Polynomials

Objectives
= Toadd, subtract and multiply polynomials.
» Todivide polynomials.

» Touse the remainder theorem, factor theorem and rational-root theorem to identify
the linear factors of cubic and guartic polynomials.

v

To solve equations and inequalities involving cubic and guartic polynomials.
To recognise and sketch the graphs of cubic and quartic functions.

To find the rules for given cubic graphs.

yYyYer

To apply cubic functions to solving problems.

» To use the bisection method to solve polynomial equations numerically. I -

In Chapter 3 we looked at polynomial functions of degree 2. or quadratics.
A polynomial function of degree 3 is called a cubic function. The general rule Forsuch a
function 15

fixy=ac +b +cx+d, a#0
A polynomial function of degree 4 is called a quartic function. The gencral rule for such a
function 1s

[ty =ax'+b +ex’ +dx+e. a0
In Chapter 3 it was shown that all quadratic functions can be writlen in “turning point form’
and that the graph of a quadratic has one basic form, the parabola.
Thas 15 not rue of cubic or guartic functions. There s a range of different graph “shapes” for

cubic and guartic functions, depending on the values of the coefficients (a, b, ¢, d and e).
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208 Chapter &: Polynomials

m The language of polynomials
® A polynomial function is a function that can be written in the form
PO =a " +a,_ s rajr+ ap

where ;s a natural number or zero, and the cocllicients &g, . - ., a, are real numbéers
with a, # ().

m The leading term, a, ", ol a polynomial is the term of highest index among those Lerms
with 4 non-zero coeflicient.

m The degree of a polynomial is the index noof the leading term.

® A monic polynomial is a polynomial whose leading term has coclficient 1.

m 'The constant term is the term of mdex 0. (This is the term not mvolving x.)

Mote: The constant funcion £{x) = () is called the zero polynomial; its degree 15 undefined.

(@]

Let P(x) = &' — 3 —2_ Find:

a Pl b P{-1) e Pi2) d P(-2)
Solution
a Ah=1"-3x1"-2 b -1 =1 —3x (=12
=1-3-2 =1+3-2
=4 =2
e P()=2"—3%x2'_2 d A=) =(=2—3x(=2P-2
=16—24—2 =16+24-2
==10 = 38

a Let Plx) =2 — 2 4 2ex + 6. I P(1) = 21, find the value of ¢
b Let Q(x) = 21" — & + ax” + bx+ 20. If O(=1) = {2) = 0, find the values of a and b.

Saolution Explanation
a P =22+ 2cr+6and (1) =21 We will substutute x = 1 into £lx)
P =21) — (1P +2c+ 6 to form an equation and solve.

=2—1+2c+06
=T+ 2¢
Since: (1) =21,
T+2¢=21
e=1
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BA The language of polynomials 207

b Ox)=2+"— 2 +ar’ + bx+20and First find ((—1) and (X2) in terms
Qi=1)=2) =1 of a and b,

H=1y =21 — (=1 +a(=1P —p+20
=2+1+a—-b+20
=23 +a—#h
) =242° =2 + a(2)> + 2+ 20
=128 —8+4a+2b+20

= 140 +4a+2h
Since (—1) = N2) = 0, this gives Form simultancous equations in a
B+a-b=0 (1) and b by pulting QO(—1) = 0 and
40 +da+2h =10 (2) Q(2) = 0.
Divide (2) by 2:
TO+2a+b=10 (3)
Add (1) and (3):
93+ 3a=10
a=-3]
Substitute in (1)
b=—8

Hencea = —31and b= -8

The arithmetic of polynomials
The operations of addition, subtraction and multiplication for polynomials are naturally
defined, as shown in the [ollowing examples.
Let P(x) = 2 + 3 +2and Q(x) = 2 + 4. Then
P(x)+ O = (£ + 385 +2)+ 25 +4)
=+ 5546
P(x)— O(x) = (£ + 32 +2)— (247 + 4)
=422 -2
Plx)Nx) = (£ + 35 + 227 + 4)
=(C+30+ )22+ (P2 + 37 +2) x4
=25 +62" +47 + 427 + 125+ 8
=25 +6x" +4° + 1627 + 8

The sum, difference and product of two polynomials is a polynomial.
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208 Chapter 6: Polynomials

Let Plx) =0 —6x+ 3 and Mx)= =3+ 1. Find:
a Plx)+ Olx) b Plx)—0O(x) € Pix)((x)
Solution
a Plx)+ O(x) b Pix)— Ox)
= —bx+3+ X —3x+1 = —Gx 33— (F=3r+1)
=@+ —6r=3x+3%1 = —6E+I—x+3x=1
=C+x —9x+4 = — 2 = 6x#3xr+3—=1
== —-3x+2
e Px)0() = (X —b6x+ 3" —3x+ 1)
= =3x+ -6 =3x+ 1D +3(2 -3+ 1)
=r—3x"+x' —6x + 180 — 6+ 307 —9x+ 3
=P A+ (P -6+ (187 + 3 — (bx + 90 + 3
= =32 =55 + 2107 — 155+ 3
We use the notation deg( f) 1o denote the degree of a polynomial f. For [, g # 0, we have
deg( [ + g) < max|deg(f), deg(g)] (provided f +g # ()
deg(f % g) = deg(f) + deg(g)
Equating coefficients
Two polynomials P and O are equal only if their corresponding coeflicients are equal. For
two cubic polynonmuals, P{x) = a3 +enr + ayx+ ay and x) = e + bt + hyx+ by,
they are equal if and only if ay = by ay = by, 4y = by and ay = by,
For example. if
P(x)=4x +5x' —x+3 and Nrx) = by + bax® + byx + by
then P(x) = Q(x) if and only if by = 4, ba = 5, by = —1 and by = 3.
JC]N Example 4

The polynomal Pix) = O +30+ 2+ | can be written in the form (x—2¥ 2 +bx+c)+r
where b, ¢ and rare real numbers. Find the values of B, ¢ and r.

Solution
(x—2HNE+bx+D+r
= b+ e) = v hx+ )+
= b e —2 -2 —2c 4 r

= (- + (e—2b)x—2e + 7

ISBM 575-1-009-11045-7 & Michael Evans et al 2022
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GA BA The language of polynomizls 209

We have

332+l =4 -+ (e —-2)x—2¢+r

for all real numbers x. This implies We now equate coctlicients:
b 9 =4 S first the coctficients of 22, then
B the coeflicients of x, and finally
v =y =173
c=h=2 G E= T L =13 the constants.
—de+r=1 Lr=2c+1=25
Hence =5, c = 12 and r = 25. This means that Substitute the values for b, o and r
P(x) —'l.r—21{11+5.r+111+15 into (x—20 2 £ hr+ecl+r.
7
Summary GA

= A polynomial function is a funciion that can be wrtien m the form
Plx) =, x" +:.!,._1_r"_' + e x4y

where 1 i5 a natural number or zero, and the coetlicients ay, . . ., d, are real numbers
with @, # (0. The leading term is a,x" (the term of highest index) and the constant
term is ay (Lhe term nol involving x).

® The degree of a polynomial 15 the index n of the leading tenm.

m The sum, difference and product of two polynomials is -4 polynomial. Division does not
always lead 1o another polynomial.

m Two polynomials P and () are equal only il their corresponding coeflicients are equal.
Two cubic polynomials, P(x) = a3 + @ +ayx+ag and Q(x) = by + b +byx+ by,
m::qua.l il and ﬂnl}r ifag - bg,ﬂz - bz,u; - bg EIIH]H" - h}

Examplel! 1 Let P(x) =2 — 32" —2x+ 1. Find:
a A1) b P—1) c P(2) d P(-2)

2 Let Plx) = 82 —4x2 —2x+ 1. Find:
1 I
arz) bA5)

3 LetPlx)=x +42 —2x+6. Find:

a Py b P(l) c P(2) d Pi—1) & Pla) f P{2a)
Example2 & a Let P(x) ="+ 350 —ax—20. If P(2) = 0, find the value of a.
b Let Plx) = 2 + ax® —Sx— 7. If P(3) = 68. find the value of a.
¢ Let P(x) = 2" + ' —2x + e I P(1) = 6, find the value of ¢.
d Let Plx) = 32" — 52 +ax® + bx+ 10, If P(=1) = P(2) = 0, find the values of o and b.
e Let Plx) = 2° —3x' +a + b2 + 24x—36. IT P(3) = P(1) = 0, find the values of a
and A.
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210 Chapter 6: Polynomials BA

Examples 5 Let fix)= ' =2+ x, glx) = 2—3rand hix) = = + r. Simplify cach of the following:

a f(x)+glx) b f(x)+hix) e flx)—g(x)
d 3f(x) e fixjglx) f elx)hix)
g [flx)+ glx)+ hix) h fi{x)hiz)
8 Lxpand cach of the following products and collect like terms:
a (x—2)(x—2x+3) b (x—4)x2—2x+3) e (x— 12 —3x—4)
d (x—22+bx+0e) e (2x+ I¥2—4x—3)

Bxamplea 7 Itis known that © — 762 + 4x + 12 = (x + 1322 + bx + ) for all values of x, for suitable
. values of b and ¢
a Expand (x+ 1)(& + bx + ¢) and collect like terms.
b Find b and e by equating cocflicients.
¢ Hence write x* — 725 + 4x + 12 as a product of three linear factors.

8 Latd+6x—2=(x—5"+c Find the values of b and e so that this is true for all x.

Division of polynomials
In order 1o sketch the graphs of many cubic and guartic functions (as well as higher degree
polynomials) it is ofien necessary 1o find the x-axis intercepts. As with quadratics, linding
x-axis intercepts can be done by factorising and then solving the resulting equation using the
null factor theorem.
All cubies will have at least one r-axis intercepl. Some will have two and others three.

We shall frst look at the technigues For dividing one polynomial by another. One process for
division of polynomials 15 exactly the same as the long division process for numbers.

The long-division algorithm for positive integers
We show the process for 274 = 13,
21
13274
26
14
13
I
We have

214 =13x21 +1

In this example:

m 274 is the dividend = 13 is the divisor
m 21 is the guolient ® | is the remainder,
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68 Division of polynomials 211

Division of positive integers
When we divide the number p by o 'we obtain two integers, g the quotient and r the
remamder, such that

p=dg+r and O=<r<d
For example, dividing 27 by 4 gives
2T =4 x6+3

Mote: If r=1, then d is a factor of p. For cxample, 24 =4 x 6.
The long-division algorithm for polynomials

The process for dividing a polynomial by a linear polynomial follows very similar steps. For
example, (2 + T+ 11 (x=2) ZIves

x+9
=2 +Tx+ 11 Divide x° by x. This gives &
P —2x Multiply x — 2 by x and subtract from x* + 7x+ 11
Yr+11 This leaves Yx + 11. Now x into Y9x goes 9 times.,

Ox— 18 Multiply x — 2 by % and subtract from Yy + 11,

29 This leaves 29 remainder,
Thus (x* + Tx+ 11) = (xr—2) = x+9 with remainder 29. We wrile
H+Tx+11 = (x—2)x+9)+ 29
We can see in this example that x — 2 is not a factor of ©° + 7x + 11, We can also write the

resull as

217+ 11 29
—_— =+ 94+
r—2 x—2

In this example:

m 1+ 7x+ 11 is the dividend
m v —2is the divisor

B 1+ Y s the guotient

B 29 is the emainder.

Division of polynomials

When we divide the polynomial P(x) by the polynomial D(x) we obtain two polynomials,
() x) the quotient and K{x) the remainder. such that

Pix) = Dix)(x) + Rix)
and either R(x) = 0 or Rix) has degree less than D{x).
Here Pix) is the dividend and D(x) 15 the divisor.

Note: If R(x) = 0, then £Xx) is a factor of P(x). For example, let P(x) = 2+ 6x+ 8
and x) = x+ 2. Then Plx) = (x+ Dix+4) = D{xix+ )+ 100
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212 Chapter 6: Polynomials

Divide ©* + 22 — 14x—24 by x + 2.

(&)

o

Solution Explanation

T m Divide x, from x + 2, into the leading term © o get x°
T+ 2']__}3_4.:1___ 14x— 24 m Multiply ©* by x+ 2 o give ©° + 227

o428 m Subtract from o + % — 14x—24, leaving —x” — 14x— 24,

B LT N, ) m Now divide x, from x + 2, into —x o get —x.

=i m Multiply —x by x+ 2 to give —x* — 2x.

_-_—lib: = Zri m Subtract from —x° — 14x — 24 leaving — 120 — 24,

19— m Divide vinto —12x to get —12.
0 m Multiply —12 by x + 2 to give —12x — 24,
=

Subtract from —12x — 24, leaving remainder of 0.

