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Rates of change

Objectives
» To recognise relationships between variables.
» Tocalculate average rates of change.

= Toestimate gradients of tangents to curves.

= To estimale instantaneous rates of change.
>

To apply the estimation and calculation of rates of change to solving problems.
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features such as axis intercepls, lurming points and asymplotes.

This graphical representation can also be used o see how the relationship is changing,

In applications. how the relationship is changing 15 of critical importance in establishing

how aceurately a given rule models the relationship between the vanables in guesiion.

For example, il x increases, does v also increase, or does it decrease, or remain unaltered?
And, if it does change, does it do 30 consistently, guickly, slowly, indefinitely, ctc.?

This chapler serves as an introduction o the ideas of caleulus, which we begrin o study more
formally in the next chapter. In this chapter, we talk about rates ol change informally, based
on our imtuition. Our study of calculus will enable us w alk aboul these 1deas more precisely.
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536 Chapter 16: Rates of change

Recognising relationships

In previous chapters, we have studicd polynomal, exponential, logarithmic and circular
functions, and have seen that many real-life situations may be modelled by these functions.

In this first section, we look at several real-life siluations involving two variables, and
investigate the fonm of the relationships between the vanables through graphs. The algebraic
relationship s nol established.

©1

A O 23

Water is being poured steadily into each of these vessels.

Diraw @ eraph that shows the relationship between the height of the water (h) and the
volume (V) that has been poured in.

Solution
aj b h € jih d ;.[
v 7 v
©
A particle travels in a straight line, A D{m)
The graph shows the distance, [ metres, )
of the particle [rom a lixed point (2 over
& period of 20 minutes. 5
Deseribe the motion of the particle. ¢ (min)
ol 3 7 20
Solution

The particle is initially 5 m from €. It travels away from € for 3 minutes at a constant

3
speed of 3 myfmin. [t then remains stationary at a distance of 10 m from O for 4 minutes,
before returmning o €2 at a speed which is gradually decreasing so that it comes to rest at (2
at time 1 = 20 minutes.
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16A Recognising relationships 537

By examining the graph representing a function, it can be ¥
determined whether the rate of change 15 positive, negative ‘

or neither.

Consider the graph of a function v = fi{x).

¥
o

can say Lhat the rate of change of v with respect o xis positive.
{The graph “slopes upwards'.)

If the graph shows that y 15 mereasing as x increases, then we A/

can say that the rate of change of v with respect to ris negative.
{ The graph “slopes downwards'.)

If the graph shows that y 1s decreasing as x increases, then we ¥
If v remains the same value as x changes, the corresponding graph

is & horizontal line, and we say that the rate of change of y with

x
respect o 1 1s Zero.

All of this is consistent with the gradient (rate of change) of a

linear function, which was discussed in Chapler 2,

@)
For the graph shown on the right for x € |-3, 2],
use interval notation to deseribe the set of values

of x for which:

¥
A

a the rate of change of v with réspect 1o x 18
negative

b the rate of change of y with respect 1o x5
positive.

Solution
a The rate of change of v with respect Lo x is negative for x & (=3, 0).
b The rate of change of y with respect to x s positive for x € [—5, =3) u {0, 2]

FSummary 16A

Consider the graph of a function with rule y = fi(x).

& If the graph shows that y is increasing as v increases over some interval, then the
rale of change of v with respect W o is positive for that interval.

= If the graph shows that y 15 decreasing as x increases over some interval, then the
rale of change of v with respect o xis negative for that interval.

® If y remains the same value as x changes, the comesponding graph 15 a honzontal line

and the rate of change of v with respect o xis Zero.
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538 cChapter 16: Rates of change 16A

Exercise 16A

Examplel 1  Water is being poured stm:ulily o these vessels:

JANWAY RV

For each of the vessels, draw a graph of the height, h, of waler in the vessel and the
volume, V, that has been poured in. Label the horizontal axis Voand the vertical axis f.

Example2 2 A parlicle travels ma D
straight line. The graph A
shows the distance, 8

D metres, of the particle
from a fixed point € on

the line over a period of 44

14 minutes.

Describe the motion of )
the particle. 1] J E- 14

For Questions 3-0, there may be more than one correct answer. Your written explanations are
an important part of the exercise.
3 The manager ol a theatre wishes W know what ¢lfect changing the price of admission
will have on the profit she makes.
a Which one of the following graphs would show the effect of change?
b Explain your choice, meluding comments on scales and axes and what the point of

mtersection of the axes represents.

A B c
profit profii profit

price charged price price
Sor admission

D E F
profit prafit i‘ prafit | ..r_"
price

price price

& Skeich a graph to show how the height of a person might vary with age.
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16A 16A Recognising relationships 539

5 A molorist starts a journey al the point marked A on a country road, drives 2 km along
the route shown, and stops at the point marked 8. He 15 able o dove at 100 kmyfh, but

must slow down atl corners.
Ag | km 2]

T g

0.3 km
0.25 km o
_ (.25 km
a Explain bricfly how the car’s speed varies along the route.

b Skeich a graph showing how the car’s speed varies along the route.
(Label the vertical axis car’s speed and the hornzontal axis distance from A.)

