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Objectives

To understand the concept of limit.

To understand the definition of the derivative of a function.

To understand and use the notation for the derivative of a polynomial function.

To find the gradient of a tangent to a polynomial function by calculating its derivative.
To apply the rules for differentiating polynomials to solving problems.

To be able to differentiate expressions of the form x” where n is a negative integer.

To understand and use the notation for the antiderivative of a polynomial function.

i || _‘ s

¢ wm sy Tt et it

mathematicians and philosophers going back to ancient imes made discoveries relating
o cileulus.

In the previous chapier, we investigated the rate of change of one gquantity with respect o

another quantity. In this chapter, we will develop a technigue for calculating the rate of

change for polynomuial functions.

Ty illustrate the wdea, we start with an miroductory example:

On planet X, an object falls a distance of y metres in ¢ seconds, where y = 0.8/,

Can we find a general expression for the speed of such an object after 1 seconds?

{Note that, on Larth, the commonly used model is y = 4.9¢)
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Chapter 17: Differentiation and antidifferentiation of polynomials 587

In the previous chapler, we found that Vi
we could approximaie the gradient of a
curve al a given point P by linding the
gradient of a secant PO, where (s a
point on the curve as close as possible
o P.

y =082

The gradient of PO approximates the
speed of the object at P. The closer we I
migke the point £ to the point P, the
better the approximation.

Y

0 5 (5+h) £

Let P be the point on the curve where £ = 5. Let @ be the point on the curve cormesponding Lo
# seconds after £ = 5. That 1%, @ 15 the point on the curve where i = 5+ b
(0.8(5 + i)* — 0.8 x 5

Gradient of P =
ent of £ Gim—s
0.8((3 + by — 57

a h

= 0.8(10+ h)
The table gives the gradient of PO for different values of A h Gradient of PO

| PTPTY & . - - s
Lise your calculator o check these: 0.7 8.56
It we take values of b with smaller and smaller magmiode, 0.6 g 48
then the gradient of PO gets closer and closer o B, So, at the 05 2 40
point where £ = 5, the gradient of the curve 1s 8. 3 ;
04 8.32

Thus the speed of the object at the moment § = 5 15 8 myfs. 0.3 % 74
The speed of the object at the moment + = 5 is the limiting 0.2 %16
value of the gradients of PQ, as O approaches P. 0.1 % (18

We want to find a general formula for the specd of the object at any time 1.
Let P be the point with coordinates (1, (182} on the curve and ket @ be the point with
coordinates (1 + h, 0.8(¢ + h)*).
0.8t + h) — 08¢
(t+h)—1
=0.8(2r + k)

Gradient of PO =

MNow consider the limit as b approaches O, that is, the value of 008(21 + k) as i becomes
arbitranily small. This limmit is 1.60.

S0 the pradient of the tangent o the curve at the point corresponding to tme ¢ is 1.6, Hence
the speed at time 1 is Lér mfs,

This technigue can be used to investigate the gradient of the ngent at a given point for

sirilar [unclions.
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568 Chapter 17: Differentiation and antidifferentiation of polynomials

¥ f#.-Y The derivative

We first recall that a chord of a curve is a line segmentl
joining points P and ) on the curve. A secant is a line
through points P and () on the curve,

In the previous chapter we considered what

happened when we looked at a sequence of secants
Py PO, .. POy, . .., where the points (); gel
closer and closer to P. The idea of instantancous rate
of change at P was introduced.

In this section we Tocus our attention on the gradient
of the tangent at P.

The tangent to a curve at a point
Consider the funcoon 7 B — B f{x) = .

fix)y=x2

The gradient of the secant PO shown on the graph s
hy* —a
sradicot of PO = %
a + 2ah + i —a*
h

=2a+h

{@+h, (a+iD

The it of 2a + & as fapproaches 001s 2a, and so the gradient of the tangent at P s said 1o

be 2a.

The straight line that passes through the point P and has gradient 2a is called the langent (o

the curve at P.

It can be seen that there is nothing special about a here. The same caleulation works for any
real number x. The gradient of the tangent to the graph of y = 2% at any point xis 2x.

We say that the derivative of x* with respeet to x is 2x, or more briefly, we can say that the

derivative of x% is 2r.
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17A The derivative 5869

(&)

G
By first considering the gradient of
the secant PO, find the gradient of the y=x1-2x
lﬂ]lgﬂﬂliiﬂtlﬂ}';li—zxﬂlmﬂwmlp [3+;‘.{3+h:’2 2(3 +j,”
with coordinates (3, 3).

S
el

=
0 2

Solution

3+h)* =203+ -3
GmdiumurPQ-_'[ }3+;,{_; )

O +bh+h —6=—2h—3

- 3

dh+ i

ok

=4+ h

Now consider the gradient of P(F as h approaches 0. The gradient of the tangent line at the
point P(3,3) is 4.

¥
Find the gradient of the A
secant PO and hence find
the derivative of X + x. Ol + s (x +H2 + (x + b))
Pl a2+ x)
-
[
Solution
J h)— (P +x
Gradient of PQ) = GEth) a8
x+h—x
Lrith+h+r+h—"—x
- h
2xh+ I + h
- h
=2x+h+1
From this it is scen that the derivative of © + xis 2x+ 1.
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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570 CcChapter 17: Differentiation and antidifferentiation of polynomials

The expansion of (a + b)"
You are atready familiar with the identity
(a+ b)Y =a* +2ab+ 1
By multiplying both sides by a + b, we can obtain new identities:
(a+b) =& +3a°h+3ab” + b
(a+b)' =a' +da'b+6a’b’ + dab’ + b’
You may récognise the pattern of coeflicients from Pascal’s irangle (see Section 10C). We
will give the general expansion of (a + B)" in the next sechion.
Limit notation

The notation [or the limit of 2x + i+ 1 as & approaches (1 1s

hm{2e+h+1)
0

The derivative of a function with rule f{x) may be found by:
1 finding an expression for the gradient of the line through Plx f0) and Q(x+ b, filx+ k)
2 flinding the limit of this expression as b approaches ().

Consider the function f(x) = x°. By first finding the gradient of the secant through P(2,8)
and (M2 + k(2 + k'), find the gradient of the tangent to the curve at the point (2, 8).

Solution
Gradient of PO = Qe —3
: 2+h-2
B+12h+6h+ -8
E 7
12h + 6k + I
==
= 12 + 6h + i*

The gradient of the langent line at (2, 8) is £|I|_|'.£4.: (124 6h+R) =12
1

The following example provides practice in determining Bomits.