In this example we see that x + 2 is a factor of x* + x> — 14x — 24, as the remainder is zero.
Thus (2 + 22— 14xr —24) = (x + 2) = © — x — 12 with zero remainder.

i, o . -
=3 —x—12

x+2

Divide 3 + x =3 by x -2,

Solution Explanation

AE S BEL T Here there is no tenm in 1, however we can rewrite the

W - i | 2 -
_1__1]113_;_“134_1_3 polynomial as 3 + O + x— 3.

3 — 6 ® Divide x, from x— 2, mto 3 o get 307

Gl iy =3 m Multiply 3x* by x — 2 to give 3x" — 6.
6x —12x m Subtract from 35 + 067 + x— 3, leaving 65 + x— 3.
13x—13 m Now divide r. from r— 2_into 6 Lo zel 6.
13x-26 m Multiply 6x by x — 2 to give 62 — 12x.
23 m Subtract from 63" + x— 3, leaving 13x— 3.
m Divide xinto 13x o get 13,
m Multiply 13 by x —2 to give 13x—26.
® Subtract from 13x — 3, leaving remainder of 23.

From this example, we have
3 +x—-3 = (x—2)3x" + 6x+13) + 23
Alternatively, we can wrile

X —3 . 3
e N TN | e
-2 =2
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Equating coefficients to divide
We will briefly outling how (o carry out divisions by cquating coeflicients as shown i the
lirst section of this chapter.

To divide ' — 7x% + 5x — 4 by x — 3, first write the identity
2T ¥ 5x—4=(x=3L+bx+e)+ 7

We first find &, then ¢ and finally r by equating cocflicients of the lefi-hand side and
night-hand side of this identity.

*? term Lefi-hand side: =72, Right-hand side: —3x% + be* = (<=3 + ).
Thercfore =3 + b = =7, Hence b = —.

x term Left-hand side: Sx. Right-hand side: 12x+ cx = (12 4 ¢lx
Therefore 12 + ¢ = 3. Hence ¢ = —7.

constant term  Lefi-hand side: —4. Right-hand side: 21 +r,

Therefore 21 +r = —4. Henee r = =25,
S0 we can wrile
£ =1 +5x—4= (x-S —4x-T)=25

We do the fullowing example using this method. You can see how the long division has the
same arithmetic steps,

O xampie 7

Divide 32 + 20 —x—2by 2c+ 1.

Solution Alternative
For the altermative method, write the identity
P2 fi- i e
”1 12428 - 2=02xc+ NMaP + bx+ D) +r
2x+ 130 25" —x—2
w3 3.3 Equate coefficients of o
3r4sx . 3
3 = 2a. Thereforca = 2.
1.2 -
xr-—x—2 N
. Equate cocfficients of x°:
1:2 .1
R o 2 =a+2b. Therefore b = 3(2—3) = 1.
5 : y
—3x—2 Equate coefficients of x
—§I—§ —1 =24 b. Therefore o= %1{—1—%}—-—%_
—li" Eguate constant terms:

I

ral

=2 =+ r. Thereforer= -2+

ik

Note: The Interactive Textbook meludes an online appendix on polynomuials that deseribes
another method (or division (called synthetic division).
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214 Chapter 6: Polynomials

r : =
Using the TI-Nspire
Use propFrac( ) from [menu| > Algebra >
Fraction Tools > Proper Fraction as shown. Fm:{
Frop

S

( Using the Casio ClassPad

m In 7. select [Z] from the (math! keyboard. o Edit Action interactive
3c+ 2% —x-2 PEd |4 g | Fp | v [ 44| v
m Enter the expression = 22 ) 68 = ED ESREE E
2x+1 propFrae( 3" 3%2x"2-x=2, 1}
m Highlight the cxpression and o (o Interactive > 5 ekl
Transformation > Fraction > propFrac. 3‘; < ﬂitzi-:ﬂ-ll g
n
- V.

Dividing by a non-linear polynomial

To divide by a non-linear polynomial, use the same technigue as for a linear polynomial.

Divide 32 =2 + 3x—d4 by 2 — 1.

Solution Explanation
Ix-2 We wrile x°— 1 as 2 +0x—1.
2alr—1)3c -2 +3x-4
30 + 0% —3x
2 4 6x-4
24 0x+2
fx—6

A0 -2 43— A = (P - 132 -2) + 62 -6

-
Summary 6B
® When we divide the polynomial P{x) by the polynomial £D{x) we obtain two
polynomials, ((x) the guotient and #{x) the remainder. such that
Pix) = D{xj(Hx}+ Rx)
and cither Rix) = 0 or R{x) has degree less than £{x).
m Two methods Tor dividing polynomials are long division and equating coclficients.
(A third method 1s presented in the polynomials appendix in the Interactive Textbook.)

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



GB 68 Division of polynomials 215

examples 1 Poreach of the following, divide the polynomnual by the accompanying linear

CHPTESSION:
a r+0—-2x+3, x—1 b 2+ —4x+3, x+1
€ 3042 +2x+ 1, x+2 d -3l 3ax-F =3

Exampiee 2 For cach of the following, divide the polynomial by the accompanying linear

CAPTEssIOn:
a o+3r—4,.x+1 b 22 + 17+ 15, x+4
c O+422+2 x+3 d 2-32+6x x—2

3 For each of the following, divide the polynomial by the accompanying linear expression

and hence show that the lincar expression is a lactor of the polynomial:

a o—22+3x+5 x+1 b 27 +65—14x—24, x+4
€ ©—52+18 x—3 d 37 -T2 —4x+ 12, x-2

& Find the guotient and remainder when the fist polynomial is divided by the second:
a ¥ +272-3x+1, x+2 b o —3x"+5x—4, x-5
& 22— —%—7 x4l d 55 -3c+7, x—4

Bxample 7. 5 For cach of the following, divide the polynomial by the accompanying linear

CAPTEsSIOn:
a ©+6x2+8x+ 11, 2x+5 b 2+ 5 —dx—5, 2x+1
B8 [or cach of the following, divide the cubic polynomial by the linear polynonual: E
a 27" +3°5 322415, 2x—1 b ' -3 +1, 3x—1
3 " £
7 a Wt x 420 —1-111’ +1 in the form Plx) + LIT where Plx) 1s a quadratic
x— I—

expression and « 15 a real number.

22 -2 + 51+ 3 a
b Wrile in the form P{x) + =, where Plx) s a quadratic
2x—1 2x—1

expression and « 15 a real number.

Ewamples 8 Dor cach of the following, divide the polynomial P{x) by the polynomial [{x):
a PO)=2c—-62—dx+12, Din)=x2-2
b Plo)=x —6"+x—8 D(x)=x" +1
€ Plx) =28 -6 —dx+54, D{x)=x"-2
d P(O)=x'-2-72 +7x+5, D=2 +2x—1

8 lor cach of the following, divide the polynomial £x) by the polynomial £4x): E
a Pla)=x"-x'+7x+2 Dix)=x"+2x—1
b PO =2+ +1324+10, D(xy=22—x+4
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@ Factorisation of polynomials
You can factorise some cubic polynomials using technigues that you already know.
® Some cobics can be facionsed by first taking out a common factor. For example:
25 — 1427 + 24x = 2x(x" — Tx + 12)
= Ix{x —3INzx—4)
B Some cubics can be [actorised by using grouping of terms. For example:
-3 -2 6= (x -3 -2x—3)
=(F-2x-3)
= (x+ V2)x — V2)(x - 3)

We will apply these technigues to solving cubic equations in Section 6. n this section we

develop more general techmigues for Factlorising cubic polynomals.

Remainder theorem

Since the aim of factorising a cubic 15 usually 10 solve an equation or t find the -axis
mtercepls of 4 graph, the first step 1s to establish whether a particular linear expression
is a Factor of the given cubic or nob. [Lis possible to do this without actually doing the
division process.

Lt Plx) =2 + 37 + 22+ 1.

Divide Plx) by x—2:

2+ 5x+12
x=2) P +32+2x+ 1
22
S +2r+1
52— 10x

[2x+1
126 —24
25
The remainder 15 23,
Now evaluate P(2):
P(2) = @2) + 3%+ 22) + 1
=R+ 12+4+1
=25
The example suggesis thal, when Plx) 1s divided by x— . the remainder is equal 1o Pla).
This 15 10 fact true, and the result 15 called the remainder theorem.
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6C Factorisation of polynomials 217

The remainder theorem can be proved as follows. Suppose that, when the polynomial Px) is
divided by r— a, the guotient 15 (X(x) and the remainder 15 £ Then
Pix)=(x—aM)x)+ R
Mow, as the two expressions are equal for all values of x, they are equal for x = @
S Play= (u—oayia)+ R s R=HAa)
i.e. the remainder when Plx) s divided by ©— ois equal o Pla). We therefore have
Pix) = {x—o)x)+ Pla)

Muore penerally:

Remaindar theorem

When P(x) is divided by Bx + a, the remainder is P{—E}

IGIR Exampic 9
Use the remainder theorem to find the value of the remainder when:
a Plxj=x -3+ 2+ 6isdivided by x — 2
b Plx)= x'—2x+disdivided by 2x + 1.

Solution Explanation
a P(2)=(2y -3¢ +2(2)+6 We apply the remainder theorem by
=R_12+t4+6 i:'\l'iill.lii!ing P{?_}-
=6
The remainder 15 6.
l 143 |
b P(—%-) = [—;) —1(—;)+4 We apply the remainder theorem by
EE IH. L evaluating P(—3).
=——+1+4
39

"

The remaimnder is ?

HCJN Example 10
When Plx) = 2 + 2x + a is divided by x — 2, the remainder is 4. Find the value of a.

Solution Explanation
P2y=8+4+a=4 We apply the remainder theorem to form a
Therefore a = —§. linear equation in a.
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218 Chapter 6: Polynomials

Factor theorem

Now, in order for x — « to be a factor of the polynomial P{x). the remamder must be zero.
We state this result as the factor theorem.

Factor theorem

Fora polynomal Pix);

m IF Pla) =0, then x — ais & factor of P(x).

B Conversely, if x — tis a [actor of Px). then Pla) = 0.
More gencrally:

® If B+ is a factor of Px), I;hr.mP(—-—) =0

] C:mw:rs::ly.ul‘F{ |3) < (), then fix + ais a factor of P(x).

RGN Example 11
Show that v+ 1 isa factor of ' — 42 + x + 6 and hence find the other linear factors.

Solution Alternative
Px)=x -4 +x+6 The division can also be performed using
Then P(=1)= (=1 —4(— 12 +(-1)+ 6 the method of equating cocllicients.

=1) Onee we have shown that v+ 1 is a
Therefore x + 1 is a factor of Plx), by the factor. we know thal we can write
factor theorem. £ -4 +x+6 =[x+ I}H'.t2 +hx+¢)

Divide Pix) by x+ 1 o find the other factor: Eguating constant terms gives ¢ = 6.

R Equating coefficients of © gives
x+1'}f—4.9+x+ﬁ LA ol 20 w3
> e Hence
S +x+6 A 16 =(x+INFL -5+ 6)
—5x* —5x = DE=3)E=2)
br+6
bx+6

0
Hence
X4 +x+6=(x+ )& —5x+6)
={x+ 1=z —-2)

The lingar factors of © — 42 + x+ 6 are

(x4 1), {x— 3 and (x—2)

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



6C Factorisation of polynomials 219

Thinking about the numbers involved in the process of factorisation gives us a way of

searching for factors,

For example, consider the polynomial x* — 2x® — Sx + 6. Assume that this polynomial has a

Linesar Factor x — o, where « is an integer. Then we can wrile
r—2¢ —S5xr+6=(r—a)x +bx+e)
= ¥ —(a— b —{ah— i —ac
By considering the constant term, it can be seen that ae = —6. Therefore o divides 6. (Since
it is an iateger, it follows that b and ¢ are Lloo.)
Thus only the factors of 6 need be considered (e, 21, £2, 23, £6).

Try these in turn until & value for o makes Pla) = 0, This process is completed i the

lfollowing example.

Factorise ©* — 202 — 5xr+ A

Solution Explanation

Ply=1-2-53+6=10 The factors of 6 are +1, £2, 3, +6.