B An uthlete is a competitor in a 10 OO0 m race. Below are some graphs which could show
the relationship between the speed of the runner and the distance coversd
a Explain the meaning of cach graph in words.
b Which graph is the most realistic for o winning athlete? IF yvou do not think any of
these graphs are realistic, draw your own and explain it fully,

A B !. c
|
spoed e Ly
speed e s
L—' .

distance covered distance covered distance covered
D E F
Liey o) 5 Pﬂ‘ld 'l']l'.ll.'l‘:"d
distance covered distance covered distance covered

7 A sprinter covers T metres at a constant speed of 10 mys, Sketch:

a the distance—time graph b the speed-time graph
8 'The graph relating the distance a car travels to the ime divtance
taken is a straight line as shown. The graph shows that {(km)
the caris
A speeding up B slowing down
C wravelling uphill D wavelling at a constant speed -
s e " = iime (hours)
E stalionary

8 Which one of these graphs best represents the rate of increase i the cost of living

slowing down?
A B c |
yred cast of 4 Ting
£ living £
- -
fime fime time
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540 cChapter 16: Rates of change 16A

Example3 10 For the graph shown on the aght for ¥
x € |7, 3. usc mterval notation to A
deseribe the set of values ol x for which:

a the rate of change of y with respect 1o x
is negative ] -
b the rate of change of y with respect 1o x . f -4 =3 0 2 4
is positive.

X

11 For the graph shown on the nght for
x £ |=5,2], use mterval notation 1o

n_h‘-'-‘:

[ oo 2

deseribe the set of values of x for which: \

=FEaT

a the rate of change of v with respect to x -

=

taa

is positive 6 -5 -
b the rate of change of y with respect 1o x

R
ERTI TR S SR

is negative.

Constant rate of change

Any function that is lincar will have a constant rate of change. That rate of change is simply
the gradient of the graph and, given appropriate information, the rate can be caleulated from
the graph of the function or simply read from the rule of the Tunction if it is stated.

e

A car ravels from Copahunga to Charlezum, which is a distance of 130 km, in 2 hours
(120 minutes). Assuming the car travels 4t a constinl speed, draw a distance—time graph

and calculate the speed.
Solution v A
We denote the distance function by £, {]m-q_]
The graph of y = I)Xt) is shown. X
150
The rule of the funclion may be
125 -
wrillen: y=D{1)
oy 150, 5 M
1) = mf - EI 75 - B
Mote that 50 4
X¥ BA 5 25- A 4
Yo A0 4 O 15 30 45 60 75 90 105 120 ¢(min)

5
The gradient of the graph mives the speed. Therelore, the speed of the car is - kilometres
per minute. This speed may be expressed in kilometres per hour (k)

Speed = % ® 6l = 75 km/h
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168 Constant rate of change 541

(&)

G
Three cars are driven over 4 2-kilometre straight track. They are all to go from point A Lo
point B. Each car travels with constant specd. It is not a ruce as:

m the speed of car ¥ is iwice that of car X
m the speed of car Z is half that of car X,

INustrate this situation with a distance—time graph. Assume that car X travels at | kmd/min,

Solution

diztance k
{metres)

2004

1000

0 20 40 G0 80 100 120 140 160 180 200 220 240 time (scconds)

2000 &
120 ]
2000 .4

Mote: The gradient of the graph for car X 1s

The gradient of the graph for car ¥ is

2000
The gradient of the graph for car Z is —— = 85
240 -
An object whose motion can be deseribed by a linear distance—ime graph is travelling at a
constant speed equal to the gradient of the linear graph.

There are many other examples in which a real-life siluation Yen )
15 usclully modelled by a straight-line graph in such a way 3000

that the gradient of the h is meaningful.
gradient of the graph 1s meaninglu 2000 4

In all these sitwations, the gradient of the straight-lhine graph

represents d rate. 1000 4

For example, the graph shown on the rght represents the
eonversion between dollars and yen. The gradient of the
graph gives the exchange rate of dollars o yen.

0 5 10152025

Summary 16B
A linegar function f{x) = mx+ ¢ has a conslant rate of change, m.

Examples include an object travelling with constant speed and currency exchange rates.
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542 Chapter 16: Rates of change 16B

Exercise 16B

Exampled 1 A car travels from Bombay 1o Pune, a distance of 200 km, at a constant speed. The
journey takes 150 minutes. Draw a distance—time graph and calculate the speed.

Examplas. 2 Two cars are driven in a straight line for 5 kilometres, They both go from point A to
point £ and start at the same tme. (They are actually drving parallel to cach other. )
Euch car travels with constant speed. The speed of car ¥ is twice that of car X, and the
speed of car X 15 40 kb, lostrate this with a distance—time graph.

3 The exchange rate for the Australian USS &
dollar in terms of the American dollar 600 1
was A$1 = USS0.75. 500 1
Draw a straight-line gruph that illustrates 400 -
this relationship. The axes should be as 306 1
shown, 2000 1

HOO +

0 100200 300400 500 600 700 800 AS
&4 ind the speed for each of the following (assuming constant speed):

a distance ravelled 120 km, tme taken 2 hours

b distance travelled 60 m, tme taken 20 seconds

¢ distance travelled 8000 m, Hme laken 20 minutes

d distance travelled 200 km, tme taken 5 hours 40 minutes

e distance travelled 6542 m, lime taken 5 minutes 20 seconds

5 Find the rate of low from the following taps m litres per minote:
a atap which fills a 40-litre drom in 5 minotes
b atap which fills a 600-litre tank in 12 minutes
c alap which takes 17 minutes 2() seconds to fill a 180-lire tank

6 Wiler comes out of a tap at the rate of 13 litres per minule,
a Copy and complete this table showing the amount which has come out at tme

Time in minutes, ¢ | 0

0.5 1 1.5 2 3. | 4 5

Amount in litres, A | 0

b Draw a graph from the table.
7 A worker is paid $200 for 13 hours work. What is their rate of pay per hour?

8 A spherical balloon is blown up so that its volume is increasing by 8 em”’ every second.
Sketch a graph to show how the volume of the balloon changes with time,

8 Two cars start together and travel with constant speed over a 1-kilometre straight track.
Car 1 has speed 60 kmy'h, and car 2 travels at three-quarters of this speed. HHuestrate this

situation with distance—time graphs for both cars on the one set of axes.
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16C Average rate of change 543

@ Average rate of change

Many moving objects do not travel with constant speed. For example, the speedometer of a
car being driven in city traffic rarely stays still for long.