Find: 2 2
iy Ixch+2

a lim {225 + 20xh) b lim ¢ lim4

bl Bl h bt
Solution P
a lim (22 + 20xh) = 2207 e e TS (325 + 2h) ¢ limd =4

hi—si} il h =) hi—si}

= 3
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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17A The derivative 571

TR =
Using the TI-Nspire
To caleulate a limit, use [menu) > Caleulus >

Limit and complele as shown, 3 2 3
[5-.1' ~N+3-i ] Ix
im [—————————
h=0 h

Mote: The imit template can also be accessed from the 2D-template palette [+
When you insert the limit template, you will notice a superseript field (small box)
on the template — generally this will be left empty.

" T :
Using the Casio ClassPad &
m In %, enier and highlight the expression o Edit Action intersctive
32k + 202 ey o Jafs] o T [T
h T e 4]
o [=agd

Note: Use /& from the (var | keyboard.
m Select [Jg] from the [Mathz| keyboard.
m Enter A and 0 in the spaces provided as shown. Tap [ExEl.

Fox I

Definition of the derivative

In general, consider the graph v = f(x)of a ¥
function [: B — B A
e flx+h) — fx) 7=Ie)
Crradhent of secant P} = ———————
x+h—x
flx+ k) — flx) ¢
a i =L (x+h, f{x+h))

‘ ‘ P (x, f(x))
The gradient ol the tangent Lo the graph ol

v = f{x) al the point Px, f{x))is the limit of il =X
this expression as fi approaches (1,

Derivative of a function
The derivative of the function [ is denoted f* and 15 defined by

. fx+ = flx)
[ = fim ST

The tangent line to the graph of the function f at the point (a, f(a)) is defined o be the
line through (&, f{a)) with gradient [*(a).

Warning: This defimtion of the denivative assumes that the hmat exisis. For polynomial
functions, such limits always exist. But it is not true that for every {unction you can lind the
derivative at every point of its domain, This is discussed further in Sections 17F and 176G,
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572 Chapter 17: Differentiation and antidifferentiation of polynomials

Differentiation by first principles
Determining the derivative of a lunction by evaluating the limit 15 called differentiation by
lirst principles,

@)
For f{x) = 2 + 2x, find f"(x) by first principles.

Solution
flx+h)— fix)
B
x4+ 22U+ B — (2 +20)
= him
Rl h
ki 242th+ R +2c+2h— 12— 2%
= e h
2xh+ i+ 2h
k

= lim{2x+h+2)
sl

Fin=ig

= lim
F—l1

=2x+2

Z i) =2x4+2

@)

For flx) =2 — 2, find f*(x) by first principles.

Solution
[l )= flx)
e = i L2 =10
. 2—(x+hP —(2-x)
= lim
F—sl h
P Bemi g S ey TR P D R Ey
= lim
—) h
“3ch—3dht— R
= lun
Ji—sl h
= im (=32 —3th— )
R—l}
=32
£ )= _35?
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17A The derivative 573

r-’UL-‘.ing the TI-Nspire o

® Assign the function f{x) as shown. ™|
Mofe: The assign symbol ;= is accessed HAxhm x> Done

using (otri) (=), g, il | AT
]

# Use menu) > Caleulus > Limit or the
2D-template palette (==, and complete e [MEL) 1yt
-0 "

as shown.

AT ;
Using the Casio ClassPad
m In E, enter and highlight the expression 2 — 1. o Edit Action Interactive
Select Interactive > Define and tap ok. 'Lilr "]F";Iiﬂml’ﬂ?l ""“'I'l:
m Now enter and highlight the expression Define [{x)=0-x3 ﬂ

flx+h)— fix) done
f fitm [le'ihh.'!"“:':l

Neote: Seclect [ from the [Matha | keyboard and
select x, i from the (| var | keyboard. o

m Enter hand (0 in Ihq.: Spaces prmudmi as shown. Tap [Exg).

Approximating the value of the derivative

From the definition of the derivative, we can ¥
s A y= 1)

_ fla+h)— f(a)
fla)= — \
for a small value of A This is the gradient

of the secant through points Pla, fla)) and
Na + h, fla+ h)).

Qa+ &, fla+ k))

We can often obtaim a beiter approximation
by using

 fla+hy= fla—hy
fla)= 5 \
for a small value of A. This is the gradient of
the secant through points B(a — k, f{a— k)
and Na + k, fla + k).

Pad
/0
In Exercise 17A, you are asked to compare these two approximations [or several functions.
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574 Chapter 17: Differentiation and antidifferentiation of polynomials 17A

IFSum mary 17A
m ‘The derivalive of the function f is denoted f* and is delined by
. flxshy—fix
o) =lim : : =
m The tangenl line Lo the graph of the function [ at the point (a, f{a)) is defined Lo be the
line throueh (a, f(a)) with gradient {a).
m The value of the dervative of f al x = a can be approximated by

h)— hy— fla—h
muts:ﬂ“; f@ o ey~ L@t '}p_;.ﬂﬂ )

for o small value of

Exercise 1TA

Examplell 1 Let fix)= -2 +4c ¥
The graph of y = f{x) s A
shiown opposite. P(3.3)
a lind the gradient of P OB +h, (3 + hP+4(3 +K))
b Find the gradient of the
tangent o the curve at P \ =

by considering what
happens as h approaches (0.

2 Latfin= & —3x Then the points A4 4) and (K4 + kb (4 + kY — 3(4 + k) are on the
curve ¥ = fix).
a Find the gradient of the secant PO,
b Find the gradient of the tangent line to the curve at the point P by considering what
happens as & approaches (.

Examplaz 3 The points Plx, o —2x)and x4+ h, (x+ hyY —2(x + h}) are on the curve y = © — 2x.
Find the gradient of PQ and hence find the derivative of 2* — 2x.

Examples & By first considering the gradient of the secant through £(2, 16) and ({2 + h (2 + &)') for
the curve v = x', find the gradient of the tangent 1o the curve at the point (2, 16).
Hint: (x+ M) = 2 +4°h + 6502 + 4o + 1

5 A space vehicle moves so that the distance travelled over its first minuie of motion 15
given by v = 411, where v is the distance travelled in metres and ¢ the time in seconds.
By linding the gradient of the secant through the points where = Sandr =35+ 1,
calculate the speed of the space vehicle when 1 = 5.

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



17A 17A The derivative 575

8 A population of insects grows so that the size of the population, P, al time ¢ (days) is
given by P = 1000+ + 1. By finding the gradient of the secant through the points
where ¢ = 3 and ¢ = 3 + A caleulate the rate of growth of the mseel population at
tme § = 3.