Sox— s a factor We evaluaie the first option, P(1), which

N i 605 ik s othise Ficacias: in fact equals 0. If P{1) did not equal 0,
I we would try the other factors of 6 1n turn

- until & zero result is found.
—1 ]_:3 22 —S5r+ 6

—x
—x' —5x+6
-+ x
—Hx+6
—hr+6
0

=2 S b=(x— 1N —x—6)
=(x—1Hx—3x+2)

Note: For some cubics, the quadratic factor may not be able to be factorised. Such a cubic
has only one linear factor. We consider the consegquences for its graph in Section 6F.

rUsing the TI-Nspire
Use factor() from (menu| > Algebra > Factor 1o _
factorise the expression o — 20 — Sx 4+ 6. sl
(e-3} be=1) bee2)
e
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P : N
Using the Casio ClassPad
m In Mr“ enter the expression © — 22 —Sx 4 6. 0 Edit Actlon |nteractive
& Highlight the expression and 2o (o Interactive = i I e B:::i’"‘“'l_r—?fl d I""J""i ¥ [
Transformation > factor. factor (" 3=22" 2-5ae48) a
(%4210 (x=1)r{x=3)
o
e o

Rational-root theorem
Consider the cubic polynomial

=27 —-x2—x-3
We can casily show thal

Ply0, P-DL=zl P30 and P-3) 20
Henee the equation P{x) = () has no solution that is an integer.
Dioes it have a rational solution, that s, a fraction for a solubion?
The rational-root theorem helps us with this guestion,

The theorem tells us that, if fx + ais a factor of 2x° — ¥ — 1 — 3, where @ and f are integers

with highest common factor 1 (ie. a and B are relatively prime). then B must divide 2 and
o must divide —3.

L
Therefore, if — is a solution of the equation P{x) = 0 (where o and B are relatively prime),

then B divides 2 and a divides —3. So the only value of  that needs 1o be considered is 2, and
o= +3 ora = 1.

We can test these through the factor theorem. That 1s, check I‘{:t%) and P{:t% ) We find

H3)=23) -(3) - (3)-3

={)
We have found that 2x — 3 1% a factor.
Dividing through we find that
20— —x—3=(2x=-3Nt +x+1)

We can show that x* + x + 1 has no linear factors by showing that the discriminant of this
guadratic is negative.
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) Example 13
Factorise P(x) = 32 + 822 + 22— 5.
Solution Explanation
P(1y=8+0, P=1)==220, The only possible integer solutions
P(5) = 580 2 0, P(=5) = —190 £ 0, are +5 or £1, So there are no
5 integer solutions. We now use the
P(— 1) =) rational-rool theorem,
Thirelore oS i i faator. If——isa solution, the only value of i
- : that needs o be comsidered 15 3 and
Dividing gives
a==x5ora==x].
Plx)=3r +8x" + 2535
=3+ +x-1)
We complete the square for © + x— 1 1o
factorize:
A 1 1
By imdys . 1
+x T E e,
1\ 5§
={#45)
(x+ 20 Bzl
(R S 2 2
Hence
1 Y5y 1 5
Pix)= {31+5](I+§ + —E-HI+ E _T)
Here s the complete statement of the theorem:
Rational-root theoram
Let Pix) = apx® + a2 +--- + a;x + ag be a polynomial of degree a with all the
cocfficients a; integers. Let e and P be integers such that the highest common factor
of wand fis 1 (e @and B are relatively prime).
If fix + s a factor of P(x), then B divides a, and a divides ag,
Note: A proof of the rational-root theorem is given in the polynomials appendix in the
Interactive Textbook.
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222 Chapter 6: Polynomials

Special cases: sums and differences of cubes

@

Factorise © — 27,

Solution Altarnative
La  Plx= P The division can also be performed using
Then P3)=27-27=0 the method of equating coefficients.
Thus x — 3 is a factor. Let £ —27 = (x = 3)(x" + bx + ).
Divide to find the other factor: Equating constant terms gives ¢ = 9.
2340 Equating coefficients of © gives
$=3] 2 +08 +0x—27 SmbsU el =
£ =3t Hence x* —27 = (x = 3)(x> + 3x + 9).
S+ 0x—27
3t —9x
9x—27
9x —27

()
Hence

£-2T=(x=3)2+3x+9)

In general, if Pix) = © —a', then x — a is a factor and so by division:
X —a= {x —u}{.:z+ |:L1'+ﬂ1]

If @ is replaced by —a, then
2 — (=l = (x = (—a))(2 + (~akc + (—a))

This gives:

ta = {1-1-:1}{.:2—:1.1'-1—:!1]

©)
Factorise §2° +64.
Solution
B+ 64 = (2 + (49
= (2x + (45" —Bx + 16)
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IFSum mary 6C

= Remainder theoram
When P(x) is divided by fx + @, the remainder is F{—E}

a Factor theorem
o I fx+ o isa factor of Px). then P{—E) =)

s Conversely, if P{—g) =0, then fx + w18 a lactor of Plx).

m A cubic polynomial can be factorised by using the factor theorem 1o find the first linear
factor and then using polynomial division or the method of equating coeflicients (o
complete the process.

= Rational-root theorem Let P(x) = gux® a0 + -+ ayx+ap bea polynomial
of degree n with all the coefficients 4; integers. Let a and f be integers such that the
highest common factor of @ and {1 1 (i.e. a and f are relatively prime). I Br+ais a
factor of Plx), then B divides o, and o divides ay.

m Difference of two cubes: © —a' = (x —a)(x® +ax +a”)

a Sumof two cubes: 2 +a' = (x+ a)(x> —ax+a’)

= [;)

Eamples 1  Without dividing, find the remainder when the first polynomial is divided by the second:
a xX*-x-3x+1, x—1 b x'—3x+dx—1, x+2
€ 2 -2 + 341, x-2 d ©—2x+3 xr+1
8 ©+2x=5, x—2 f 20 +37 4302, x+2
E 6—5x+92 4108, 2x+3 h 105 -3 +4x—1, 2x+ 1
i 1080 =271 —1, 3x+1

Baempie10, 2 Find the value of a for cach of the following:
a x'+ax +3x— 5 has remainder —3 when divided by x — 2
b x' + 1" —2ax+ a" has remainder § when divided by x—2
€ x — 32 +ax+ 5 has remainder 17 when divided by x—3
d '+ 2 +ax+ 8 has remainder () when divided by x — 1

Bample1l 3  Without dividing, show that the first polynomial 1s exactly divisible by the second
polynomial:
ad-—2xrx—1, z—1 b P43 —x—3 x—1
¢ 23X —1lx+6, x+2 d 26 — 132 +27x— 18, 2x—3

& Find the value of mrif the first polynomial is exactly divisible by the second:

a o—-42rxrm o x=3 b 22 32 —(m+1)x—30, x—5
c O —(m+1)F—x+30, x+3
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Bmmple12. 5§ Factorise cach of the following:

a2t —2v=1 b ' +3x +3x+1
€ 6 — 1357 +13x-6 d £ —21x+20

e 24351 =533

g 4x' +3x-38 h 4 +4°—11x—6

8 Find the remainder when (1 + x)" is divided by x + 2.

Example1s 7 LUse the rational-root theorem o help factonse each of the following cubic polynomaials:
a2 -7+ 16015 b 2x' -3 +8x+5
€ 20— 35 —12x -5 d 2 — x> —8x-3

Bample1s B PFactorse cach of the following:

a -1 b ' +64
c 27 -1 d 6d4r' — 125
e 1—125¢ f34+270
g 6dn’ — 270" h 275 + 8a’
8 Factorise each of the following: E
art+r-—x+2 b 3x' -7 +4
e P42 4+x56 d 6 +17°5 —4x-3

10 Find the values of @ and b and factorise the polynomial P(x) = ¥ + ax —x+ b, given
that P{x) is divisible by x — 1 and x + 3.

11 a Show that x —a 15 a lactor of x* — &, for any constant a and any natural number .
b Find conditions (if any) on n that are required in order that:
i x+aisalactorof o +a"
il x+aisafaclorofl o —g".

12 The polynomial Pix) has a remainder of 2 when divided by x — 1 and a remainder of 3
when divided by x — 2, The remainder when Plx) s divided by (x— 1){x —2) is ax + b,
te. Plxycan be wntien as Plx) = {x— [)x—2)Xx)+axc+ b
a Find the values of @ and b.
b i Given that P(x) is a cubic polynomial with coefficient of 1 being 1, and —1 isa
solution of the equation P{x) = 0, find P(x).
ii Show that the equation P(x) = (} has no other real solutions.
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60 Solving cubic equations 225

@ Solving cubic equations

In order 1o solve a cubic equation, the first step 15 often W factorise. We start with an example
of a cubic already written in [actorised form.

§CIN Example 16
Solve (x —2¥x+ 1z +3) =0

Solution Explanation
Using the null factor theorem, In this example, the cubic has
(x—2x+ 1)x+3) = 0 implics already been factorised.

5=—2=0 or z+1=0 or z4+3=0

Thus the solutions arc x =2, —1 and —3.

In the following example, a common [actor of x 18 first taken oul

§C)R Exampie 17

Solve each of the following équations for x:

a2ed—2—x=0 b 2+22-10x=0

Solution

a 28-2-x=0 b 427 —10x=0
2P —x—-1)=10 P +2x—10) =0
W2x+ Dix—1)=0 WP +2x+1-11)=0
'.I;ﬂur.r——%ur.rzl M+ 1 —ViDx+1+ViD =0

Lx=0orx==1+VYllorx=—=1—-v11
In the following example, srouping is used o factonse.

Gl Example 18

Solve each of the following equations for x:

a -4 -11x+44=0 b 2—a—1lx+1la=0
Solution
a -4 —1lx+44=0 b X —ac—llx+1la=0
Pr—DH—-1z-H=0 Plx—a)—1l{x—a)=0
Therefore (x—4)N2 —11) =0 Therefore (x —al(x> — 113 =0
Hence x =4 or x = =11 Hence x = aor x = Y11
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226 Chapter 6: Polynomials

In the following two examples, the factor theorem is used Lo find a linear factor.

©
Solve & —dx® — 11x+30 = 0.
Solution
Let Px)=x —4x —11x+30
Then Ai)=1—-4-11+30%0
Pi=l)==1—-4+11+30210
P2)=8—-16-22+30=1
Sox—2 s a factor.
By division or inspection,
¥ —4x" — 11z + 30 = (x—2)(x" - 2x — 15)
= (x—2)x—51x+3)

= —-5Hx+DN =0
Srx=2=0orx=5=0orx+3=10

x=250r-13

[©

Solve 20 — 52+ 5x—2=1().

Solution
let PAO=2C—-52+5x—2
Then Pl)=2-3+5-2=1)
Sox—1 is a factor.
By division or inspection,
26 5 +5x—2 = (x— 1)2x" —3x+2)
=12 =3x+2) =0

s = |

Explanation

In this example we st identify
a linear fuctor using the laclor
theorem.

The factorsation is completed using
one of the methods given in the
Previons sechion.

Explanation

Farst lind a hinear factor using

the factor theorem. Then find the
guadratic factor by division.

The discriminant of this quadratic
18 negative, so the guadratic cannot
be factonsed further, Hence there is
only one linear tactor and therefore
only one solution.

e :
Using the TI-Nspire
Use solve ) from (menu| > Algebra > Solve [0 l_
solve the equation 20" — 525+ x+2 = (. { 3.3 )
polvel 2 5 =5 x = axe 2=
'l."--—:II or w=] or¥=]
x
L.
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IR ;
Using the Casio ClassPad o

m In %ﬁ seleet [zovet| from [Mathl] or [Math3 | o Edit Action |ntersctive
& Enier the equation 22 -5+ x+2=0 Tap [ExEL E*]'&"Ifinijw[bl'l+; ! I:

Note: You can omit "= ()" here. When using jsoved], il is

solved 2a" 3—5a ™ Z4act2=0 & |
1
not necessary Lo enter the rght-hand side of the {FI'FE'F-EI
cguation 1f it 18 Fero. 0
L S
(s
ummary 6D

Cubic polynomial equations can be solved by first using an appropriate factorisation
technigue: Factonsation may involve:

m taking oul a common lactor

® using grouping of lerms

using the factor theorem

polynomial division or equating coefficients

sum or difference of two cubes

||
| |
| |
= psing the guadrate formula o complete the factonsation,

Example1s. 1  Solve cach of the following:

a (x— Dix+2x-4)=0 b (x—4(x—6)=0

e 2x—1Wx=33x+2) =0 d dr+32x-51=10
Bampla17, 2 Solve cach of the following:

a =272 —Re=0 b 2 +2x~11x=0

c ©—37—40x=0 d ' +2¢ —16x=0
Bamplai1g 3 LUse grouping to solve each of the following:

arf-“2rr—1=0 b ©Y4+2%+r+1=0

e -5 —10x+50=0 d £ —ax®—16x+ 16a=0

Bmmpis1s &  Solve cach of the [ollowing:

a ©o—-19x+30=0 b 37 -4 —13x-6=10
e 2= 2x32=D d 52 +122 —36r—16=0
e 6 —52—2xr+1 =10 f 22 -32-29x—30=0
Bmmplz20, 5 Solve cach of the following for x
a P+ —2Mx+36=0 b 6 +135-4=0
c X —r—2xr—12=0 d 22 438 +Tx+6=0
e r—r—5x-3=10 fF o+ —11x=3=0
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228 Chapter 6: Polynomials 6D

8 Solve cach of the following equations for o
a 2r' = 16x b 2x—1)y =32 c r+8=0

1
d 2x' +250=0 e 1000 = —
X

7 Factorise cach of the following cubic expressions using your CAS calculator: E
a 2ot — 2257 — 250x + 2574 b 2x' + 275 +52x-33
€ 2x' — 9 — 242x+ 1089 d 20 + 510 + 30dx— 165

@ Cubic functions of the form f(x) = a(x — h)® + k
In Chapter 3 we saw that all gquadratic functions can be written o ‘turming point form” and
thal the graphs of all guadratics have one basic lorm, the parubola. This 15 nol true of cubic
lunctions.
Let us first consider those cubics that are of the form

fix)=alx—hy +k

The graphs of these functions can be formed by simple transformations of the graph of
fix) =2
For example, the graph of f{x) = (x — 1)" + 3 is obtained from the graph of f(x) = Y bya
translation of 1 unit in the positive direction of the x-axis and 3 units in the positive direction
of the y-axis,

Transformations of the graph of f(x) = x®

Dilations from an axis and reflections in an axis

As with other graphs it has been seen that changing the value of & simply narrows or
broadens the graph withoul changing its fundamental shape. Again, if a < (), the graph is
reflécted in an axis. Note that reflecting in the x-axis and reflecting in the y-axis result in the
same graph. This is because (—x)® = —x*.