Similarly, not all functions are lincar, and so not all functions have a constant rate of change.
For a function that 15 non-linear, the rate of change of the function vares, and may in fact be
different lor every different point on the graph of the lunction.

Average speed
We will use a distance—time graph to illustrate the idea of average speed.

The graph below shows the motion of two cars both travelling in a straight line away from a

fixed point €2, where  is the distance travelled (in metres) al Gime ¢ (in seconds).

The straight-line graph through D shows a constant speed of 60 kmyh, By comparison,
the graph through points A, £ and € shows a motorst ravelling at varying speeds, The
motorst accelerates to reach 60 kmy'h at A before slowing for the lights at B, where there is 4
10-second standstll. There 1s then another short burst of speed before another standstll at C.

dim) A

n
1O -

a0 - constant speed
800 - 60 km'/h

city journey

D0 5 10 15 20 25 30 354045 50 55 60 1(5)

Although we do not know the actual speed of the car ravelling in the city at any particular
tirne (other than when it 1s stationary ), we can work oul the average speed ol the car over the
Tull 60 seconds,
The average speed is given by

distance travelled 300

e Laken " 60

which gives an average speed of 5 metres per second. The average speed is the gradient of the
line O,

The average speed may also be caloulated for any given time interval. For example, for the
time interval rom ¢ = 15 to ¢ = 30, the average speed s given by the gradient of the line

Gt ! . . 100
joining points A and 8. This is - - ﬁ—i metres per second.
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544 cChapter 16: Rates of change

In general: d A
total distance travelled

Lotal lime ken
So the average speed of an object fora < ¢ <5 is given by
the gradient of the line passing throough points  and (.

average speed =

¥

GG Examoics

The graph of distance travelled (metres) distance

against ime (seconds) for the motion of an B(12, 30)
object 15 shown,

Find the average speed of the object in myfs 42.12)
over the interval from ¢ =2 101 = 12,

time
Solution
total distance travelled
total time taken

_0-=12

12-2

18

10

= 1.8 mfs

Averape speed =

Average rate of change for a function
The hine which passes through two points on a curve 15 called a secant.

The line segment joining two points on a curve is called a chord.

Average rate of change ¥
For any function y = f(x), the average rate of change A
of y with respect to x over the interval |a, b| is the
gradient of the line through Ala., fla)) and Bk, f{H))
(secant AR

That 15,

_ fth— @

b—a . . = X

average rate of change
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16C Average rate of change 545

For example, for the function with the graph shown, the ¥

averaee rate of change of y with respect to x over the

mterval [ 1, 2] is given by the gradient of the secant PO
4—1

gradient = 7= b 3

g

Example 7
Find the average rate of change of the function with rule f(x) = ¥ —2x + 5 as x changes
from 1 3.

Solution .
Avon ol OF Shangs = E—Ezi .
=0y -21)+5=4
G =5"-25+5=20
20— 4
5-—1

=4

Average rate of change =

(w)

©) BT

Find the average rate of change of the function
depicted in the graph lor the interval |[—2. 5],

oo

— B(5.20)

/ =

Solution
Average rale of change for the interval [-2, 5]
-4
S
16
=
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548 Chapter 16: Rates of change 16C

The air temperature, T°C, at a weather station on a particular evening is modelled by the
600

eguation T = i e where ¢ is the Hme in hours after 6 pom.

a Find the wmperature at 6 pom.

b Find the temperatare al midnight,

¢ Find the average rate of change of the air lempeciture from 6 p.m. until midnight.

(&)

o

Solution
a Atbpm,t =0 Hence
fHil)
— TESEr ST SESLEI—SmET ':. B 1
I=0Ft2m+30 "¢
b At midnight, 1 = 6. Hence
6(1) 1
Ts=———————=—=789°C (© 1o wo decimal places
(61 + 2(6) + 30 3 {correc wo decimal places)
10— 20 %0
¢ Average rate of change of lemperature = 'ﬁ._ T —2.05"C per hour

r—FSummaw' 16C

m The line which passes through two points on a curve 1s called a secant.

m The line segment joining lwo points on-a curve is called a chord.

m For a function y = fix), the average rale of change of y ¥
with respect to x over the interval |a. b is the gradient of secant line
the secant line through (a, f(a)) and (b, f(b)).
That is,

fib) = fla)
h—a

average rale of change =

L

Eamples 1 The graph of distance travelled (metres) diztance

T ; ; i A
agld.mh.l l‘1I11'L, {seconds) for the molion B8, 48)
ol an object 15 shown. Find the average
speed of the object in mys over the
interval from =3t = 8. 4(3,32)
3 [l
0 ime
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16C 16C Average rate of change 547

Exampls7. 2 For cach {unction, find the average rate of change over the stated interval:

a flx)=2x+5, xel0.3] b fix)=32+4r—2, x€[-1,2]
5

c f{x}—;_;+4__ xe|4.7] d fixy=v¥3—x. xel|0.4]
==

Examples 3 Find the average rate of change of y with respect o x from point A to point 8 for each of
the following graphs:
a ¥ b
A

A
14)

A(-5.30)
B(2.5)
0
t = 2
= o 3 2 -1 @12 3
c ¥ d
20%
B(3, 15)
10 -
[0 3)
-
0 5

& The distance (in metres) from a point € of an object £ seconds afler it starts o move in i E
straight line is given by the function 8(1) = £ +* — 26 + 2, 1 = (. Find the average rate
of change with respect to time of the distance of the object from €

a in the first 2 seconds b in the next 2 seconds.