Exampleda’ T Find:
27200+ ht + h

a lim (102 — 5xh) b Lm (20— 10&) ¢ lim
Tl R+ h—l) h
Ach—2x + h Whl + 20+ h
d im220=2E o im— 20§ GmS
T+l h B+l h i+
8 Find:
B+ 2x+ h)— (2 +2
a St VAR LR, o s de =
st h -
.
b Lim (S+hy +35+h)—40 ie the gradient of y = © + 3xatx =5
k0 h -
W+ Ax+ - (2 +28
c }Lim]u-'- i hl Laaril i.¢. the derivative of y = x° + 24
—|

8 For the curve with equation y = 327 — o
a Find the gradient of the secant PO, where P is the point (1. 2) and () 1s the point
(L+h, 3(1+h)* = (1 +h).
b Find the gradient of PO when i = 0.1,
¢ lind the gradient of the tangent to the curve at P.

2
10 For the curve with equation y = —:
b =

a Find the gradient of the chord AB, where A = (2, 1) and 8 = {2 +h. Ei}‘

+ A
b Find the gradient of AB when b = 0.1,
¢ Find the gradient of the tangent o the curve at A.

11  For the curve with equation y = x* + 2x — 3: E
a Find the gradient of the secant PO, where P is the point (2, 5) and () is the point
(2+h, (2+hP +22+h)—3).
b Find the gradient of PQ when i = 0.1
¢ Find the gradient of the tangent 1o the curve at P.

hy—
Exampls 5 12 For cach of the following, find *(x) by finding £im M:
—i)

h

I a f(x) =3 b fix)=4x e flx)=3

d fix)=3x"+4x+3 e flx)=25—4 f f(x)=42-5x

g f(0=3-2x3+2 h flxy=2x—3% i fix)=2c—32

13 By lirst considering the gradient of the secant through P(x. f(x)) and e+ &, flx+ )

for the curve f{x) = x", find the derivative of x'.

Hint: (x+ h)' = 2 + dh + 600 5+ 4o + b
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576 Chapter 17: Differentiation and antidifferentiation of polynomials 17A
14 Consider the following two approximations for ["(a), where his small: E
; f’fﬂj:ﬁu +.hf:—f{a] i jrmjgjfa+hl—f[a—h}
Compare these two approximations for cach of the following:
a flo=x,a=2 b fixy=x", a=2 e fl)=x"+2x—4, a=12

ilWd-J Rules for differentiation

The derivative of x” where n is a positive integer

From your work in the first section of this chapter, you may have noticed that differentiating

from first principles gives the following:
m For fix)=x ff{x)= L

m For fi{x) = x, JFix)=2x,

m For f(x) = £, f'{x) = 355

This suggests the following general result.

For fix)= " f'(x) = nx""' wheren=1,2,3,. ..

Proof In order to prove this resull, we use the binomial theorem, which gives the general

expansion of (a + b)Y The notation "C, for the number of combinations of n objects

in groups of size ris introduced in Chapter 10

Binomial theorem For cach n € M, we have

(@a+bY =a" +"Cia" b+ "Coa" 20 + < - +°Coa™ W + -+ +5C,_ab" + 1"

The binomuail theorem is proved in the polynomials appendix in the Interactive

Textbook.
Mow we let fix) = 2", wherenm e H withn = 2.

Then flx+h) = flx)=(x+h)" 2"

= 2"+ O+ O™ R 4 o ™ B - 2
=10 2 h + O™ -+ P Cxh™ i
= ™ h O e "™

flae+h)— fix) - l

and %
and s0 i

ﬁ{nx"_'h AT 3 N h"}

=m ! 4 T h e i !

fism flae+h)— f(x)
T+l fi
= ng*!

Hence f'{x) = nx™ 1.
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17B Rules for differentiation 577

The derivative of a polynomial function

The following results are very useful when finding the derivative of a polynomial function.

Constant function: If f(x) = ¢, then M(x}= 0.

Linear function: Il f{x) = mx + ¢, then ['(x) =m0

Muitiple: If f{x) = k g(x), where £ is a constant, then f(x) = kg'(x).

That is, the denvative of 4 number multiple is the multiple of the derivative.
For example: if f(x) = 5%, then f"(x) = 5(20) = 10x.

Sum: If fix) = g(x) + h(x), then f*(x) = g'ix) + A2

That 15, the dervative of the sum is the sum of the dervalives.

For example: if f{x) = 1 +2x then f7(x) =22+ 2.

Difference: Il f(x) = gix) — k(x), then ['(x) = g'lx) —A'(x).
That is, the denvative of the difference is the difference of the derivatives.
For example: il f{x) = & — 2x, then f"(x) =22 -2

You will meet rules for the derivative of products and quotients in Mathematical Methods
Units 3 & 4.

The process of finding the denvative function is called differentiation.

| (=) Example 7

Find the derivative of © — 2x° + 2, i.e. differentiate ©° — 20" + 2 with respect o x.

Solution Explanation
Let f()=x"—-2x+2 We use the following results:
Then f'(x)=5x'— 2037 +0 m the derivative of 1" is nx"!

- 5t — 6 @ the dervative of a number is ()

m the multiple, sum and difference rules.

G Exampics

Find the derivative of f(x) = 3x' —6x" + 1 and thus find (1)

Solution
Let fixy=3"—6+1

Then f'(x) = 3(3x°) — 6(2x) + 0

=03 — 2%

fiiy=9-12
-3
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578 Chapter 17: Differentiation and antidifferentiation of polynomials

b Using the TI-Nspire

For Example 7:

® Use (menu) > Caleulus > Derivative and 2[5 2.3.) Exdogad

complete as shown.

Note: The derivative template can also be aceessed from the 2D-template palette (=1,
Alternatively, using (shift][ - | will paste the derivative template to the screen.

For xample & O T

m Assign the function f{x) as shown. Axhma- x5 x 2 w1 Done
& 'To find the denvative, use {menu| > Caleulus > 4 ) . eI
Derivative. dx
m To find the value of the derivative at x = 1, Ly =3
it (mvana) il ; e
use |menu | > Calculus > Derivative at a Point.

[
A Py

ll,-‘_
Using the Casio ClassPad

For Example 7: O Edit Actlon interactive
zio o . o 1o [ siann | T
m In .. enter and highlight the expression Elﬁ Hh:l{ hm-]_b.-l T]- ; I'_[
£ =2 32, i(xﬁ-ﬂ-xaﬂl o
m (o o Interactive > Caleulation > diff and Lup oK. Box dmgind
MNote: Altcrnatively, select the denvative template .
from the (Matha | keyboard. Enter © —27 £ 2 in
the main box and x in the lower box. Tap [ExE\
For Example §: 6 Edit Actlon Interactive
wnm B . L] Aw LB S | 4
s In.7, enter and highlight the expression o) el |2 =d 2 1 14
1 6 4+ 1. Define ftx)=gx3-gx2s1
. done
8 (o Lo Interactive > Define and lap oK. d
= ——(Fx))
m (5o o Interactive > Calculation > diff. Enter [(x) ax
and Lap oK. gex2m12ex
= To find the value of the derivative at v = 1. tapthe |30 (100) la=1
stylus at the end of the entry line. Select | from the -4
(Matha| keyboard and type x = 1. Then tap (Exe|. Define g(a)=8-x2-12%
m Alternatively, define the denvative as g(x) and £613 o
find g(1). -3
a
L /
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17B Rules for differentiation 579

Finding the gradient of a tangent line
We discussed the tangent line at 4 point on a graph in Section 17A. We recall the lollowing:

The tangent line to the graph of the function [ at the point (a, f{a)) is delined
o be the line through (a, f(a)) with gradient f*(a).