For example:

¥ _T!' ¥= 3.!.-'3' }1=—|1’3

¥

=t ||
—

b

-

3 vl 1 2 23] I 2 EETEE

The implicd domain of all cubics is B and the range 15 also B,
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6E Cubic functions of the form fix} —alx— A +k 229

Point of inflection

The significant feature of the praph of a cubic of this form is the point of inflection (a point
of wero gradient). This will be discussed fully in Chapter 18, but for the moment we note that
it is the “flat point” of the graph.

The point of inflection of ¥ = ' is at the origin (0, ().
Vertical translations
By adding or sublracting a constant term to ¥ = 1, the graph moves either ‘up’ or ‘down’_

The graph of y = £ + & is the basic graph moved & unils up (for & = 0). The point of
inflection becomes (0, k). In this case, the graph of y = x* is translated & units in the positive
dircction of the y-axis.

Horizontal translations

The graph of v = (x — h) is simply the basic graph moved kb units to the ‘right” (for k = 0),
The point of inflection is at (A, 0). In this case, the graph of ¥ = x* is translated h units in the

positive direction of the r-axis.
General form
For the graph of a cubic function of the form
y=alx—hy +k
the point of inflection 15 at (h; k).
When sketching cubic graphs of the form y = a{x — k) + &, first identify the point of
inflection. To add further detail o the graph, find the c-axis and y-axis intercepts.

[ﬁ Example 21
Sketch the graph of the function y = (x—2)° + 4.

Solution
The graph of y = +' is translated 2 units W the right and
4 units up.
Point of inflection is (2, 4).
X-axis inlercepl: y-axis infereepl:
Lety =10 Letx=10

0= (x—2) +4 y=(0-20"+4

4 =(x-2)" y=—8+4

VAa=x-2 y=—4

x=2+VY—4

= {413
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230 Chapter 6: Polynomials

i
The function f: R — R, f(x) = x3
The functions with rules of the form f{x) = a(x— kY + k are one-to-one funciions. Hence

cach of these functions has an inverse function.

!
The inverse function of f{x) = o is f{x) = x3.

¥
K Dir=gs v
#, //
y==x
/f/
o
. > x
s
.f/f
/K
7
&

i
The graphs of v = 1 and v = x3 are shown above.

1 1
The graph of y = x3 is instantancously vertical at x = (.. The graphs of y = x* and y = x3
ntersect at (1, 1 and (—1.-1).

ECIE Example 22

e

I
Sketch the graph of y = (x — 1)3 — 2.

Solution Explanation
When x =0, ¥ Find the axis intercepts,
y=(—I }% -2 1 The graph of
1
==1=-2 y=({x—13-2

2O

i
i% the graph of y = x3
When vy =0,

translated 1 unit to the right
and 2 umits down.

|
(x=12 —2=0(

I
(x—1)3 =2
x=1=03
x=9

We find the inverse function of a cubic of the form y = atx — k)Y + & by using the technigue
introduced in Chapter 5.
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Example 23

Find the inverse function f~ of f: R = R, fix) =2(x—4)* +3.

(&)

o

Solution Explanation
Interchange x and y: Remember that (x, v) € f1f and only
$=2y—4P +3 if (r.x) e S~
Solve for y:
x—3=2y—4y
r—3 3
=04
343
y—4 = [I 3 i The opposile operation to cubing
i is Llaking the cube root. That is,
_fx=3\3 -
}—( 3 } +d Wx = x3
3 1
Therefore f~': R = R, f~(x) —(I;_ )j +4
-
Summary 6E

® The graph of v = a(x — h)* + k has the same shape as v = ax® but is translated k units in
the positive x-axis dircction and k units in the positive y-axis direction (where A and &
are positive constants).

m The implicd domain of all cubic functions is B,

1
m The functions fix) = ' and /~'(x) = x3 are inverse functions of each other.

Example21’ 1 Using the method of horizontal and vertical translations, skeich the graph of each of the

following:
ay=(x+2)-1 b y=(x—1y-1 e y=(x+3'+2
d _].'—-{_.1:—2}3+5 e y= (x+2Y—5

2 Skeich the graphs of the following funciions:
ay=2743 b y=2{x—3P+2 e Jy=2-5
d y=3—-¢ e y=(3—x) fy=-"2x+1P+1

E y= %{1—3‘]]+2

Bxmmpie22. 3 Sketch the gruph of cach of the following:

1 1 1
ay={(x—13-2 b y=2x3 e y=2x—3)3 +1
1 1 1
d y=3x+2)3 -2 e y=—-2x—-3)3+2 fv=—20x+3)3-2
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Bmmple23 & Find the inverse [unction of cach of the following functions:
|
a flo=24+3 b f(x)=3x3 e flx)=2x+1Y+1

d f=2z+3T-2 @ flo=-2z— i f fix) = —2(x 23 -1

E Graphs of factorised cubic functions

The general cubic function written in polynomial form is
y=ar +be +cx+d

There is a vanety of graph shapes for cubic functions, depending on the values of the
coefficients. The graph of a cubic lunction is not necessanly a simple transformation
(dilations, translations, reflections) of the graph of y = ©°.
All cubics have at least one x-axis mtercept. We have seen that cubic functions of the form
f{x) = alx— k) + k have only one x-axis intercept. but these are not the only cubic functions
with one r-axis intercepl. Some cubic functions bave two and others have three.
The y-axis intercept is easily found by letting x = 0, and it is the point (0, o).
When sketching the graphs of cubics which are not of the form f(x) = alx— k) + k, begin by
finding the x-axis intercepls.

In the following example, the cubie is already in factorised form.

EGIE Example 24
Sketch the graph of y = (x — iz + 2)x + 1), Do not give coordinates of tuming points,
Solution
To find the x-axis intercepls, lety = (0, >
A
ThenO = (x—1{x+2)x+ 1)
Lx—l=0orx+2=0orx+1=10
o x-axis intercepts are 1, —1 and =2, N =
-1 1 2
To find the y-axis intereepl, letx = (. 2
Then v = (0 — 1){0+ 2)(0 + 1) = -2,
2. y-axis mtercepl 1s —2,
Check the following by substituting values:
m Whenx>1,y>= (L B When—l=sx< ly<(L
m When —2<x<-1.y>0. B Whenx<-—2 y<0.
{Notice how the sign of the y-value changes from one side of an x-axis intercepl to the
other.) Finally, consider whai happens to the graph “beyond” the r-axis intercepis:
® Forx =1, y>0and as x increases y increases.
m Forx < -2, v < Dand as x decreases y decreases,
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6F Graphs of factorised cubic functions 233

The polynomial form of the cubic in this example is ¥ = 2 + 207 — x — 2. The coefficient
of ° is positive. We now see what happens when the coelficient of x* is negative.
The graph of the cubic function ¥

y=—x -2 Fx+2 A
is the reflection in the x-axis of the graph J=pP- 2t +D
of the cubie function considered m /-\
Example 24

i

& b

2
N
Whenx> 1, y< (. iy R

When —1 <x< 1, vy

When =2 <« x <=1, y < (b

When x < -2,y = 0,

m Forx> 1, y < 0and as x increases y decreases.

m Porx< -2,y > 0and a3 x decreases y increascs.

Al this stage the location of the turming points 15 unspecified. However, it is important to note
that, unlike quadratic graphs, the Wwrning points are not symmetrically located between r-axis
intercepts. How to determine the exact values of the coordinates of the twrning points will be
shown later in this book.

Sign diagrams

A sign diagram is a number-line diagram which shows when an expression is positive or
negative.

The following is a sign diagram for a cubic function, the graph of which is also shown,

¥

\a B N\r,,

Graph
R - p T
1 ! l = x
—1 ] =
Sign diagram

Using a sign diagram requires that the factors, and the r-axis intereepts, be found. The v-axis
intercepl and sign disgram can then be used 1o complete the graph.

This procedure is shown in Example 25,
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234 cChapter 6: Polynomials

| ® Example 25
Sketch the graph of y = 2 + 2% = 5x— 6.
Solution
Let PD)=x'+2x-85x—6
Then PAl)=1+2-5-6+10
P—1)=—142+5-6=0
Sox+ Lis a factor,
By division, y = {x+ 1 )x—2Hx+ 3} 3P — s
o _I ' I T T I [ iy
J.x-axas intercepts are —1, 2-and -3, = e S| 0 2
When x < —3, v is negative. ¥
When =3 < x < —1, v 15 positive. 61
When —1 < x < 2, vis negative, /\ ;'I
: 15 , - 1
When x > 2, yis posilive. 3 3 5 |
This gives the sign diagram.
TR - b
Using the TI-Nspire
To add detail to the graph, the coordinates of 1
the wrning points can be found with a CAS VS VOE BN TG
calculator. /
m Lnter f1(x) = x' + 22 — 5x— 6 in a Graphs /“\\ A /
application. - JI,* 5 3 H
m Choose a suitable window ([menu) > / \\\/
Window,/Zoom > Window Seitings). K
o Use () > Anlyzn Graph > Masimam. 7 RS
m Move the cursor o the left of the point Er‘l.! N :a..r
{lower bound), click, move W the nght of the IR S
point (upper bound) and elick o display the /;F-M$ /
coordinates. " X - j %
m Repeat for other points of mieresL \
‘k“_//
" | fie [ -2.12, 4.0 )
Note: Alternatively, use [menu| > Trace > Graph Trace to find the coordinates of the two
turning points. A label will appear on the sereen Lo indicate that the caleulitor has
L found 4 local maximum or a local minimum. J
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6F Graphs of factorised cubic functions 235

AT 3 R
Using the Casio ClassPad
To add detail to the graph, the coordinates of the O Edit Zoom Anslysiz &
lurning points can be found with a CAS caleulator. vao | IE ]IF"?'I[H [Hﬂ]_L._E
shaet! Sheet2 [Shestd | Sheats
# Go to the menu 22, select Graph & Table E Y EC
¥ L i P
and tap the cursor next o yl. : ,,.2-: +ee = =Fe=il .|
m Enter© +22—5x— 6. Clva:o
Tick the box and select 2= to produce the graph. ' ;;;
m Choose a suitable window using 53 or a | :?ﬁ: r ;
combination of Zoom Out und Zoom Boax. ™ E!
yl=x"I+d-x" I=-50p=-6
m Tap in the graph window to select it, then use e 2 "
Analysis > G-Solve > Max (0 [ind the local i
maximum and Min to find the local minmum. BElERUENELE.
Mote: The maximum and minimum points must be =
visible on the sereen before carrying out the ne=—2. | 10633 -9 lJl‘iElEI;;l']ﬂE1=
analysis slep. g =
L% S

Repeated factors

The polynomial function f(x) = (x — 1)*{x + 3) has a repeated factor. In this case x— | is
repeated. Sinee the repeated factor 1s squared, it 18 casy (o see that the sign of the y-value 15
the same ‘close in' on either side of the corresponding x-axis interceplL

I the factorised cubic has a repeated factor and another linear factor, there are only two
x-axis intercepts and the repeated lactor comresponds o one of the turming points.