5 A person invests 32000 dollars, which increases in value by 7% per vear [or three years.
a Calculate the value of the investment after three years.
b Calculate the average rate of change in the value of the investment over thal time.
Exampla®’ 8 ‘The depth, o cm, of waler in a bath tub ¢ minutes after the tap 1s wmed on is modelled

L]
by the function (1) = e 50, ¢ = 0. Find the average rate of change of the depth of

the water with respect Lo tune over the first 10 minutes after the tap is turned on.

7 Using the information in the graph on distance (m) h
the right, the average speed from it = 0 2.
or=3is
A 2mfs B 1 ms 1
2 i
C —mfs D 15 mfs
3 - . : . -
0 | 2 3 time (5)
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548 cChapter 16: Rates of change

@ Instantaneous rate of change

In the previous section, we investigated the average rate of change off a function over a stated
mnterval. We saw that, in general {except for linear functions), the average rate of change of a

function over different intervals in the domarn of the function is nol constanl.

In this section, we investigate the idea of mstantancous rate of change.

Tangent line at a point

We talk about the idea of the tangent W a curve al a point informally here. 101s a line which
has “the same slope” as the graph at this point, OF course, we don’t know exactly what this
micans, but if we think of a very, very, ..., very small section of the curve around the point,
we can consider it to be a line segment which can be extended out Lo a straight line. This
straight line 15 what we call the “tangent line' 1o the curve at the point.

We can illustrate this idea with a specific example. Part of the graph of y = 1% is shown
below. We will find the tangent ling at the point £{1, 1).

¥
A

We start with the secant PO, passimg through P 1) and Oy(2, 4).
4-1
The gradient of POy is = 3, and so the equation of the secanl POy is v = 3x— 2.

2-1
The points Oy Os. O, ... Ou.. .. on the curve v = 1 are chosen so that they get closer and
closer 1o P in the following way:

B The r-coordinate of O is %{l +2)= %
m The r-coordinate of O is lI[I + E] = E
== 2/ 4
m The reoordinate of O is —l-{l + Ej = E
2 4 8

We now look at the sequence of secants POy, PO PO PO, .. PO, .. .. The lollowing

Ltable shows the gradient and the equation for each secant.
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16D Instantaneous rate of change 549

Secants of the curve y = x® through the point P(1, 1)

Step Point on surve Secant Gradient Equation of secant
0 Onl2,4) Py 3 y=3x-2
1 (3.7 PO, 3 y=3x-3
528 g A (|
2 Qa3 30) PO, 3 y=3x-3
n Qa1+ 27 (1 +27%) P 242" y=(2+2"x—(1+27")
59 17 ]
N gk M . = PTG ey ey 7 —
I'he sequence of gradients 1s 3, Rt e

We can see that the gradients get closer and closer to 2. This is particularly evident from the

general gradienl, 2+ ——_ sinee as nm — oo, 55 =3 (1}
We can also see that the secants get closer and closer to the ine with equation y = 2x— 1.
This line is the tangent line at the point £, and the gradient of the tingent line is the
instantaneous rate of change of v with respect to x al the point P, We define these two

concepts i Chapters 17 and 18.

¥

-

In the examples and exercises in this chapier, we only require approximations o the
instantaneous rale of change.

Estimate the instantancous rate of change of y with respect o x al the point £{2,9) on the
curve y = x' + 1 by considering the secant PQ. where O = (201,201 +1).

Solution
3 S
Gradient of PO = M

= 12.0601
201 -2

Mote: An even betier approximation can be made by choosing the points P(2,9) and
({2001, (2.0017 + 1) Using the approach taken for y = 1 in the discussion above,

we would lind that the instantancous rate of change for tis example 15 12,
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550 cChapter 16: Rates of change

Example 11

The graph represents the arca covered by Areg

(&)

o

a spreading plant. Area is measured in {cm2)
square centimetres and time in weeks. 800
a Find the gradient of the seciant PO, 600 0{7, 600)
b ‘The point O has coordinates (3, 330). 400 gu
Find the average rate of change of 200 F'(2. 300)
arca with respect to time for the | — =

2 : 61 234585 78 : s)
interval [2, 3], and henee estmate the Alie Lyeeks]

instantaneous rate of change of the
arca of the plantat § = 2.

Solution
& Gt i g =2 =20
7—2
300
5
- 60

The average rate of change of arca from £ = 2to 1 = 7 is 60 cm” per week.

330 - 300

b Gradient of PQ’ = 1 =30}

- Gradient at P s approximately 30.

The instantaneous rate of change of the area of the plant with respeet o lime when
t = 2 is approximately 30 cm® per week.

{CIN Example 12
Consider the curve y = 2%,
a Using the secant through the points where x = 3 and x = 3.1, ¢stimate the instantaneons
rate of change of y with respect to x at the point where x = 3,
b Repeat for the points where = 3 and x = 3.001.

Solution
a Whenx =3, y= Rand when x = 3.1, v = B.5742 (comrect o four decimal places).
The gradient of the ling through (3, 8) and (3.1, 8.5742) is 5.7419.
Thus an estirnate for the instantancous rate of change of y = 2 at x = 318 5.742,
b When x = 3.001, y = 8.005547.
The gradient of the ling through (3, 8) and (3.001, 8.005547) 1s 5.547.

Mote: The true instantaneous rate of change of v with respeet W xat x = 3 18 5.5452

{eorrect to four decimal places).,
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Using the graph window of your calculator
The graph of ¥ = 0.5 — 2 + 1 is shown. We will investigate the gradient at the point (0, 1).

Farst find the gradient of the secant RS, where
R=(—-0.75,22891) and § = (.25, 0.5078):

gradient of RS = —1.7813

{"The coordinates of B and § are given (o four

decimal places.)

Now consider another secant K38 . where
Ry = (025 14922) and § = (0.25, 0.5078):

gradient of £,5 = —1.9688

Lising a caleulator, »o0m in on the graph near = (0. As you xoom further in, this section of
the curve appears increasingly lincar, By assuming that this section of the curve is in Fact
lincar and finding its gradient, we can approximate the gradient of the curve at v = (L

This diggram shows a “zoomed in” section ol the
graph around the point (0, 1).