©)
For the curve determined by the rule f(x) = 322 — 627 + 1. find the gradient of the tangent
line i the curve at the point (1,—2).
Solution
Now f'{x) = G’ — 12xand 5o Sily=9—-12=-3,

The gradient of the tangent line at the point (1, —2) is —3.

Alternative notations

It was mentioned in the introduction to this chapter that the German mathematician Gottfried
Leibniz was one of the two people to whom the discovery of caleulus is attributed. A form of
the notation he introdueced 15 stll o use oday,

Leibniz notation
An alternative notation for the derivative 1s the following;
T dy . dY
If y = =, then the derivative can be denoted by ammtm we write —— = G o

dy

In general, if v is a function of x, then the derivative of ¥ with respect to x is denoted by

X

g L . P A . dz
Similarly, if z 1s a function of r, then the derivative of z with respect o 1 1s denoted T
1
Warning: In this notation, the symbol d is not a factor and cannot be cancelled.

This notation came abont because, in the v
eighteenth century, the standard divgram for
linding the hmiting gradient was labelled

as shown:

® Ax means g small difference in x

B dv means a small difference in v

where & (delta) is the lowercase Greek letter d
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) Example 10
dy

Fy=¢2 find =
a _} e i} d'll
Solution
a y=+¢

ﬁ =1

et

| Fa

@)

(£)

el
(x+ 3R find =,

a Fory= =
243 i
e Bary=2—"% fimd 2.
- dx
Solution

a It is first necessary W write v = (x + 3

in expanded [orm:

y=1r +6x+9

b x=r +1
dx :
E‘—jl’"+]

dz
b Forz = (21— 1%t + 2), find =

1 iz
Ifz= -2+ find —.
c 3 . e R 1 d_;r
O T
o zESEER
dz 4
e 2
o= =r 0

d

d Differentiate v = 2x° — 1 with respect to x.

dy

— =2x+6H

dx

¢ First simplify: d

v=x+3 (forxz)

dy

— =1 (for x + ()

dx

Operator notation

‘Find the derivative of 2x° — 4x with respect to x°

ef
In general: ;‘;{_f{x}} = f'(x).
IGIR Example 12

Find:

o

A5 — A
a :.’_r{ x |
Solution

d Sx—4x
a .nf.r{ x—4r)

=5—12x

ISBM 575-1-009-11045-7

& Michael Evans et al 2022

b Expanding:

g=(4r =4t % IKr+2)
= 4P — AP s r+8F =842
=4 + 47 —Tr+2
dz

- 12424+ 8 —7
y=22—1

ﬂ‘}' 1

— = fi

dx .

can also be written as “find di{lrﬁ —4x).
x

d
—(6 — 42
rf,z{ )

d
dz
= 182 — 8z

(62 — 4

Cambridge University Press
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17B Rules for differentiation 581

(&)

>
For each of the following curves, find the coordinates of the points on the curve at which
the gradient of the ngent line at that point has the given value:
a y=ux, pgradient=8
b y=x"—4x+2 gradiecnt=0
e y=4—x', pradient =

Solution
NI )
a y=x implics R
dx

If=4§

_ 8 2v6
Py I'—iJS—'iT
246 1646 o 26 1646

The p-umhun:(T,T. s _T)

4 H . dy
b y=.o —4x+ 2 implics s =Tr—4
. dx
e 2r—4=10
r=12

The only point is (2, —2).

E T o ;
¢ y=4—x implics 2~ gy
: dx

-3 =—6
=2

x=%V2

II'u.,pumLﬂJ.er{’”d 22 }H.Ifl.d{ % +2%}.

i .
Using the TI-Nspire
m Assign the function f{x) as shown. _
s Use {EB_ﬂE. = Algebra > Zeros and {menu| > A Dane
Calculus > Derivative 10 solve the cguation _ 4
e L) i

dix (fix))=—b
M-z4z 1) {2 2 ea-2 2 }

& 'lo find the ycoordinates, calculate the values
of fi—vZ) and f(V2) as shown.

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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582 Chapter 17: Differentiation and antidifferentiation of polynomials 17B

AT 3
Using the Casio ClassPad o
® In 7, enter and highlight the expression 4 — x°. o Edit Actlon Interactive
& (o o Interactive > Define and Lap oK. el I he H:::li""“lif".“fl v I *F'i v [
® In the next entry line, type and highlight f(x). Define {(x)=d4-x? [+ ]
® Go o Interactive > Caleulation > diff and tap oK. foria
d. . .. . sotve L (10:x0) =8, x)
8 Type = —6 after J—U{J:]'II. Highlight the equation dx
x o
and use Interactive = Equation/Inequality > solve. . { 2oV}
® Enter f(—V2) and f(¥2) to find the y-coordinates. 2T ad
Mote: Altcrnatively, you can select commands and 2y
templates from [Math2 | and [Mathz ] Eadis
N 7

rsummary 17B

For fix) =2, (@)= wheren=1,2.3. . ..
Caonstant funetion: If fix)= c, then f'(x)} = 0.
Linear function: If f{x) =mx+ ¢, then {x) = m
Multiple: If fix) = kglx), where k is 4 constant, then *(x) = k 2’(x).
That is. the derivative of & number multiple is the multiple of the dervative.
m Sum: If f{x) = glx) + ALx), then M(x) = g'(x) + K (x).
That is. the derivative of the sum is the sum of the dervatives.
m Difference: If f{x) = gix) — hix). then f(x) = g'lx) —R'(x).
That is. the derivative of the difference 15 the difference of the dernivatives.