O] Example 26
Sketch the graph of y = x%(x —1).
Solution
To find the xaxis intercepts, lety = ().
Then T{x—1) = 0.
Thus the x-axis intercepts are al x = Qand x = 1.
Because the repeated factor is x7, there is also a turning
point at x = ().
The y-uxis intercept (letting x = 0) is at y = (.
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236 Chapter 6: Polynomials

Cubics with one x-axis intercept

Cubics of the form y = (x —a)® have only one x-axis intercepl. Some other cubics also have
only one x-axis intercept because, when they are factorsed, they are found o have only one
linear fuctor, with the remaining guadratic factor unable (o be factorised further.

8

Example 27
Sketch the graph of y = —{x— 1)( + 4x + 51

Solution

To find the x-axis intercept, let y = 0. 2
[
First, we note that the factor 2 +4x+ 5 cannot

¥
|
: 5
be factonsed further:
A=b —dar
= 4% _4(1)(5) -2 -1 0
=4

Y
H

2. there are no further linear factors:

Hence, when solving the equation —{(x — I)(x" +4x +5) = 0, there is only one solution.
2. x-axis interceplis x = L

To find the y-axis intercepl, let x = 0. Then y = —(0— 1)((0° +4(0) + 5) = 5.

A CAS caleulator can be used o find the turning points (0, 5) and (—1.82, 2.91), where the
courdinates of the second point are given to two decimal places.

Note: At this stage of the course, you cannol determine all the features of the graph of a
general cubic polynomial by hand. Further technigues lor graphing cubics will be
introduced in Chapter 18,

fSummary 6F
m The graph of a cubic function can have one, two or three x-axis intercepls,
m [If a cubic can be writlen as the product of three linear factors, y = alx—alz—p)x—v),
then its graph can be sketched by following these steps:
o Find the y-axis intercepl.
s  Find the x-axis imtercepis.
e Prepare a sign diagram.
» Consider the y-values as x increases o the right of all r-axis inlercepts.
s Consider the y-values as x decreases to the left of all r-axis infereepis:
& If the cubic has a repeated factor to the power 2, then the y-values bave the same sign
immiediately o the left and nght of the corresponding r-axis infereepl
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6F 6F Graphs of factorised cubic functions 237

eample2a) 1  Skeich the graph for each of the following and draw a sign diagram. Label your sketch
eraph showing the points of intersection with the axes. (Do not determine coordinates
ol lurning points.
a yv=xlx—1)x-3) b y=(x—1)x+ )ix+2)
e y=(2r—1)x—2)x+73) d y=(x—1)x—-2)x-3)

Bxampie2s. 2 Sketch the gruph for cach of the following and draw a sign diagrum, Label your sketch
eraph showing the points of intersection with the axes. { Do not determine coordinates
of turming points. )

a8 y=x-9x b y=x'-42—-3x+18
€ y=—x+r+3x-3 d y=37-45—13x-6
@ y=0f 52 —-2x+1 fy=2x"—92+7%+6

Bmmpia2s’ 3 Skeich the graph lor each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determing coordinates
of urning poinis.)

a _].'—-lt_.r—I}I{J:—Z‘]l‘1 b _}'—121'__:(—4}
c y=2x+1%x-% d y=2'3+1
e y=4r — 82 +5x—1 fy=x -5 +Tx=3

Bxampie 27 & Sketch the gruph for cach of the following and draw a sign diagrum, Label your sketch E
eraph showing the points of intersection with the axes. (Do not determine coordinates
of rning points.) Use your calculator 1o help sketch each of them.,
a y=(x—1)x"+1) (Note: There is no turming point or ‘flat point’ of this cubic.)
b yv= (" +2)x—4) (Mote: There are lwo luming poinis.)

5 Sketch the graph for cach of the following, using a CAS calculator o find the
coordinates of axis intercepts and local maximum and local minimum values:

a y=—d4r° 122 +3x =15 b y=—-4x+19x-15
€ y=—4c +0.8+198x— 18 d y=2+ 1124 15x
e y=2c + 607 f y=20+6246

6 Show that the graph of f, where f{x) = x’ — x> —3x— 3, culs the x-axis at one point and
touches it at another. Find the values of x al these points.
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238 Chapter 6: Polynomials B6G

@ Solving cubic inequalities

As was done for quadratic inequalities, we can solve cubic inegualities by considering the

cruph of the corresponding polynomial.

CIN Example 28
Find{r:- @+ -5x+3=<0}
Solution Explanation
Px)=xr +1r—5c+3 m Lise the factor theorem to find
Ply=1+1=543=0 an initial linear factor.
- x— lis a factor. By division, y = (x — 1{x + 3). o Complons ha Itoeiation.
® Find the axis intercepis.
'l‘hL'l:l: a:u':: only ['fim x-axis intercepts, 1 and —3. The m Sketch the graph.
i T S R (Note that this cubic has a
repeated factor, and so (1, 0)
1% & turming point as well an
miercepl.)
; m Solve the inequality by
| mspecting the praph.
— . : : ——t m Express the solotion in formal
=L T | | 2 Se1 nolalion.
From the graph we can see that v < ) when £ < -3
or whenx = L.
fr:e+2 —Sx+3<0})=(—0,-3U[1)
Summary 66
Cubic inequalitics can be solved by sketching the graph of the corresponding cubic
function and analysing the graph.
shoot Fjj] Exercise 66

EBampla2e. 1 Solve the following cubic incqualities:

a (r—1jx+ix—3 =0 b (x+1Mx+2x—4)=0
e (x—1)x=21 <0 d xx+2(xr=3)>0
e (x—1Y+8<0 f-120
g Px—4)=0 h (x+3)2+2x+5<0

2  Solve the following cubic incqualities. Begin by getting all of the lerms on one side.
a F>4x b <5 e J+4r<dl
d o= 0x e O —6r'+x26 f 2 -6 —dr<—12
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6H Families of cubic polynomial functions 239

m Families of cubic polynomial functions

In Chapter 2 we considensd the information that is necessary Lo determine the eguation of a
straight line: In Chapter 3 this was considered for quadratic functions, and i Chapter 4 for
rectangular hyperbolas, circles and other types of relations,

Here are some examples of families of cabic polynomial funciions:

y= ax', a >0 The cubic praphs that are dilations from the x-axis
of y = .
y=alx—hy +k a0 The cubic graphs that are translations of y = ax’.

y=alx—2}x+30x—4), a0 The cubic graphs with r-axis miercepts 2, —5 and 4.
y=ac +br’ +ex, azl) The cubic graphs that pass through the ongin.

Recall that in this context we call a, b, ¢, h and k parameters.

Finding rules for cubic polynomial functions

The method used for finding the equation from the graph of a cubic will depend on what
nformation 15 given in the graph.

If the cubic function has mle of the form f{x) = a{x— B 4k and the point of inflection (h, k)
15 given, then only one other point needs to be known in order to find the value of a.

For those that are not of this form, the informaton given may be some or all of the r-axis
intercepts as well as the coordinates of other points including possibly the y-axis intercepl

ECIl Example 29
a A cubie function has rule of the form y = a{x —2)" +2. The point (3. 10} is on the graph
of the function, Find the value of a.
b A cubie function has rule of the form y = afx— 1<+ 2)(x —4). The point (3, 16) is on
the graph of the function. Find the value of a.
Solution Explanation
a y=a(x—=2y+2 In cach of these problems we substilule in
Wikca =4 =10 Sl fiva the given vialues o find the unknown,
10 = a(3—2)* + 2 For part a, the coordinates of the point of
§ 8 - inflection of a graph which is a translation
=a of y = ax are known and the coordinates
a =4 of one further point are known.
b y=alxr—1}x+2)xr—4) For part b, three r-axis intercepts are
When x =S5,y = 16 known and the coordinates of a fourth point
) are known.
6 =al5—1H5+2)5-4)
16 = 28a
4
==
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240 Chapter 6: Polynomials

A cubic function has rule of the form f{x) = ax’ + bx. The poinis (1, 16) and (2, 30) are on
the graph of the function. Pind the values of o and b.

(&)

o

Solution

Since f{1) = 16and f(2) = 30, we obtain the simultancous equations
6=a+h {1}
0=a2y}+2p (2

|
Muluply (1) by 2 and subtract from (2). This gives —2 = 6g and hence a = —=.

3
49
Substitute n (1) to find & = 3

GJN Example 31

Determine the rule for the cubic function shown in each of the following graphs:

a ¥ b ¥
A A
(3.2)
|-
1
; y —
1 0 | 2 3 T T —
-1 0 |
—1l
= (1.-2)
Solution Explanation
a y=alx+1ix o The x-axis intercepts are —1 and 2, and the

graph ouches the r-axis al 2. So the cubie

Put (3, 2) into the equation:
has a repeated Factor x — 2,
2 = a{4)(1})

Therefore the form of the rule appears o be
y=alx+1){x— 20

=d

Idl=

The rule is v = %I:I+ =20,
b y=alx+1)y+2 This graph appears o be of the form
y = alx— h)y + k. The point of inflection

To determine a, put the known point ; 7
isat (—1.2). Therelore h=—1 and k = 2.

(1,—2) into the equation:

9 = a2 2
—i = Ra
_%;u

=

The rule is vy = —i}{x+ 1Y +2

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.
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) Example 32
A cubic function f has rule f(x) = ax® + bx” +cx+d. If
f(1y=0, f(2)=-7, f(4)=27. f(5) =80
find the values of a, b, ¢ and d.
T .
Using the TI-Nspire ™
m Define the function f(x) = ax’ + bx* + cx+d. T
m Use [menu| > Algebra > Solve System of T e P
Equations > Solve System of Linear Equations. e
Cumg:-lh:h: the pop-up .‘-i[.j]'L‘i:ﬂ and enter the | unstve J{,}%.;: Lodinad
cquations as shown to lind a, b, ¢ and d. ;}:;u
= An alternative method is also shown, {Li-17a8)
zolvelA1)=0 3nd A2)=-7 and Aa)=27 ana Ash
g=land beland c==17 and d=15 _
L9 v
' z ™
Using the Casio ClassPad
2 In Mﬁ enter the expression ax® + bx + cx +d. O Edit Action Intersctive
(Remember Lo enter the variables a, b, ¢ and o 4] ] the I }:]I‘-"WFIE‘!I ¥ ['—’l ’ [
using the [ var | keyboard. ) Diefiiid 1{&}%-1‘3-‘-{'-;‘2;‘:-“ 4|
s Highlight the expression and go (o Interactive > done
Define. fey=0
, f(2)==T
8 In the (Mathl | keyboard, tap the simultancous fray=27
equations icon [ (=], Tap it twice more  expand f(5)=80\g, b,0,d
for four simultanéous equations. Lt ot L b
m Enter the known values f(1) =0, f(2) = =7, f(4) = 27 and f(5) = 80 intos the four
lines and enter the vadables a, b, o,  in the bottlom right separated by commas.
L {You can enter the function name f using cither the | abe | or the (Mathz | keyboard. )
Ir’FEummiu"_v‘lf 6H
The rule of a cubic function can be determined if:
m  the coordinates of four points on the graph are known
= the form of the function is known to be fix) = aix — = B, and wand B and the
coordinates of one other point are known
= the form of the function is known lo be fix) = alx— kY +k, und the coordinates of the
inflection point (i, k) and one other point are known.
There are other sets of information which can be used o determine the rule of a cubic
function and more of these will be given i Chapier 18.
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242 Chapter 6: Polynomials 6H

=)

Bxamplezee. 1 a A cubic function has rule of the form y = a(x— 3}3 + 1. The point (4, 12) 15 on the
graph ol the function. Find the value of a.

Example 28h b A cubic functon has rule of the form y = a(xr— 2)x+ 3)x— 1). The point (3, 24) 15
on the graph of the function. Find the value of a.
Exampls 30 ¢ A cubic functon has rule of the form y = ar +bx. The points (1, 16} and (2, 4(0) ane

on the graph of the function. Find the values of a and b.

Exampla31! 2 The graphs shown are similar Lo the
hasic curve y = —x". Find possible cubic
functions which define each of the curves.

3 Find the equation of the cubic function for which the graph is shown. ¥

(3.6)

& Find a cubic function whose graph touches the c-axis al x = —4, culs it at the ongin, and
has a value 6 when x = =3,

5 The graph of a cubie function has y-axis intercepts 1, 3 and —1 and y-axis intereept —6.
Find the rule for this cubic function.