Consider the secant AR where A = (=001, 1.1995)
and B = (0.1, 0.8005). The gradient of this line is
approximalely —2.

Therefore we make the approximation that the
gradient of the curve y = 0.5x° — 2x + 1 at the
point (0, 1) is —2. 03 02 010 01 02 03

=1

rSummary 16D

For a function ¥ = f{x), the instantaneous rate of change
of y with respeet to x at the point (a. f{a)) 15 the gradient of
the tangent line to the graph of v = f(z) al the point {a, f{a)).

Exercise 16D

examplzio. 1 By considering the secant through the points where x = 1.2 and x = 1.3, estimate the E
instantaneous raie of change of y with respect o x al the point on the curve y = x° + 1
where x = 130
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Bmmple1l 2 Cardiae outpul is an important factor in athletic endurance. The graph shows a
stress-test graph of cardiac putput (measured i litresfmin of blood) versus workload
{measured n kg myfrmn).

a Estimate the average rate of change cz::l;{; A
of cardiac oulpul with respect o {litres/min)
workload as the workload increases 20 4
from O to 1200 kg m/min. I5 -
b Lstimate the mstantancous rate
of change of cardiac output 10
with respect to workload at the 51
point where the workload is | - i =
450 kg wiylinin, 0 300 60O 900 1200 1500

workload (kg m/min)

Bample12’ 3 Lety= 105
a Find the average rate al which y changes with respect W x over each of the following
mnlervals:
iJo.1] i [0,0.5] i [0,0.1]
b Estimate the instantaneous rate of change of y with respect o x when x = 0.

& Temperature (T7C) vanes with tme (¢ hours) over a 24-hour perod, as ilustrated in

the graph.
a Estimale the maximum T'(°C) A
teroperature and the time
at which this oceurs. 75
b The tlemperature rise
between 10:00 and 14:00 s
is approximately lincar. 15
Estimate the rate at
which the lemperature is 104
increasing in this period.
¢ Estimate the instantancous =
rate of change of . ! ! ! | | -
temperature at £ = 20). 0 4 8 12 16 20 24 (hours)

5 By considering the secant through the points at which © = 1.2 and x = 1.4, estimate the E

. 1
mstantaneous rate of change of v with respect o x of the curve v = = at x = L2,
x

8 Draw the graph of vy = V16— 1, —4 < xr = 4. Use an appropriate lechnigue to find an
estimate of the instantancous rate of change of ¥ with respect 1o x al the points:

ax=10 b x=2 e x=13
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7 Itis known that the straight line ¥ = 4x — 4 touches the curve y = . al the point (2,4). E
Sketch the graphs of both of these functiions on the one set of axes.
Find the instantaneous rate of change of v with respect W o at the point at (2, 4) on the
curve y = 17,

B Waler is being collected ina water tank. The volume, V cubic metres, of water in the
tank after f minutes is givenby V =38 + 41+ 2.

a Find the average rate of change of volume with respect to time between Gmes § = 1

and ¢ = 3.
b Find an estimate for the instantaneous rate of change of volume with respect to time
ald=1.

9 A population of bactena is growing. The population, £ million, after tme ¢ minutes is
given by P=3x 2.
a lind the average rate of change of population between times 1 = 2 and ¢ = 4.
b Find an estimate for the instantancous rate of change of population with respect o
timeat f =2,

10 Water is flowing out of a water tank. The volume, V cubic metres, of water in the ank
after f minutes is given by V=Sx 1P - 107 x 2. 0<r < 12,
a Find the average rate of change of volume with réspect 1o tme between tmes | = ()
and f = 5.
b Find an estimate for the instantaneous rate of change of volume with respect to time
whent = 6.

¢ Find an estimate for the rate ol change of volume when 1 = 12,

11  Use the technique of Examples 10 and 12 (o estimate the instantaneous rate of change
of ¥ with respect to x for each of the following at the stated point:
ay=x+22, (1.3) b y=2¢+3x, (L9
c y=—0+35+2x, (2,8) d y=2-3"—x+2, (3.26)

12  The volume, V, of a cube with edge length x s given by V = 1.
a Find the average rate al which the volume of the cube changes with respect Lo x, as
x increases fromx =2 tox =4,
b Find an estimate for the instantancous rate at which V changes with respect o x
whenx =2,

13 Lety=2¢"-1.
a lind the average rate at which y changes with respect to x over the mierval [ 1, 4.
b Find an estimate for the instantaneous rale at which y changes with respect o x when

=1
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14 lety=sinx
a Find the average rule al which y changes with respect W x over each of the following
inlervils:

i [u.g] i 1:},%] i [0.05] v [0,0.1]

b Estimate the instantancous rate of change of v with respect 1o x when x = 0.

Position and average velocity
One of the key applications of rates of change is in the study of the motion of a particle.
In this seotion, we consider motion in a straight line. The study of motion m a straight line 15

continued in Chapter 18,

Position
The position of a particle 15 a specification of its location relative to 4 reference point
Consider motion on a straight line with reference point €.

| | I
-
| | |

x=—8.96 (] x=025

We say that posiion to the right of €0 is positive and Lo the left of O 15 negative.

A particle is moving along the straight line. Let x metres denote its position relative to €2 at
tume § (where tme s measured 10 seconds).

B Attmef =0, x=(L

B Altimet =5 =625

m Attimet =8 x=—8906.

At = (), the particle starts from rest and moves (o the nght. At = 5, the particle stops and
mioves back in the opposite direction. [is position—time graph is shown below.