For example, if f(x) = 52’ — 1027 + 7. then f'(x) = 5(35%) — 10(2x) + 0 = 152" — 20«

Exercise 17B

Exampla7 1 Find the derivative of cach of the following with respect o x©

a x> +4x b 2c+1 e O —x
d %_tz—31+4 e 5x' 437 S
2 For each of the following, find f{x):

a fix) = £ b fix) = i’ ¢ fix)=5x

d f{x)=5r+3 e flx)=3 f flx)=52-3x

g fix) =10 + 3«1 h fix)=22"— %f . %R +2
Examples 3 For cach of the following, find /(1)

a f{x)=24" b f(x)=4c € f{x)=5x

d fix)=5+3 e fix}=3 f fl)=5—1x

| 2

g flx) = 102" -3x h flx)=2:"- ?ﬁ i fix)=—10c -2+ 2

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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17B 17B Rules for differentiation 583

&  For cach of the following, find *(—2}):

a f(n)=5¢ b f(x)=41 e f(N=52-3x d flx)=-—54-22
Eamples 5 Find the gradient of the tangent line to the graph of f at the given point:
a fio=x+3x (2,10) b fix) =3 —4x (1.-1)
e flo)=—25"—4x, (3,-30) d fix)=x"—x, (2.6)
4 . dy ; . . e .1, gl
Exampleio! B a IMy=r1r -7, find 7 b If x=-5F +1, lind T e fz= Ex — 22, find 7]
: ‘ : dy
Bmmpia1l! 7 Porcach ol the following, find E;:
ay=—x b v=10 e y=4r' —3x+2
d }1—%{1'1—31+ﬁj e y=(x+1)}x+2) f y=2x(3s —4)
5 Sx—x . 1047 + 34
E v=(2x—1) h y= E cx 210 I:,‘——h_2 X0
1 d - d.?_
8 a Fory=(x+4)% find = b Forz = (41— 1)%+ 1), find =
dr dt
i 5
¢ Fory= ¥ 3_r1 find d—‘}
drx

9 a For the curve with equation y = 1 + 1, find the gradient of the tangent line al points:
i (L2) i (ad+1)
b Find the derivative of x* + 1 with respect to x.
10 a Giventhat y = ' — 3+ 3x find %- Henee show that j—-—i = 0 for all x, and interpret
this in terms of the graph of y = © — 35" + 3z
22

d‘-.
for x # 0, find n—;i_

¢ Differentiate v = (3x + 1) with respect o x.,

b Given that y =

11  For each of the following curves, find the y-coordimate of the pomt on the curve with the
given r-coordinate, and find the gradient of the tangent line at that point:

ay=2-2r+1, x=2 b y=x"+x+1. x=0
c_-p-__l-t_z_x_ r=—=] d }"—[I"‘l}{_x—"t}, x=3
@ y=32-22, x=-2 fov=(dx-5)", x=3

12 a Forcach of the following, first find {x) and (1), Then, for vy = f(x), lind the set
lix. %) 2 F(x) = 1). That is, find the coordinates of the points where the gradient of
the tangent line is 1.

| |
if[.rj—-_.rz—_x ii flx)= I+-2-..r+§.:.2
Wi fx)=x'+x iv flxy=x'-31x

b What is the interpretation of { (x.¥) ; f(x) = 1} in terms of the graphs?

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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584 cChapter 17: Differentiation and antidifferentiation of polynomials 17B

EBxamplei2;, 13 Find: E
d ., d e d 5
Rl L T SN Rl ¥, O oend q_z_,._‘___d
a m”' 41) b a‘:{d X +x) c d:{' z )
d d d
P —(2 — 442 f —(932-2
;_f_}'l: ¥ ¥) e 2 ) dI{ i 1)

Bxampie 13, 18 For cach of the following curves, find the coordinates of the points on the curve al
which the gradient of the tangent line has the given value:

a y=1x°, gradient=§ b v=x. gradieni=12
¢ v=x{2—x), gradient=2 d y=2"—3x+1, gradient=10
e y=r — 65 +4, pradient=—12 f y=2—x, pgradienl=—1

Differentiating x" where n is a negative integer

In the previous section we have seen how to differentiate polynomial functions. In this
section wie add Lo the family of functions that we can differentiate. In particular, we will
consider functions which involve hinear combinations of powers ol x, where the indices may
be negative integers.
cg fiR\O}oR, fla)=x"

FRAO) =B flx)=2x+x7}

FRVO) =R, flix)=x+3+x"

MNote: We have reiniroduced function notation o emphasise the need o consider domains.

Il Example 14
Let 2 R\ {0) — R, f(x) = . Find f'(x) by first principles.
X

Solution
The gradient of secant PO is given by 5
fEERY=f@ (1 141 1
r+h—x _-(.r+h_;JxE
x—(x+h 1
b {x+hx . h
k1l 5
(r+hx &k
—1
Cxth)x
So the gradient of the curve at P is
lirty mil = _—i =52
b (x+ e a2
Hence f*(x) = —x2
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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17C Differentiating x® where n is a negative integer 585

(=)
o

Example 15

Let f: RO} = R, filx)= . Find [fix) by first principles:

Solution
The gradient of secant P is given by ¥
(x+h) =23
h
c—(x+hP 1
T T=rhre ok
2 (P +3h+ 3k 4 ) ]

(x+hrs h
Acch—3ch* - 1
= (x+ hPa % h
—3 —Axh— I
B (x+hPx?

S0 the gradient of the curve al P is given by
T
0 (xrhPe &

Hence f*(x) = -3

—357!

We are now in a position Lo state the generalisation of the result we found in Section 17B.

This result can be proved by again using the binomial theorem.

For fix) = 2", "(x) = nx*'. where i is a non-zero inleger.

For fix) =i, ff(x) =), where ¢ 18 & constant.
When s positive, we take the domain of § o be B, and when n 15 negative, we take the
domain of f 1o be B [0]

Note: We will consider rational indices in Chapter 200,

©

Find the derivative of:
a 2 d—x142 k20 b 5‘3“.x¢ﬂ
e
Solution :
i L]
ale =22y e paeEE
= oy
y N -1
Then f(x) = 2=3x)— (=) +0 =3x+x
= 6rt+x? (forx20) Then f{x)=5+ (—x72)
1
=5 — = (forx+0)
o
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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586 Chapter 17: Differentiation and antidifferentiation of polynomials i7C

Example 17

Find the derivative £ of f: B\ {0) = B f(x) =32 —6x2+ 1.

(&)

o

Solution

PRV =R (2 =320 —6(—2x)+ 0

= 6+ 12477

HGIE Example 18
Find the gradient of the tangent Lo the curve determined by the function f: B\ {0} — B,
1
fix) = x* + — at the point (1, 2).
X

Solution
FARVOIS R P =20+ (=Y
= Fr—x 2

Therefore (1) =2 =1 = 1. The gradient of the curve 15 1 at the point (1, 2).

® Example 19

Show that the dervatve of the function £ B\ [0} = B, fix) = s always negative,

Solution
PRV =R ) =-3c"
_3
o

Since x' is positive for all x # 0, we have f(x) < 0 for all x # 0.