8 A cubic function f has rule fix) = (r— AN + a) and fi6) = 216. Find the value of a.

7 The graphs below have equations of the form shown. In ¢ach case, determine the

equalion.
a yv=alx—m'+4 b y=ac +bt € y=axr
¥ ¥
(1.5)
(3,2
x
-2
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6H 61 Quartic and other polynomial functions 243

8 Find the expressions which define the following cubie curves:

2.3
1.0.75)
W 2 =

X

(2.3 | Maote: This graph
is not of the form
y=alx—h P+ k.

Example32’ 9 [or cach of the following, use a CAS calculator o find the values of @, b, o, o in the E
cubic equation y = ax’ + bx' + ex + d, given that the following points lie on its graph:
a (0,.270), (1,312), (2, 2300, (3,0) b (=2, —406), (0,26), (1, 50), (2, -22)
c (—2, 32 (2,8), (3, 23), (8,428) d (1,—1),(2,10),(3,45), (4, 116)
e (—3,—74).(-2,-23), (-1.-2).(1,-2) F (=3.47).(-2,-15), (1,-3)(2,-7)
g (—4.25), (=3, 7).(-2,1),(1.=5)

@ Quartic and other polynomial functions

In this section we look at polynomaial functions of degree 4 and greater,

Quartic functions of the form f(x) = a(x - h)* + k

The graph of f(x) = (x—1)" +3 is obtained from the graph of v = x* by a translation of I unit
in the positive direction of the x-axis and 3 units in the positive direction of the v-axis.

As with other graphs il has been seen v

that changing the value of a simply

A
narrows or broadens the graph without =3 =t
changing its fundamental shape. Again,
il @ < 0, the graph is inverted.
The significant feature of the graph of a : G - -

guartic of this form is the lurning point
{a point of zero gradient). The urning
pointof y = x* is at the origin (0, 0).

Yk
Il
|

P
%

For the graph of a guartic function of
the form

y=a{x— h}* + k
the twrming point is at (f, k).
When sketching quartic graphs of the form v = a{x — hY' + &, first identify the turning point.
To add further detail to the graph, find the x-axis and y-axis intercepts.
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244 Chapter 6: Polynomials

Example 33

Sketeh the graph of the function y = (x—2)" — 1.

(&)

o

Solution

Turning point is (2, —1). ¥

x-axis inlercepls: y-axis intercepl: |5¢

Lety =0 letx =10
O=(x—2)"—1 y=(0-20—1
1=ix-2) =161

V] =x—2 =15 —m = 1
r=2+lorx=2-1 : I[E,—I"l_]‘
x=3owx=1

The imphed domain of all guartics 15 B, but unlike cubics the range s not 8.

Other quartic functions v
The technigues for graphing guartic functions in general are A
viery similar to those employed for cubic functions. A CAS
calculator 15 w be used in the graphing of these funcions.
Greal care necds to be taken in this process as it is casy Lo miss 5 2
key points on the graph using these technigues. 3 i
The graph of y = 2x* — 87 is shown.
QG Exampie 34
Solve each of the following équations for x
ax*—8=0 b 2" —8:72=0 ¢ -2 -242=0
Solution
a ' —8x=0 b 2x' -8 =0
Faclonse Lo oblain Factorise W oblain
x(x' =8) =10 2 —4)=0
sx=0orx'—8=0 LA =0or —4=0
Thus r=00rr=2 Thus x =0orxz=20rx=-2,
e -2 =245 =0
Factorise o oblain x'(x" —2x—24) = 0
Rt =00r e —2r-24=0
e x=0Dor{x—6)e+4)=0
Thisx=0o0rx=b6orx=-—4.
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Odd and even polynomials

In this subsection we look briefly al odd and even polynomial functions. Knowing that a

function is even or that it is odd is very helpful when sketching its graph.

m A function [ 1seven if f(—x) = f{x). This means that the graph is symmetric about the
v-axis. Thal is, the graph appears the same after reflection in the y-axis.

m A function [ 1s odd if f{—x) = —f{x). The graph of an odd function has rotational
symmelry with respect o the ongin: the graph remains unchanged after rotation of 180"
about the orgin,

A power [unction is a function f with rule fx) = 2 where ris a non-zero real number. [n

this book we focus on the cases where ris a positive integer or r € (-2, -1, 4, 1)

Even-degree power functions

The functions with rules fix) = ©* and

fix) = " are examples of even-degree

power [unctions.

The following are propertics of all

even-degree power functions:

B f{—x) = f{x) forall x

m f(0)=0 g

B AS r— 400, Y — o0,

Mote that, if m and n are positive even inlegers with m > n, then:
B " >"forx>lorx< -1
m " <xfor—] <x<lwithx#0

B =x"fwx=lorx=—lorx=I(L

Odd-degree power functions
The functions with rules fix) = x* and ¥

[fix) = & are examples of odd-degree A

power [unctions. -
The following are propertices of all
odd-degree power functions: .
B f{—x)=—f(x) forall x -2 -1 1 2
B fih=0

B As xr— oo, y — oo and

—3

a8 T — —oo, ¥ — —oo,

Note that, if m and n are positive odd integers with m > n; then:
B >a"forx>lor—l<x<0

B "< x"forx<—lorD<x<]

B " =x"forx=lorx=—-lorx=1(
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Example 35

State whether cach of the following polynomials is even or add;

(&)

o

a f(x)=6" -3 b glo)=3"—x +x
e hix) =" -3 +2 d mix)=x" —dx
Solution
a fi—x) = 6(—x)' — -1 b gi—x)= =¥ — (=) + (—x)
= 65" — 32 =3 +x—x
= [lx) = —glx)
The function is even. The lunction 1s odd.
e hi—x)= (- —H—x)*+2 d mi—x) = (—x)' —4(—x)
= -3 +2 = —x' +4x
= hix) = —m{x)
The function is cven. The function is odd.

The results of the example are nol surprising since:
® The sum of two even [unctions is even, and any constant multiple of an even [unction
1% CVETL
® The sum of two odd functions is odd, and any constant multiple of an odd function is odd.

Not every polynomial is even or odd. For example, the polynomial f(x) = x* + x is neither.

Gl Example 36

a On the one sct of axes sketch the graphs of f(x) = x* and g(x) = 20
b Solve the equation f{x) = z(x).
€ Solve the incquality f{x) < glx).

Solution
a b flx) = glx)
=2
=22 =0
2x==0
x=0orx=2
2
¢ flx) < glx)
i = 2

From the graphs and part b, we see that f(x) < g(x) for x € |0, 2]
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IFSum mary 61

m The graph of ¥ = alx — k)" + & has the same shape as y = ax® but is translated b units
in the positive r-axis dircetion and k& units in the positive y-axis direction (for kb and &
positive constants),

® The implied domain of all guartic functions 1s E.

m A function [ is even il f{—x) = f(x). This means that the graph is symmetric about
the y-axis:

m A function [ is odd if f{—x) = —f{x). The gruph of an odd function has rolational
symmeiry with respect to the orgin.

m A power function is a function f with rule f{x) = x" where r is a non-zero real
number.

Example3s) 1 Using the method of horizontal and vertical translations, skeich the graph of each of the

following:
ay=(x+2y"-1 b y=(x-1-1 e y=(x+3"+2
d y=(x—2)"+5 e y=(x+2)' -5

2  Sketch the graphs of the following functions:

ay=2"+3 b y=2{x-3)"+2 c y=1"-16

d y=16—x' e y=(3-x" f y==2{x+1r+1
Bample3s) 3  Solve cach of the following equations for o

af-27x=0 b (X —x-2)F-2x—15)=0

¢ 1 +8x=0 d -6t =0

e -9 =0 f 81-x'=0

g -6 =0 h 7204122 =0

i =9 4+202=0 j -2 -9=0

k (x—4%C+2x+8)=0 I (x+4)x+22—8) =0

& Use a CAS calculator to help draw the graph of cach of the following, Give r-axis
intercepts and coordinates of wrming points. (Values of coordinates of turming points ©
be given correct o two decimal places.)

a y=x"—125z b y={=x—20)%-2x-24)
c y=x"+27x d y=x'-4a¢
e y=1"-25¢ Fy=16-2x'
g y=2"_81.2 h yv=x'—72 +12¢7
iy=a"—9x" + 20 j oy =t —16)x" —25)
k y=(xr—2)( +2c+ 10) I y=(x+4) " +2x-35)
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61

Bampla3s. 5 Stale whether cach of the following polynomials is even or odd:
a f(n)=58-32 b glc)=7c" -+ 2x
¢ Mo=x"-32+2 d mx)=r1 —4c
Example3s. B a Onthe one set of axes sketch the graphs of f(x) = x* and g{x) = 24,
b Solve the eguation f{x) = glx). ¢ Solve the megquality fix) < glx).
7 a Onthe one set of axes skeich the graphs of f(x) = x* and g{x) = 9x°.
b Solve the equation f(x) = gix). ¢ Solve the inequality fix) < glx).
8 a Onthe one set of axes sketeh the graphs of fix) = o and g(x) = 4x.
b Solve the equation fix) = g{x). c Solve the meguality f(x) < gix).

9 The graph of a quartic function can have zero, one, two, three or four x-axis intercepls, B
For each of the following, find the number of x-axis intercepts of the graph:

agn=x'+2 b glx)=(x—4)x>+ 1)
d gl)=(L—4)2-1) e glx)=x(2—-4

m Applications of polynomial functions

e gix)=(x-2%2+ 1)

f elxi=x"+22

In this section, we use a CAS calculator to find maximem and minimuom values of restricted

polynonial functions,

® Example 37

A square sheet of tn measures 12 cm x 12 em. A

Four equal squares of edge x em are cul out of the

corners and the sides are turned up 1o form an open
rectangular box. Find: 12 em
a the values of x for which the volume is 100 em?

b the maximum volume, v

Solution

The ligure shows how it is possible to form many
open rectangular boxes with dimensions 12 — 2x,
12 —2xand x.

The volume of the box is
V=x(12—2x% 0<x<6
which 15 a cubic model.

We complete the solotion using a CAS calculator as follows.
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T =
Using the TI-Nspire
Plot the graph of V = x(12 — 2x)%.

a To find the values of x for which V = 1)), plot the graph of V = 100 on the same

screen and then find the intersection points using (menu| > Geometry > Points & Lines >
Intersection Point{s).
T find the maximum volume, use | manu| > Trace > Graph Trace or [menu| > Analyze

[

- (2,128)

/[ 1,100]
/ Fl ) [12-2¢ rj':

Graph > Maximum.
LT

ralx}=100 r2lv)=100

{3.21,100) { 5.21,100)

filedass (12-3: 22

~

‘Shegt) [Sheet2 /Sheetd [Sheatd [Shests|
o

a To find the values of x for which V = 1Kk

® Plot the graph of V = 100 in the same window. o

Bl yl=x. () 2-24x)2

m To adjust your graph window use =2, Set va=100 -
Tinin = 0 and x5, = 6. Then go v Zoom Auto. ¥a:0
This will automatically adjust the window to ?;ﬂ
the gven domain. The gnid appears when the 1wBs s
y-seale 1 adjusted to 20 units, L= R
= Seleet the gruph window [2= and go o Analysis
= G-Solve > Intersection.
® Press the nght arrow on the hard keyboard o

lind the other point of intersection.

The maximum volume of the box may be found
using Analysis > G-5olve > Max. (First remove the
tick for ¥2 and redraw the graph.)

= J 1 i5 F 1 s
L
o, "
Using the Casio ClassPad )
Plot the graph of V = x(12 — 2x)°. 0 Edit Foom Anslysis e [x]
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250 Chapter 6: Polynomials

) Example 38
It is found that 250 metres of the path of a ¥
stream can be modelled by a cubie funéction. A
The cubic passes through the points (0, 0),
(100, 22), (150, —10). (200, —20).
a Find the equation of the cubie function. / -
b Find the maximum deviation of the graph 0
from the x-axis for x € [0,250]
o - '
Using the TI-Nspire
m Define f(x) = ax’ + bx” + ex. W
m Solve using the Solve System l?f Linear | =g S S oo
Equations command. Enter using the Siias
following function notation: hsgm[g]m}. 1 fabz)
200)==20
FO00) =22, f(150) = —10, i ik
F(200) = =20 { 375000 1250 150
[ =21 1 3
Proceed as shown in the first screen. 1 e b i 22
| 375008  13%0 150 150 -
m Store these values as a, b and ¢ respectively. T
(For the ‘store” symbol —, press [ctrl|[var ) W2 23 s
m Use tMax() from | menu} > Calculus > 00, Aty ash o
Function Maximum Lo find where [ obtains its (tax()i0,250)]p Dicimal Frafant
maximum value. | (ntaldx)no,250)pDecimal w=187.644
m Use fMin() from (menu) > Caleulus > Asadarozois7252) 38,2059
Function Minimum (o find where [ obtains its | A187.64423290054) 215408
roinirmam value. |
The maximum deviation is 3821 metres.
L% J
F e : '
Using the Casio ClassPad
8 Define fix) = ar + b +ox+d. o Ediv Action interactive
m Enter the [our equations shown | o [ s [ | o 4 0 -
as simultancous equations with Define T0x)=anx? +hor 2ecnord
variables setas a, boc,d. d"“"
f{0y=d
frelngi=22
FiIS0y==10
|tez00)=—20|q, b, ¢, d
__ 18 i) 233
=375000° 1260 *‘an'dﬂ} n!
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6J B.J Applications of polynomial functions 251

m Store the values found for a, b, o, d as shown below. (You can use Edit > Copy and
Edit > Paste. The symbol = is found in (Math1], (Mathz| and (Math3].)