Note that from ¢ = Quntl : = 7.1, h

the position is positive, Le. the

particle is to the right of €. 10+

For i = 7.1, the position 15 3- /\
negative, e the particle 15 W the

:] T T T T T T T T }
left of €. l 2 3 4 5 ¥ 7 5
_5
—104
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16E Position and average velocity 555

Average velocity
The average veloeity ol a particle 1s the average rale of change in position with respect
Lo dme:

. change in pusition
average velocity =

change in tme
For the moving particle we have been considering:
m Altmet =0, x=(.
m Attmer=35 =625
B Altime: =8 x=—896.
Therefore the particle’s average velocity over the tme interval (0 < ¢ < 5 15 given by

f
average velocity = 5 = 1.25 metres per second (mys)

and over the time interval 5 <1 < 8.

—B.96 — 625
average velocily = = = =507 metres per second (m/s)

BCJN Example 13

Let s(1) = 6t — 1 be the position function of a particle moving in a straight line, where 1 is
in scconds and & 15 i metres.

a Find the average velocity for the Gme interval [0, 1]

b Find the average velocity for the tme interval [6, 8.

Solution
a si=0ands(1)=6-12=5.

Therefore
change in position

ayceage yelocity = change in ome
==

-0 -

The average velocity for [0, 1] 25 5 mys.

b s6)=0and s(8)=6x8—8=_14a
Therefore

; change in position
average velocity = BET0 pos

change in Hme

—16-0
e O 8

The average velocity for |6, 8] is —8 my/s,
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Velocity-time graphs

In the next two examples we look at the velocity—time graph obtained from a posiion—tme
graph. Each of the positon—time graphs is the graph of a piecewise-defined function where
each of the components 18 linear.

CIf Example 14
The graph shown is the posiion—time graph position A
for the bicyele rip of a boy who lives on a (km)
long straight roud. The road muns noth-south, 20 4
and north 15 chosen W be the positive dinsetion.

] T T T -
s VS & fime
—10 - (hours)

a Deseribe his trip.
b Draw the corresponding velocity—time graph.

Solution
a m The boy heads north for 2 hours.

My —
e TRl 1

His velocity Tor this penod is
® He then tums and rides south for 2 hours.

His velocity for this penod 1s #\! = —15 kmyh.

m He tumns and ndes north until be reaches home.

0—(-10
His velocity lor this period is __-if.__i = 10 km/h.

b yelocity I
(kmuh)
10 O—s

5 -
0 T T T -
2 4 5 time
= { hours )
10 1
—151 ]
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16E Position and average velocity 557

ISBM 575-1-009-11045-7

A particle 15 moving in a stratzght line. It was initially at rest at a point €. It moves o
the right of 2 with a constant velocity and reaches 4 point A, 15 metres from €2, after
5 seconds. It then returns to €1 The return tap takes 10 seconds. It stops at (.

On the one set of axes draw the position-time graph and the velocity—tme graph for
the molion.

Solution Explanation
The gradient of the position—time graph

<t <5is 3,

velocity )
(m/s)
I5-

—— position—{ime

= === velocity—iime

position The gradient for 5 < ¢ < 1515 —1.5.

m J
m 10 The gradient of the position—time graph

determines the velocity—time graph.

‘[ e o lime (s)

Instantaneous velocity
Instanlaneous velocily is the instantancous rute of change in position with respect W me.
It can be thought of as the gradient of the wngent 1o the posiion—time graph at a particular
point. I we know an object’s instantancous velocily at every moment in tme, we can sketch
a velocity—ime graph for an object moving with non-constant velocity.
In the graph shown below, the position—time graph is the same as the one from the start of
this section.

position 4

_____ veloeit
imj 4

64 position

velocity
{ms) 4.

2- Eremem

0 I 2 3 4 S 6 '?\ 8 fime (5)

This graph illustrates the relationship between position and velocity. The vertical axis is in
both metres per second For velocity and metres for position. In the following, we use velocity
to mean instanianeous velocity,

We make the fullowing observations [rom the graph:

m For() < <3, the velocity is positive: the particle is travelling from left t right.

m For = 3, the velocity is negative: the particle is travelling from right to left

m [ort = 3, the velocity is zero: the particle is instantancously al rest
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Example 16

The position of a particle moving in a straight line is given by the function S(1) = £ — 62,
¢ = ). The graph of § against §is shown. The corresponding velocity—time graph is also
shown. The function describing the velocity is V(1) = 37 — 121,

(&)

o

SA S =B—-62 ' =32~ 12

10 B
54 /
0 -

==

0

—10 <

—20 4
—10 4

—3) 4

a Find the average velocity of the particle for the intervals:
i [3.5,45] ii [3.9.4.1] il [3.99,4.01]
b From part a, what is the instantancous velocity when ¢ = 47
¢ 1 Por what values of is the velocity positive?
ii For what values of ¢ is the velocity negative?
Solution
S(45-503.5) ) —3).375 + 30.625
[ - 1
S(4.1)-S5(3.9) 31939 +31.941
0.2 N 0.2
S(4.01)—8(399) —31.999399 + 3] 99941
0.02 B 0.02
b The results of part a suggest thal the instantancous velocity is zero when t = 4, and this
15 consistent with both graphs.

= (.25

a i Average velocity =

=

Average velocity =

= (LODO1

iili Awverage velocity =

c Frrom the position—time graph, the velocty is positive for | > 4.

i
ii From the position—time graph, the velocity is negative for 0 < ¢ < 4.

fr}Eun'tmiu"_r,«f 16E

® The position of a particle moving along a straght line specifies its location relative (o g
reference point (.