Summary 17C
For f(x) = £, f'(x) = nx®', where 1 is 2 non-zero integer.

For f{x) = e. "(x) = 0, where ¢ is a constanL

22

Bampleza) 1 a Let f:R\[3] =R, fix)= % Find f*{x) by first pnnciples.
_r_

|
b Let f-RY]-2) =R, flx)= —_— Find f*(x) by first principles.
x+2
Bamples] 2 a Let R\ [}—=R, fix)= 2 Fand S(x) by fiest principles.

b Let £ B\ {0} — B, fix) = . Find f'(x) by first principles.
Hint: (x+ k)" = x* + 4°h + 620 + b’ + Kt

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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Exampls 16

Exampia 17

Exampis 19

170 Graphs of the derivative function 587

Differentiate cach of the following with respect o

3 5 4
a 3xt+5x' +6 b = +5¢ & —+-4]
x2 o x2
P . I 4+2
d 3+ -x'+2 e 6x?+3x f
3 x
Find the dervative of cach of the following:
37+ 2:+4 34z 27? +3z
ET.L#U hT,.I-Fu c 4z L 2#0
3 -3 3 5z—3¢"
d 9 +dz+6, 240 e 9—z- z20 f 3 L 2#0

a Find the derivative {7 of f: R\ [0) = B f(x) = 32" — 67 +x7'.
b Find the derivative " of f: R\ 0] = B filx) =52 +4x7 4 7

1
Carcfully sketch the graph of f{x) = ax # 0,

a Forpoints P{1, f(1)) and O(1 + b, {1 + k&)), lind the gradient of the secant PO,
b Hence find the gradient of the tangent line to the curve y = i,_ atx=1,
=

For cach ol the lollowing curves, find the gradient of the tangent line W the curve at the
given poinl:

b y= I__'\‘ x# 0, at 1'4.-%.]
x

d v=x(x'+x2—x), x20, at(l,1)

ay=x7'+x, x#0, a(2,8}
g
e y=a"—=; x¥# 0, ar(1,Q)
x
For the curve with equation f(x) = x~, find the x-coordinate of the point on the curve at
which the gradient of the tangent line is:
a 16 b —16

Show that the denvative of the funcoon 7 B5 (0] — B, fix = s always negative.

Graphs of the derivative function

B

Sign of the derivative
Consider the graph of vy = f{x) shown
here. Ata point (x, f{x)) on the graph,
the gradient is f*(x).

By noting whether the curve 15 sloping

Ria, fla))

upwards or downwards at a particular 0 \\_._,/ =1
point, we can tell the sign of the /
g g S(&, 1))
derivative at that point:
Values of x r<a £=da a<x<h x=k =h
Sign of [r(x) Fix)=0 JHa)y=0 fxy=0 Fiby =0 Sixy=0
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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588 cChapter 17: Differentiation and antidifferentiation of polynomials

,,
For the graph of f: B — R, find:
a fx: ffx=n)
b {x: flx) <0}
e [x: f0)=0] \

o

(3.6)

—

L
M

y=ftx)

L=T)

Solution

a{x: flxy=0)={x:-1 <x<5}=(-1.5)

b |{x: ffi)=0}={x:x<-1}U{x:x>5})=(—oo,—1)U(5,00)
e {x: fllx)=0}=1{-1.5}

—

Example 21

Sketch the graph of v = () lor cach of the following, (It is impossible to determine all
features. )

a v b v c ¥

\-:'- -.il. ¥ =[xz

b
=1 |0
[LT- 1) /

»={i{x)
(-1.5, 16.25)

15)

Solution

a Myy>0lorx>3
fixy<Oforx<3
fflx)=0forx=73

b f(x)=1forall x

e flix)>0forx=> 1
Fixgy<0for—-15<x<1
[f(x)=>0forx<=-15

fli—=1.5) =0and (1) =0

¥

p=1x)

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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170 Graphs of the derivative function 589

If the rule for the function is given, then a CAS calculator can be used o plot the graph of its

derivative function.

AT - |
Using the TI-Nspire

Plot the graphs of T
15 i
T I

FiD =2 -2"4+x—1 g o
; \ /
o £zl r-%mbﬂ /
SUxy=—I(f1ix)) e ! i /
dx \ / !
= o -
Mote: Access the derivative template from (=] % = ,i_:

N .
_— rllr]-fc"—.l-t"w—l |

L ar

Increasing and decreasing functions
We say a funcuon [ is strictly increasing on an interval ¥
if a < bimplies f(a) < f(b). A
For example:

B The graph opposite shows a strictly increasing function.

® A straight line with positive gradient is sirictly increasing, i) x
m The function f: [(,o0) = B, f(x) = 2 is strictly increasing.

We say a function f is strictly decreasing on an interval ¥
if a < bimplies fla) > f{b).

For example:
® The graph opposile shows a strictly decreasing function.

B A straight line with negative gradient 1s stnctly decreasing. i) x
® The function f: (—oo, 0] —= K, f(x) = =8 stnctly decreasing.

HNote: The word sirictly refers to the use of the strict ineguulity signs <, > rather than <, =

Derivative tests
We can sometimes cslablish that a functon is strictly increasing or strictly decreasing on an
interval by checking the sign of its derivative on that interval.

m If ['{x) = 0, lor all x in the mterval, then the funclion is strctly increasing.
(Think of the tangents at each point — they cach have positive gradient.)

m If f"{x) < 0, for all xin the interval, then the funciion is sircily decreasing.
(Think of the tangents at cach point — they cach have negative gradient. )

Warning: These two tests are not equivalent 1o the defimtions of sirictly increasing and
stnetly decreasing.
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Photocopying is resincied under law and this malenal must not be fransfemred to another party.



580 cChapter 17: Differentiation and antidifferentiation of polynomials

For example, the function f: B — B, f(x) = 2 is strictly increasing. but f7(0) = 0. This

mecans that strictly increasing doex net imply f'{x) = 0,

We can see that f(x) = x is strictly increasing from its graph. ¥
Alternatively, consider A
a —b' = (a—b)a® +ab+ b I
= (a—b)(a” +ab+ (56 +b* - (16)°)
& - - X
= (a—b)((a+1b) +3H°) |

Wi can siee that ifa < b, then o < B,

An angle associated with the gradient of a curve at a point
The gradient of a curve at a poinl is the gradient of the tangent at that point. A straight line,
the tangent, is associated with each point on the curve,
It 0015 the angle that a straight line makes with the positive direction of the x-axis, then the
gradient, m, of the straight line is equal to tan 0. That is:

m = tanf)
For example;
m M0 =45", then tan () = 1 and the gradient is 1,
m I 0 = 20", then the gradient of the straight ling is tan 20",
m 1f 0 = 135", then tan () = —1 and the gradient 15 —1,

®
Find the coordinates of the points on the curve with equation y = 3° — 7x + 8 at which the
tangent line:
a makes an angle of 45 with the positive direction of the yv-axis
b is parallel 1o the line vy = —2x + 6.