® The maximum value can be found in the main screen. Type f(x), highlight it and go
io Interactive > Calculation = fMin/fMax. Lnter the required interval for x Tap oK.

® Allernatively, lind the maximum value in Graph & Table EI Enter and graph
¥1 = f(x) and then use Analysis > G-Solve > Max.

0 B ketion |ISTSRETI] o Edit Action Interactive o Edit Toom kelyals #

__E:“ u.-Ijg;.Trnfmllm : Ej*"lml“"l'—“"l'[*‘l'l__ 'rl-I £ .]LTiLI&M
et e | [0 [Geewti Shewtz [Shewtd Sew Ghees |
i Comele implif? 'ﬂ'ﬁ'&ﬁ'“ Wwb=fixd —
12:1“’ L |f . '
Batin | [l TRO0 e
el ::L: ~ia5a%® [ ;II:I:I
Aahats rmgedmolit —@%a S
T ni mod | el
Ry :Im“r. ¥ 1wl n

==L { e
'w |_|,“w |m fﬁ
| gedfiem d
i ¥

:uﬂq]mm 233
T:ﬂ maivel dSiv | — aem] T (Dl
]

= A RS EER A i
L T e 1= e 21 [Maxtttax0.280

[ e = — L L {MeVabee=is. 20883557, w0
FTv] =% (& g ;

Mg Steard  Aeal Fed @ Mg Decioml  Fodl Fed

Exercise 6.J

Bample3?, 1 A square sheel of cardboard has edges of length 20 cm. A
Pour equal sguares of edge length x cm are cut out of

3

the corners and the sides are wrned up to form an open 20 ém
rectangular box.

a lind the length of each edge of the base of the box
in terms of x.

b Find the volume, V emr’, of the box in terms of ©
¢ Find the volume of the box when x = 5.
d Find the values of x for which the volume is 500 cm?

2 A rectangular sheet of metal measuring 10 cm > 12 cm s
to be used o construct an open rectangular tray. The tray
will be constructed by cutting out four equal squares from
the cormers ol the sheet as shown in the diagram.

|x
a If the edge of each cut-out square 15 xom, express £ — |7 ci—-

and win terms of x,
b Write down a rule for the volume, V e, of the open tray in terms of x.
© Use a CAS calculator to help draw the graph of V against x for suitable values of x
d Find the value of V when x= 1.
@ lind the values of x for which V = 50.
f Find the maximum volume of the box and the value of x for which this occurs.
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252 Chapter 6: Polynomials 6J

3 ‘The outside surface area of an open box is 75 cm?. The base is a square with cach edge
xem Leth em be the height of the box.

Find the surface area of the box in terms of xand A

b Hence, lind b in terms of x
¢ Find V in terms of xif V em’ is the volume of the box.
d Find V when:

ix=2 il =5 iii r=8

@ Given thal V = 59 when x = 4, find the other value of x for which V = 59,

& In an upright trangular prism, the tdangular base has sides of length 5xem, 12rcm
and 13x e The height of the prism s b cm. The sum of the lengths of all of its edges
is 180 cm.

a Find fiin terms of x.

b Find V in terms of x, where V em? is the volume of the prism.
¢ Find V whenx= 3.

d Find the values of x for which V = 120,

5 'The diapram shows a conical heap of gravel. The slant height of the beap is 8 m, the E
radius of the base x m, and the height km.
a Express xin terms of b
b Construct a function which expresses V., the volume
of the heap in m®, in terms of h.

¢ Use a CAS caleulatlor o help draw the graph of V
aguinst fu.

d State the domain for the function.

& Find the value of V when h = 4.

f Find the values of b for which V = 150,

g Find the maximom volume of the cone and the

corresponding value of h.

8 'The diagram shows a reclangular prism with a square cross-section.
Measurements are in centimelres.
a [If the sum of the dimensions, length plus width plus height,
15 160 cm, express the beight, f, i terms of x.
b Wrie down an expression for the volume, V cm®, of the
prism in lerms of x.
State the domain,
Use a CAS calculator to help draw the graph of V against x.
Find the value(s) of x for which V = 50 000.
Find the maximum volume of the prism.

- 0 B O

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



6K The bisection method 253

m The bisection method

The bisection method is used for finding approximate solutions of equations of the form
flx) = 0. Here we restrict our attention (o the case where [ 15 a polynomial function.

With higher degree polynomials, the problem of finding exact solutions is more demanding,
and it can be shown that beyond degree 4 there i1s no mice general formula o find all the
solutions of a polynomial equation.

el

For the cubic function f{x) = £ + 3x 4 6,

-

the equation f{x) = 0 bas only one real

solution. The exact solution is

X

TR P 13
=R A 3+ N0 y=xtAe

Finding this by hand is beyond the LA S | 'I :I! i =

reguirements of this course, but we can find

a numerical appro}imation Lo this solution

using Lhe bisection method.

We note that [{—2) < O and f{—1) = 0. This observation 1s central to using the bisection
miethod,

In general, consider an egquation f{x) = () that has one solution o in the interval |ay, byl
m The sign of f(a;)is the opposite of the sign of f(k)), because f{a) = () and so the
function must change from being positive Lo being negalive or vice versi.
DL and fmy).
® Choose the interval lay, my | if f(ay) % fimy) < 0, and the interval [my, by | otherwise.

& The process is then repeated with the new interval, and then repeatedly until the
required accuracy is reached.

= Calculate m, =

Using a spreadsheet for the bisection method

We now return to the function f{x) = ' + 3x + 6 and finding the solution of the equation

O 4+3x+6=0.

Step 1 We start with the mterval [=2, =1, since we know the solution hes m this interval.
fi-2)= -8 <0uand fi-1)=2> 0.

-2 +(-1
Letmy = % =—1.5.

Since fi—1.5) = —1.875 < 0. we now know the solution 15 between —1.5 and —1.

Step2 Choose —1.5 as the new left endpoinL Therefore the second interval s |[—1.5,—1].

—13+(=1) ;
Now ma = —-i-l—- =—1.25 and fi—1.25) = 0.296875 = (.
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254 Chapter 6: Polynomials

Step3 Choose —1.25 as the new right endpoml Thus the third interval is [—1.5, —1.25].

—15+(-125)

Now ms = Ee—— —1375 and fi{—1.375) = —1.72460% < (.

Step4 Choose —1.375 as the new left endpoinl. Thus the fourth interval 1s [—1.375.—1.25].
Al this point we know thatl the solution is 10 the interval [—1.375, —1.25].
We continue with the spreadsheet as shown. This spreadshect can be modified for other

functions.
Left endpoint a; Right endpoint b | Midpoint s flmg)

Stepl | —2 B 15 —1.87500000
Step2 | -15 g _135 0.29687500
Step3 | -15 125 1375 072460038
Stepd | -1375 125 ~13125 019848633
Step5 | —13125 128 —1.28125 0.05294800 |
Step8 | -13125 _128125 1296875 _007181931 |
Step7 | —1.206875 128125 _12890625 | —0.00919962
Step8 | —12890625 ~1.28125 _128515625 |  0.02193302
Step9 | —12890625 —1.28515625 _128710938 | 000638143 |
Step10 | —12890625 | —128710938 _128808594 | —0.00140541 |
Step11 | —128808504 | —128710938 _128759766 | 0.00248893

We conclude that the solution is —1.29 correct o two decimal places.

Whatever equation we are working with, if the starting interval is 1 umt, then the ‘error’ 15 at
miost % after the next step and at most | %‘J"_l after o sleps.

Using pseudocode for the bisection method

Computers cannol directly understand instructions that are writlen in our natural lansuage.
We have to provide them with mstructions in a programming language. The process of
Laking an algorthm and writing it in a programming language is called coding.

In Appendiz A, we give an introduction o pseudocode. This 1s an informal notation for
writing instructions that 18 closer o natural language. It makes no relerenee W any particular
programming language. In order o actually implement the instructions on a computer, they
must be ranslated into a specific programming language.

MNote: You should work through Appendix A before starting this subsection. The Interactive
Textbook also includes online appendices that provide an introduction W coding using
the languape Python and to coding using the Tl-Nspire and the Casio ClassPad.

In the following cxample. we give an algorithm written in pseudocode for solving the

equation & + 3x+ 6 = (). The algorithm follows the same steps used t construct the

spreadshect above.
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The cquation 1 + 3x+ 6 = () has one real solution, which lies in the interval [=2,—1].
Using pseudocode, write an algorithm to find this solution correct o within (.01,

Solution

define f(x):
return ¢ + 3x+ 6

= =2
ho——1
m+——1.5

while b—a=>2%0.01

if flayx fim) <0 then
h+—m

else
i m

end if
a+b

m

6K The bisection method 255

Explanation

We use the bisection method.
m Define the function fix) = o' +3x+ 6.
m Assign initial valoes o the variables:
the left endpoint a, the right endpoint b

and the midpomnt m.

m We use 4 while loop, since we don't
know how many terations will be
reguired. We want Lo continue until

b—a=<2x001L

o Use an if-then block to update the
value of the left endpoint & or the

right endpoint b.

s Then recaleulate the value of the

midpaint m.

s Al the end of cach pass of the loop,

print the values of @, m, b, f{a). f{m)

print a,m, b, f(a). fim)
end while

. Jh)

and fih).

print m

The following table shows the result of executing the algorithm from Example 39, The first

m Afier the while loop is complete, pont

the: value of m, which is the approximate

solution.

row gives the imtal values of a, m, b, f(a). fim) and f{F). The next rows give the values that
are prinied at the end of each pass of thewhile loop.

a | m b fla)y | flm) fey |
Initial -2 —1.5 —1 —H —1.875 2 |
Pass 1 —1.5 —1.25 —1 —1 875 0.296875 2
Fass 2 —1.5 —1.375 —1.25 —1.875 —{(1 24600 0296875 |
Pass 3 —1.375 —-1.3125 —1.25 . 724609 —(). 198486 - 0296875 1'
Pass4 | 13125 | —128125 | —125 | —0.19%486 | 0052048 | 0296875 |
Pass 5 —1.3125 — 1 296875 . —1.28125 —{) 198486 - —0A071819 (0529458
Fass 6 — . 296875 — 285063 . —1.28125 0071819 . — (OO 20 052948 J'

After the 6th pass of the while loop, we have b —a = 0015625 < 0.02. So we exil the loop,

The final printed value of mi1s —1 289063, You can achieve greater accuracy by changing the
condition on the while loop.
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258 Chapter 6: Polynomials 6K

1  Use a spreadshect with-the bisection method to find approximate solutions for cach of
the following. The initial interval is given and the desired aceuracy is stated.

ax—xz—1=0 I1,2) 2 decimal places
b '+x-3=0 [1.3] 3 decimal places
e ©—35x+42=0 [1,2} 3 decimal places
d 2-22+2x—5=0 [2.3] 3 decimal places
e 2" -32+2x—-6=10 |=2.—1] 2 decimal places

Exampla38’ 2 The equation — 4+ 31+ 6 = 0 has one real solution, which lies in the interval [2,.3].
Using pseudocode, write an algorithm o find this solution correct o within 0,001,

3 Let fix) = —x — 3x+ 6. The equation f(x) = () has only one real solution.
a Find fi1)and f(2). Hence give an interval that contains the solution.
b Use the bisection method to determine an approximate solution to f{x) = (), cormect
o twar decimal places.