® Theaverape velocity of a particle 15 the average rate of change in positon with respect
1o Lime:

change in position

average velocily = chinse i time

B [Instantancous velocily is the instantancous rate of change in posilion with respect o
time. It can be thought of as the gradient of the twngent 1o the position—time graph al &
particular point.
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Exercise 16E

Bample1s 1 Lets(t) = 6 — 20 be the position function of a particle moving in a straight line, where

I 1% in seconds and & 18 10 metres.

a Find the average velocity for the time interval |0, 1].
b Find the average velocity for the time interval [0.8, 1],

Exampie1a! 2 The following is the posiion—time graph for a train travelling on a straight track.
Position is measurcd from the door of the teket office at Jimbara station.

a What was the train’s velocity 5 A
over cach of the following tme  (kilometres)
mnlervals: 20 -
i [0.2] 60 -
i [2.5]
ii |5,8]
b Describe the tram journey. 0 - : S y thum;}
¢ Draw a velocity-time gruph
for the train’s motion for the 40
wnterval [0, 8].
Example1s! 3 The moton of a particle moving in a straight line is described by the following
mnformation:
m For the time peniod (0, 2), veloeity = —3.
m For the time penod (2, 5), velocity = 3,
m For the ime period (5, 7), velocity = 4.
a Draw the velocity—time graph for the interval [0, 7).
b Draw the position—time graph for the interval |0, 7).
Example 16 & A purticle moves along a horzontal x(mk
strudght line: [ starts from rest at a G-
point €. The graph is the posiion—time
graph for this motion. 4=
a At what time is the instantaneous 2.
velocitly zero™?
b For which values of ¢ s the 3 »
instantancous velocity positive? v 4 J\ )
¢ How far from € does the particle go to the right?
d How long does it take Lo return Lo €7

e Estmate the instantancows velocity of the particle at = 1.

ISBM 575-1-009-11045-7 & Michael Evans et al 2022

Photocopying is resincied under law and this malenal must not be fransfemred to another party.

Cambridge University Press



560 CcChapter 16: Rates of change 16E

5 The table shows the distunce. d metres, of a ball from its starting posilion al lime
f seconds after being thrown into the air.

4 5|6
40 | 25 | 0O
Using the scales 2 em = 1 second and 1 cm = 5 metres, draw the graph of d against .
From your graph lind:

{ 0 | 2 3
i | O | 25 40 | 45

a when the ball returns to the starting point

b the average velocity of the ball from = 1w =2
the average velocity of the ball from ¢ = Lot = 1.5
an estimate of the velocity of the ball when ¢ = 1

an estimate of the velocity of the ball when =4

= 0 B O

an estimate of the velocity of the ball when ¢ = 5.

6 A stone is thrown vertically upwards from the ecdge of a platform which is 10 m above
the ground. The position—-time graph for the motion of the stone is shown. The motion
of the stone is in a straight line and the reference point for position 15 taken as a point at
eround level, directly below where the stone was thrown,

a From the graph, estimate the

. g . il
instantaneous velocity with iz ::::; A
- " 'r
which the stone is thrown, 15

b What is the maximum heizht

reached by the stone? 8
© Al what time does the stone 31

reach ils maximum height? ———
d At what time docs the stone hit 0] 05 10152025 N 35 1(8)

the ground?
e From the graph. estimate the instantaneous speed at which the stone hits the ground.

7 A particle is moving ina xim) A
horizontal straight line, 754
Position is measured from a
point €. The particle starts at
a pornt 20 m to the left of 0.

0
5.0 4

The position—time graph for —10.04
the motion of the particle is 5D
as shown, o

a At which umes 1s the —20.0

particle at (37
b For which values of 1 1s the particle moving Lo the nght?
¢ For which values of 1 is the particle stationary?
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Chapter summary

B Where a real-life situation is modelled by a straight-line graph, the gradient represents the
rate of change of one quantity with respect to another.

total distance travelled
Lotal time taken

# Pora function ¥y = f{x), the average rate of change of v with
respect o x over the interval [a, 5] is the gradient of the secant
line through {a, f(a)) and (b, f(b)).

8 Average speed =

=) e

® Fora function y = f{x), the instanianeous rate of change of v
with respect to xal the point (a4, f(a)) is the gradient of the
tangent hine to the graph of y = f(x) at the point (e, f{a)).

ﬂ i

E The position of a particle moving along a strasght line specifies iis location relative to a
reference point £,

® The average velocily of the particle is the average rate of change in position with respect
o time over @ given time iterval.

® The instantaneous velocily is the instantancous rate of change in posilion with respect W
Lme at a given moment,
Technology-free questions

1 A hguid is poured at a constant rate into each of the containers shown below. For cach
container, draw a graph to show how the depth of the water varies with time.

a b | | c
| db | i \ f
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562 Chapter 16: Rates of change

2 a A cartravels from New Delhi o Agra, a distance of 200 kim, in 3 hours. Assuming
the car ravels at a constant specd, draw a distance—time graph and caleolate this
constant speed. For the distance—time graph, use minutes as the unit of time.

b A girl walks at a-constant speed of 1.5 ny's for 20 seconds. Draw a distance—time
graph Lo illustrate this.

© A car travels along a road for ﬁ% hours, The np can be described in three sections:
Section A Car travels al a constant speed of 40 kmy/h for 1 hour.
Section B Car travels al a constant speed of 80 knyh for 31 hours.
Saction ©  Car travels at a constant speed of 90 kny'h for 2 hoars.
Diraw a distance—time graph which illustrates this motion,

3 ‘The surface arca, s cm’, of a cube is given by the formula s = 6, where x em is the
length of cach edee of the cube. Find the average rate at which the surface ares changes
with respect W x, as xinereases from =2 o o= 4.

4 Lety=x. Find the average rate at which y changes with respect 1o x over each of the
following intervals:

a |[o1] b [1.3]

5 Let x(r) = 4 — 6 be the position function of a particle moving in a straight line, where
118 in seconds and s 15 1n metres,

a Find the average velocity for the tme interval [0, 1]
b Find the average velocity for the time interval [0.9, 1],
c Estimate the instantancous velocity fors = 1.