Solution
vy
a d_ =2x—7 b The line y = —2x + 6 has eradient —2.
x
2x—T7=1 (as tan45" = 1) 2e-T7=-2
2r==8 2x=5
X = 4 = = Tf;"
y=4"—7x4+8=-4 -
= : : : 5 13
I'he coordinates are (4, —4). I'he coordinates are [E _T A
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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170 Graphs of the derivative function 591

(&)

o

Example 23

The planned path Tor a flyving saucer leaving a planet is defined by the equation

1 a2y

¥ ZX += forx =0

The units are killi‘[liﬂ]tﬁ. (‘The x-axis 15 honizontal and the y-axis vertical.)

a Find the direction of motion when the r-value is:
i2 ii 3

b Find a point on the flying saucer’s path where the path is inclined at 45" to the positive
x-axis (1.e. where the gradient of the path is 1),

€ Are there any other points on the path which satisfy the situstion desceribed in part b?

Solution

dy

- 1 v |

a —=g¢+2r
dx

i Whenx=2, %2 dy

dx dx
tan~! 16 = 86.42° (to the x-axis) tan~' 45 = 88.73" (1o the x-axis)

=H+H=16 ii Whenx =3, =27+ 18 =45

b, ¢ When the flving saucer is flying at 45 to the positive direction of the r-axis. the
gradient of the curve of its path is given by tan 457, Thus to find the point at which
this happens we consider the eguation

E‘;:t:uuls

2420 =1
420 -1=0
x+1X2+x-1)=0

145
2

x=—lorx=

“1+v5

g

The only acceptable solution is x = = (162, as the other two possibilities

give negative values for xand we are only considering positive values for

/Eummary 17D

& A function [ is strietly increasing on an interval if @ < b implies f(a) < fib).
m A function [ is strictly decreasing on an interval if @ < b implies fla) = f(b).
® IF (x) =0 for all xin the interval, then the funetion is strictly increasing.

m I (x) <0 for all cin the interval, then the function is strictly decreasing.
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5892 Chapter 17: Differentiation and antidifferentiation of polynomials

Exercise 17D

2% 4]

1  For which of the following curves 1s d_} positive for all values of 17
x

17D

a ¥ b ¥ c ¥
A A A
\H“-__'
5 - 5 / - = -
—ee |
d ¥ e ¥
A A
0 = 0 Gk
; 2 , ., dy .
2 For which of the following curves is -EH negative for all values ol 27
a ¥ b ¥ c ¥
A
- X
0
i - X -
ul \_ /
d ¥ @ ¥ f ¥
A A A
\ . Ll
/ /\ AL -
} 5 \= 7 = \;-_x

3 For the function f{x) = 2(x— 1) find the values of x for which:

a f(x)=0

ISBM 575-1-009-11045-7
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17D 170 Graphs of the derivative function 593

Bmmple20. & For cach of the following, use the given graph of y = f(x) to find the sets:

i[x:fliix)=>0]} ii [x: fMix)y<0} fii {x: ff(x)=0]
a ¥ b ¥
A 358y A (4.6)
(L5.3) ( 2)
0 “l] — X
0 et
VAR

&

5 Which of the graphs labelled A—F correspond to cach of the graphs lubelled a—§7

a ¥ b ¥ c ¥
A A kﬁ

ﬂ X ﬂ — ﬂ 1\’—- x
d } e ¥ f ¥

A dy
dx
0 X
D &
dx
0 -
\r
0 X 5 =
ISEM 973-1-009-11045-7 2 Michael Evans ef al 2022 Cambridge University Press
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594 cChapter 17: Differentiation and antidifferentiation of polynomials 17D

Bmmplezi| B Sketch the graph of v = "{x) for each of the following:

a y b ¥ c v d ¥
1l A @34 A
i=f (x) 3| y=/ix)
—}Yr \j |!( \h-x 0 = T
—1,-3)

Bampla2z 7 Find the coordinates of the points on the curve y = & — 5x 4+ 6 at which the tangent:
a makes an angle of 45" with the positive direction of the x-axis
b 15 parallel to the line y = 3r+ 4.

8 Find the coordinates of the points on the parabola y = a* — x— 6 at which:
a the gradient of the tangent is zero
b the tangent is parallel o the line x +v = 6.

8 Use a caleulator W plot the graph of y = f"(x) where: B

a fix)=sinx b fix)=cosx e flx)=2"

Example23) 10 The path of a particle is defined by the cquation y = %_13 + %.12 for x > 0. The units are
metres. (The x-axis is horizontal and the y-axis vertical.)
a Find the direction of moton when the x-value is:
il ii 0.5
b Find a point on the particle’s path where the path is inclined at 457 (o the positive
direction of the raxis.
¢ Are there any other poinis on the path which satisfy the situation described in part b?

11 A carmoves away from a set of traffic lights so that the distance, 8 () meires, covered
after ¢ seconds is modelled by §(8) = 0.2 x .

a Find its speed afler ¢ seconds, b What will its speed be whent = 1,3, 57

12  The curve with equation y = ax® + bx has a gradient of 3 at the point (2, -2).
a Find the values of a and b.
b Find the coordinates of the point where the gradient is (0

13 A rockel is launched from Cape York Peninsula so that after ¢ seconds its height,
h(1) metres, is given by h() = 20, 0 <1 < 150. After 25 minutes this model is no
longer appropriate.

a Find the height and the speed of the rocket when + = 150,
b After how long will its speed be 1000 mys?
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17E Antidifferentiation of polynomial functions 595

Antidifferentiation of polynomial functions

The derivative of x* with respect to x is 2x. Conversely, given thal an unknown expression
has derivative 2, it is clear that the unknown expression could be 2. The process of linding
a function from its derivative is called antidifferentiation.

Now consider the functions f{x) = 2+ 1and zlx)= =-7.

We have ["{x) = 2r and g'{x) = 2x. So the two different functions have the same derivative
function.

Both x* + 1 and x* — 7 are said 10 be
antiderivatives ol 2x.

If two functions have the same denvative
funcuion, then they differ by a constant.
So the graphs of the two functions can be
obtained from each other by translation
parallel to the y-axis.

The diagram shows several antiderivatives

of 2x. distance ™ vy —| !

