms of a, the coordinates of the points of intersection of this parabola with
the liney = x + a.
¢ i Find the value of a for which the line y = x + a just touches the parabola.

ii Find the values of a for which the line y = x + a does not intersect the parabola.

2 a Show that the line y = x + 1 touches the parabola y> = 4x at the point (1,2).
b Find the coordinates of the points of intersection, P and Q, of the line y = x + 1 and
the parabola y* = —4x.
¢ Determine the distance between points P and Q.

d Determine the midpoint of the line segment PQ.

3 Consider the curve with equationy = Vx — b + c.

a Show that if the curve meets the line with equation y = x at the point (a, a), then a
satisfies the equation a®> — (2c + 1)a + > + b = 0.

4b -1
b i If the line with equation y = x is a tangent to the curve, show that ¢ = 7

ii Sketch the graph of y = vx — % and find the coordinates of the point on the graph
at which the line with equation y = x is a tangent.
¢ Find the values of k for which the line with equation y = x + k:
i meets the curve with equation y = /x — i twice
ii meets the curve with equation y = y/x — le once

iii does not meet the curve with equation y = v/x — i.
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4 For the curve with equation y = 4/x — 1 and the straight line with equation y = kx, find
the values of k such that:

a the line meets the curve twice b the line meets the curve once.

5 The line px + gy = 1 touches the parabola y> = 4a(a — x), where p, ¢ and a are non-zero Q
real numbers. ~

a Show thata = S
p - t+q

b For each of the following values of p and ¢, determine the value of a and the
coordinates of the point where the line touches the parabola:

i p=landg=1 ii p=3andg=4
Now assume that @ = 1 and consider the parabola y*> = —4(x — 1).

¢ By using simultaneous equations in p and g, find the equation of the line px + gy = 1
that touches this parabola at:

i the point (0, 2) ii the point (-3, -4)

6 The line px + gy = 1 touches the hyperbola y = Z, where p, ¢ and a are non-zero real
X

numbers.

1
a Show thata = —.
4pq

b For each of the following values of p and ¢, determine the value of a and the
coordinates of the point where the line touches the hyperbola:
i p=landg=1 it p=2andg=2
1
Now assume that a = 1 and consider the hyperbolay = —.
X
¢ By using simultaneous equations in p and g, find the equation of the line px + gy = 1
that touches this hyperbola at:
i the point (2, 1) i the point (-2, -1

*7 A line with equation y = mx is tangent to the circle with centre (10, 0) and radius 5 at
the point P(x, y).
a Find the equation of the circle.
b Show that the x-coordinate of the point P satisfies the equation
(1 +m?)x*>=20x+75=0.
¢ Use the discriminant for this equation to find the two possible values of m.
d Find the coordinates of P. (There are two such points.)

e Find the distance of P from the origin.

*8 A circle has its centre at the origin and radius 4.
a Find the equation of this circle.
b Two lines which pass through the point (8, 0) are tangents to this circle.
i Show that the equations of these tangents are of the form y = mx — 8m.

ii Use techniques similar to those used in Question 7 to find the possible values
of m and, hence, the equations of the tangents.
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