Multiple-choice questions

1 A bushwalker walks 12 km in 2 hours, stops for 45 minoies and then walks a further
8 km in another 1.25 hours. The average walking speed of the bushwalker over the
entine walk is
A 10 km/h B 9 km/h C 35 km/h D 4 km/h E 7.2 km/h

2 Postal workers sort 12 000 parcels during the normal day shifi of 8 hours and, with a
reduced workforee duning the 2 hours overtime shift, they sor a further 2500 parcels.
The average rate of parcel sorting per hour 15
A 1375 parcels per hour B 1450 parcels per hour € 1300 parcels per hour
D 1400 parcels per hour  E 1500 parcels per hour

3 The average rate of change of the function y = 3 % 2* over the interval [0, 2] 15
A4 B 45 c 12 Do E 5

& Given fix)= 2% +3x, the average rate of change ol f{x) with respect to x for the
interval [—2.2] 1s

Al B 22 c 11 D 22 E 11
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Cuestions 5-7 refer to the following sk
information;

The graph shows the movement of a vehicle
over & period of time. [t represents the
distance (5) from a fixed point at a given
Lime (1),

-y

0

5 The line segment (A represents a stage of the movement during which the vehicle is
A speeding up B slowing down C wavelling north
D travelling at a constant speed E stalionary

6 The line segment AB represents a stage of the movement during which the vehicle is
A speeding up B slowing down C wavelling cast
D travelling al a constant speed greater than zero E stalionary

7 The sections of the graph which represent the vehicle when il 1s stationary are
A only at { B atAand € between C and D
D between A and B and between D and E E at notime

8 The population of trout in a rout pond is growing. I the population, P, alter § weeks 15
given by P = 10 1.1, the average rate of growth of the population during the Sth week

1s closest to
A 16 rout per week B 15 voul per week € 1.5 trout per week
D 4 trout per week E 1535 wout per week

Extended-response questions

1 A rock falls from the top of a high chiff. It falls y metres in 1 seconds, where y = 4.9,
a Find the average speed of the rock between:
ir=0andt=12 il t=2andr=4
b i How lar has the rock fallen betweent =4 —hand ¢ = 47
il What is the average speed between =4 — hand t = 47
iii Find the average speed when i = (L2, 001, 0005, 0,01, 0,001
2 A vending machine in g bus terminus contains cans of soft donk. On a typical day:
& the machine starts one-quarter Tull
m no drinks are sold between 1 am. and 6 a.m.
m the machine is filled at 2 p.m.
Skeich a graph to show how the number of cans i the machine may vary from 6 a.m,
until midmight.
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3 a Pla.a’)and O(b, b*) are two points on the curve with equation y = x°.
Find the gradient of the line joining the points. (Answer in terms of @ and b.)
b Use this result to find the gradient of the line for points witha = L and b = 2,
o Use this result o find the gradient of the line for points with @ = 2 and b = 2.01.

&  The Gpure shows part of the curve with eguation y = % and the point P(2,2). E

a Ajand As are points on the curve whose
r-coordinates are 1.5 and 2.5 respectively.
Use your caleulator to find their v-coordinates
and hence find the gradient of A As.

b Repecat [or By and 8: whose r-coordinates
are 1.9 and 2.1 respectively.

e Repeat [or C and €y whose x-coordinates
are 199 and 2,01 respectively.

d Repeat for D) and Dy whose c-coordinates are 1.999 and 2,001 respectively.

5 The graph below shows exponential growth i the size of the population of Acubaland.
In exponential growth, the rate of increase of the population at any time is proportional

1o the size of the population at that tme.
population A
12 .
Population is in billions where

L0 |hi1ﬁm.'_|= 0%

0.8
0.6

0.4

0.2

19350 I;.'IEJL'I ' I.'EiiEﬂ ' Ell]ﬂi} I ZII]-E(] 1 El.Jrﬂ) year
a From the graph, find the population of Acubaland in:
i 1960 il 2000
b Calculate the average annual rate of population increase (in billions per year) over
the years from 1960 (o 2(00),
& Prom the graph. estimate the rate of population increase in:
i 1960 il 2000
d How many years do you expect that it will take to double the 2020 population?
Explain your reasoning.
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B8 =2 Draw the graph of v = 107 and find the gradient of the secant through the points:
i x=25andx=28 ii x=26andx=28
ili x=27and x=238 v x=275and x=2.8
b Comment on your result and investizate further.

7 a Usethe result that a® — B = (g — B)(a” + ab + B7) to find an expression for the
gradient of the line joining points Pla, a ) and O(b, B) on the curve with equation
y=x.

b Find the gradient of the line fora = land b = 2.

Find the gradient of the line fora = 2 and b = 2,01,

d For your expression for the gradient in terms of @ and & (from part a), leta = b and

wrile your new expression in simplest terms. Interpret this result.

1]

8 The rough sketch graph below shows what happens when three swimmers compele in g
1O0-metre race. (The vertical axis shows distance travelled by a swimmer.)

a Who wins the race? distance }
b Who is in front at the 50 m (metres)
mark? 100 4

© Whalt is the approximate
distance separating first and

third place when the winner 301
linishes?

d What is the approximate ime _
dtiffercnce between first and , ],ﬂ l ,5{} , ';Irﬂ In’m‘r
third place? (seconds)

e What is the average speed of cach swimmer?
f Deseribe the race as il you were a commentator.

8  Inthe following. fix)is the rule for a well-behaved funetion f.
Assume that, Tor y = f{x), the average rate of change of y with respect to x is m, over
the interval [a, b|. Find the average rate of change of v with respect to x over the same
mterval |a, b] lor:

a y= flxj+¢ b y=cf(x) c y=—f{x1)
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