&  Show the results of the first three passes of the while loop when the pseudocode
algorithm in Example 39 is adapled lor cach of the lollowing equations. The initial

values of the variables are given,

a2 20 4+63+3=0 Initial values: a=—4, m=—-35, b=-3
b 22 +62+3x+5=0 Initial values: a= -3, m=-25, b= -2
e 60 +62+3x+1=0 Initial values: a=—1. m=-035_ =10
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Chapter summary

& The sum, difference and product of two polynomals is & polynomaal.
m Division of one polynomial by another does not always result in a polynomial.
m Remainder theorem When P(x)is divided by x — «, the remainder is equal to Pla).
e.g. When Pix) = ° + 307 + 2x + 1 is divided by x — 2, the remainder is
P2y =Y + 327 +2(2)+1 =25
m Factor theoream For a polynomial P{x), if Pla) = 0, then x — ais 4 factor. Conversely,
il x— a 15 a factor of Plx). then Pla) = (L.
eg For Plx) =x' —4x" + x+ 6.
P—1) = (=1)P —4(-1)* +(-1)+6 =0

and 50 x + s a factor of Pix).

=) e

o Sums and differences of cubes:

S—a' = (x—als +ar+a’) e 2T =(x—+ 3+ D)

C+a = (r+al —ax+a’) e 2 + 64 = (20 + 47
= (2x + )4 — Bx + 16)

m Rational-root theorem Let P(x) = a,x® + @, 1 ¥ + -+ + ayx + ay be a polynomial of
degree n with all the coefficients a; integers. Let i and B be integers such that the highest
common factor of «and {15 1 (e o and f are relatively prime). I P+ @15 a factor
of Pix), then f divides a, and @ divides ay,.

m Steps for solving a cubic equation:

i If necessary, rearrunge the cquation so that the right-hand side 15 zero.

il Factorise the cubic polynomial on the left-hand side by using the factor theorem and

then dividing.

ifi  Use the null factor theorem o determine solutions,

e.g. Solve & —d4a® — 110+ 30 = (.

Since P(2) = 8 — 16 —22 + 30 = 0, we know that x— 2 is a laclor.

Dividing x — 2 into x° — 457 — 11x + 30 gives

=4 - 1x+30 = (x— 2} —2x— 15)
={x—2Hxr—5)x+3)
(x—2Hx—Hix+3)=0

=2 Sor-3 I
s The basic shape of the curve defined by v = x* is shown in
the graph. 14
T b
-1 2 1
I
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258 Chapter 6: Polynomials

# The implicd domain of all polynomial functions is B,

m The functions f{x) = = and f~'(x) = _r":!i are inverse functions of each other.

# The graph of v = a(x — h)* + k has the same shape as v = ax’ but is translated s units in
the positive x-axis direction and & units in the positive y-axis direction (where i and & are
positive constants). The point of inflection is at (A, &).

® The basic shape of the curve defined by y = x is shown in ¥
the srapi A

0

® The graph of y = a{x — h)* + k has the same shape as y = ax' but is translated A units in
the positive x-axis direction and & units in the positive y-axis direction (where i and & are
positive constants). The wrmng point 15 at (b, &),
m Sign diagrams assist in sketching graphs of cubic [unchons.
e y=r+2F—-5x—6
=(x+1x—2Kzx+ )

When x < —3, y is negative. b p—
Wh:‘-:i?- {x-:.:mf:fp;imu - ' | : ' -
2 % & -4 0 1 2

When —1 < x < 2, vis negative.
When x = 2, vis positive.
m Steps for sketching the graph of a cubic function y = ax’ + b + cx +d:
i Use the factor theorem and division to determine the x-axis intercepts.
i The y-axis intercept is o,
il Draw a sign diagram.
8 [Finding equations for given cubie graphs:
i ¥ iii ¥
A

v i E
A h

Form: y = a{x— b)x —c) Form: y = a{x—hY + &
Assume b and ¢ are known, substitute Substitute known values 1o determine a.
another known point Lo calculate a.

Alternatively, use the general form y = ax’ + bx® + cx + d and the known points to
determine a, b, ¢ and .
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# A function s even if f{—x) = f(x). This means that the graph is symmetric aboul
the y-axis.

2 A function [ s odd if f{—x) = —f{x). The graph of an odd function has rotational
symmetry with respect to the ongin.

= A power function is a function § with rule f{x) = & where ris & non-2ero real number.

Technology-free questions

1 Skeich the graph of cach of the following:

ay=(x—-1yY-2 b y=(2x—1p+1 e y=3x—-1P-1
d y=—3.r" a J\-'=—3'.r‘+l f y=—3{1—2}3+1
£ y=4x+2P-3 h y=1-3(x+2)

2 Skeich the graph of cach of the following:
a y=-n b y=2x—1¥'+1 e y=@Ex-1'-1
d y=-2: e y=-3x'+1 fFy=—(G-23+1
g yv=2x+1y'-3 h y=1-2(x+2)

3 Solveeach of the following equations for x:
a 22 +32=11x+6 b 2(5—20=4 ¢ C+dx+12=T

4 a Use the factor theorem to show that 2x—3 and x+2 are factors of 65 +50 —17x—6.
Find the other Factor.

Solve the equation 20" =32 —11lx+6 = (.
Solve the equation © + & — 1lx—3 =&

i Show that 3x — 1 is a factor of 32" + 2x* — 19x + 6.
i Find the factors of 32 + 207 — 19x+ 6.

a0 &

§ Lafid=x—k*+2kx—k—1.
a Show that f(x) is divisible by x — 1.
b Factorise J{x).

8 Find the values of @ and b for which ©* + ax® — 10x + b is divisible by & + x - 12,

7 Draw a sign diagram for each of the following and hence sketch the graph:
a y=(x+23—x)x+4) b y={x—2)x+3)x—-4)
e y=6 + 13274 d y=x'+27—-24c+36
8 Without actually dividing, find the remainder when the first polynomial is divided by
the second:
a P+4x2—5x+1, x+6 b 2x-32+2x+4, x-2
e 38 +2x+4, 3x—1
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280 Chapter 6: Polynomials

8 Find the rule of the cubic for which the graph ¥

i shown, /-\
\ g
la

10 Find a cubic function whose graph touches the r-axis at x = —4, passes through the
orizin and has a value of 10 when x = 3.

11 Let fix) = 2x' +ax” — bx+ 3. When f(x) is divided by x— 2 the remainder is 15 and
f1y=0.
a Calculate the values of a and f. b Find the other two linear factors of’ f{x).

12  Solve cach of the following inequalities for x:
a (x—3Yx+4H =0 b —(x+3x+4)x—-2)=0
e °—-4+x< 6

12 For each of the following, find a sequence Of transformations that takes the graph of
y = x tothe graph of:
a y=2x—17+3 b y=—(x+1¥+2 e y=(2x+1P-2

Multiple-choice questions
1 If P(x) = 2 + 327 + x— 3, then P(—2) equals
Al E -1 c -25 D3 E -5

2 Ha=b>cand Px) = (x—a(x—blx—c) then P(x) < 0forx e
A (—co.a) B (—o0,b) C (—oo,c) D (eb) E (b.a)

3 The image of the graph of y = ¢ under a dilation of factor 2 from the y-axis followed
by a reflection in the y-axis and then a ranslation of 4 units in the negative direction of

the y-axis is
T x

Ay=-FT-4 B y=—7%—4 C y=-8s -4
> i =

D}‘=—E+4 E_}T=E+4

4 The equation ©° + 5x — 10 = () has only one solution. This solution lies between
A 2and-1 B —1and( C Oand 1 D land?2 E 2and 8§

5 Let Plx) =2+ ax — 4. If P(V2) = 0 and P(—V2) = 0, the value of a is
A0 B 2 c -2 D -3 E 3
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8 Let P(x)= 2’ +ac +bx—9 If P(1) = 0 and P(—3) = 0, the values of a and b are
Aa=1, k=13 B a=-1,b=3 Ca=5 bh=3
D a=-5 b=-3 Ea=0 =

7 Ifax® + 2 + 5 is exactly divisible by x + 1, the value of a is
Al B 7 e | D3 E -7

8  When the polynomial P(x) = ©* + 22> — 55+ d is divided by x — 2, the remainder is 10.
The valoe of d is
A 10 B 4 c —10 D 4 E 3

8 The diagram shows part of the graph of a ¥

polynomial function. \ A/_\

A possible equation for the rule of the function is

Ay=(x—bx—a) B y=(r—ay{x—b) € y=—{x+bV({x—a)
D yv=(x—ba—x) E y=(x+blla—x)
10 The graph of y = f(x) is shown on the right ¥

Which one of the following could be the graph of

=1- ?
¥ flx) 7
A B ¥

A A : : :
-2 0 2
24 2
-2
T T h_.r
2 0 2
i 8
C ¥ E ¥
2 2 ./—J
T T P-x T J T * .I
.3 D 2 2 2
] =i
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Extended-response questions

1 The volume of a cylinder is given by V = arh. It is given that i+ r = 6. E
a Write Vir) i terms of r.
b State the values that rcan have,
& Find V(3).
d Find the values of r for which Vir) = 270
e Use your CAS caleulator to find the maximum possible volume of the cylinder.

2 There is a proposal to provide a quicker, more efficient and more environmentally
friendly system of inner-city public transport by using eleciric taxis. The proposal
necessitules the installation of power sources at various locations as the taxis can only
be driven for a limited time before requiring recharging,

The graph shows the speed v myfs that the taxi will v A
maintain if it is driven at constant speed in such a (m/s)
way that it uses all its energy up in ¢ seconds. 234

The curve 15 a section of a parabola which touches
the faxis at £ = 900, Whent =0, v = 25,
a Construct a rule for v in terms of ¢
b If 5 metres n. the distunce :h.ul 4 taxi can ln‘m:l PP {mm:sj
betore runmng out of electrical energy, write
down a rule connecting x and ¢,
& Use a CAS caleulator to help draw the graph of s apainst 1.
d Ongmnally the power sources were o be located at 2 km intervals.
However there is a further proposal o place them at 3.5 Km intervals,
15 this new distance feasible?

& With the power sources at 2 km intervals, use your gruph to determine approximately
both the maximum and minmum speeds recommended for drivers. Explain your
Answer,

3 Itis found that the shape of a branch ol a eucalyptus tree can be modelled by a cobic
function. The coordinates of several points on the branch are (O, 15.8), (10, 14.5),
(13, 15.6), (20, 13).

a The rule for the function is of the
form y = ax' + bx® + ex + 4. Find the
vilues of a, b, ¢ and .

b lind the coordinates of the point on
the branch thal is;

B closest to the ground 2Wm ————
il [urthest from the ground.

¥
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&  The fpgure shows part of a cubic graph that represents the relationship between the
engine specd, & 1 rpm, and the throttle setting, x mm from the closed position, for
a new engine. Il can be seen from the graph that the engine has a *Bat spot” where an
increase inx has very litde effect on R,

F F "A
& Develop a cubic expression (rpm % 1000)
for R in terms of x of the form plrwtied
PRI
R=alx—hy+k 10 4 rpm
b Find a if when the graph s tick aver
extended 1t passes through =
the orgin. 4 5 Throttle setfing (M) <

¢ Inaproposed modification to the design, the *llat spot” will oceur when x = 7 mm.
The speed of the engine in this case will be 12 (00 rpm when £ = 7 mm.
Assuming that a cubie model still applies and that R = 0 when x = 0, wnie down an
eapression for R as a function of o

5 A net for making a cardboard box with overlapping flaps is shown in the figure. The
dotted lines represent cuts and the solid lines represent lines along which the cardboard

15 folded.
w k i i i
> ¥ Top Top Tep Tap
h I Left Back Right Front
32*—' % Bottom | Bottom | Bottom |Bottom
1 1 1
] a3 —
£ W £ w

a Iff=35cm w=20cmandk =23 cm, calculate the arca of the net.

b If the arca of the net is W remain constant at the value caleulated in part @ and £ = &,
wrile down an expression for V, the volume of the box in cmr, as a funetion of £,
{The maximum volume of the box will oceur when £ = k).

c Use a CAS calculator to help draw the graph of V against £,

d Find the value of £ when the volume of the box is:

i 14000 em®
i 10 litres = 10 000 em?®

& Find the maximum volume of the box and the valoe of £ for which this occurs.
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264 Chapter 6: Polynomials

B A reinforced box is made by cutting congruent squares of side length x em from the E
four corners of a rectangular piece of cardboard that measures 48 cm by 96 cm. The
Naps are folded up.

- 96 cm

¥

a Find an expression for V, the volume of the box formed.
b Plot a graph of V against x on vour CAS caleulator.
i What is the domain of the function V7
i Using your CAS caleulator, find the maximum volume of the box and the value
of x for which this occurs (approximate values reguired).
¢ Find the volume of the box when o= 10,
d Itis decided that ) < x < 5. Find the maximum volume possible.
@ If'5 < x< 15, what is the minimum volume of the box?
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