: . : ) 7 units q\ T~ distance
Each of the graphs 1s a translation of y = x -4 e P
parallel to the y-axis. —T\‘ L J“"

Notation for antiderivatives
The general antiderivative of 2xis © + e, where ¢ is an arbitrary real number. We use the
notation of Leibniz to state this with symbaols:

f?.rf.t'_r-—_r'l—}r

This is read as ‘the general antiderivative of 2x with respect 1o x is equal 1o x* + ¢ or as
‘the indefinite integral of 2x with respect to xis 2 4 ¢,
To be more precise, the indefinite integral is the set of all antidenivatives and o emphasise
this we could wrile:
f?xd_t = | flx): f(x) =2x]
=|a+c:ceR]
This set notation is not commonly used, but 1t should be clearly understood that there 1s not a

unigue antiderivative for a given function. We will not use this set notation, but it is advisable
to keep it in mind when considering further results,

In general:

If F'(x) = fix), then f f(x) dx = F(x) + ¢, where ¢ is an arbitrary real number.
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586 Chapter 17: Differentiation and antidifferentiation of polynomials

Rules for antidifferentiation
We know that:

fix)=x implics f(x) =3z
flxy=" implies f'(x) =8’
fixy=x implies [f(x)=1
fix)= " implies  ['(x) = n™"

Reversing this process we have:
flr"! dr=x +¢  where ¢ is an arbitrary constant
f fx dr=x"+¢  where ¢ is an arbitrary constant
Jlr ldr=x+¢ where ¢ is an arbitrary constant
Iﬂrnx“_t dx=x"+¢ where o is an arbitrary constant

We also have:

5 1
I||r_r£.!'_1.' = -,;‘.1'1 +c

Pdr= —IIH+r:
J&¥dr=g
fId.r—_r+L'

l
f_x”'t dr=—x"+¢
n

From this we see that:

+1

e
ffdﬂl'l +e, neNU{0)

+1

Mote: This result can be extended o include x* where mis a negative integer other than —1.
The extension is covered in Chapter 20, You will see the antiderivative of 17! in
Mathematical Methods Units 3 &4,

We also record the following results, which follow immediately from the cormesponding
results for differentiation:

Sum ff{x}+g[_t} dx = fﬂ.ﬂ d.r+fg{.r} dx

Differenca ff{_r] —pix) dy = ff{xl dx —fg{x]n dx

Multiple f kf(x)dx =k f fi(x) dx. where k is a real number
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17E Antidifferentiation of polynomial functions 597

) Example 24

Find the seneral antidenivative (indefinite integral) of each of the following:

a 3 b 32 +42° +3
Solution
a fax‘d“affdx b f3_13+4_:3+3dx
b 5
i =3 [Pde+a [Fdx+3[1dx
. 32 4t 3x
_*“7“ T T U T

=+t +3r5c

Given extra information, we can find a unigue antidenvative.

& Example 25

It is known that f*(x) = & + 4.2 and £(0) = 0. Find f(x).

Solution
¥ Ax
Jr.l." +4_:2.d_r-—' '-r'i—' +‘—j—'- +
47
Thus f{x}= T + N + ¢ [for some real number e
Since f{0) = 0, we have € = 0.,
() = x” 4x}
AR AL,
flx 3
S . Y
Using the Casio ClassPad
s To find the general antiderivative of ©° + 427, o Edit Action [intsectie]
; 1ehli T - -i  Transformation "
enter and hghlight the expression in . 'Li fda 1
s Sclect Interactive > Calculation > |. P [l 0
= Ensure that *Indefinite integral” is selected, as g o

shown below. Tap ok,

B Edit Action hl’:!ri:ﬁu'!

] 21| [ ]+ T ] j:

| @ Indefinits integral

Boraslon:  [TREIIEWS |

- Definit Numarle f Ex3+4-x 2y

Varighle he — At $
3
m Remember to add a constant ¢ 1o the answer, Define "ﬂt—'fT*ﬂ
m To find the specilic antidenvative, define the family
of functions f{x). sotved£(0)=0y0)
. fo=0}
m Solve f{0) =0 forc.
L
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588 cChapter 17: Differentiation and antidifferentiation of polynomials

Example 26

If the gradient of the tangenl at a point (x, ¥) on d curvie is given by Sx and the curve passes
through () 6). lind the equation of the curve:

(&)

o

Solution

Let the curve have equation v = f{x). Then f(x) = 5x

5"!
fodJ::-%_-+f_'

55
_ﬂr}—Tr+.:'

This describes the family of curves for which f'{x) = 35x. Here we are given the additional
information that the curve passes through (0.6), Le. f[{0) = 6.

3

. 5
Hence ¢ = 6 and so f{x) = T.r + 6.

IE)N Exampie 27

Find v in terms of xif

dy
a J—:.tl+2.r.und_p—'lwhcn_r:l b I::_:?A—J:.&mi_v:Ewh::nx:ii

7
Solution
1 3
: x . : v
afr+lrdx-—3-+f+r. hf?.i—xd_r—j.r—z—i--:
x ==
_'L'—_T+IE+[' }'-—j.:l:—E—l-.L'
Asy=1lwhenx=1, Asy=2whenx =4,
1 4
|—§+i+|‘.' 1—'3}(4—E+c
|
[l —-j- = —2
¥ | x
H::nuﬁ'_v*—?+.x2—§ Htmm:_].'—lr—-z——i
e e . \
Using the TI-Nspire
For Example 27 a: P
8 'To find the general thd-.t‘n\"ﬂl.l'\-'t:, assign hh—j,:'*ﬁr:]d:«-;— Dtz
the function [(x) using (manu | > Calculus > 4 Y
Integral as shown. f-.,. die
& Check that ¢ has not been assigned a valoe. :
. . e e solveldi)-14) -1
m For the specific antiderivative, lind the value e
of ¢ by solving f{1) = 1.
L™ "
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17E

Enmplail 1 Find:
a [1x'dx b [3c—2dx e [5¢-2xcdx
d [{x'—22"dx e [(x—1)dx £ [ax+dyde x40
g [2P:z-1d: h (237 di i fu-17d
Example2s. 2 [tis known that /(x) = 42" + 627 + 2 and f(() = 0. Find f(x).
EBamplezs 3  If the gradient at a point (x, ) on a curve is given by 627 and the curve passes through
(0,12}, find the equation of the curve.
Bxampie2? % Find y in lerms of x in each of the following:
a % =2r—1,and y=0whenx =1
b E'3—.::1.:111 r=1whenx=10
dx - »= e
cdy- * + 2x, and y = 2 when x = ()
T X+ ix andy=.2L X =
dy :
_— = s - =
d e J—r,andy=2whenx=3
dy 4
@ — =2r +x and y=0when x=1{(
dx
dv
5 Assumt:l:hulm = —ifort= 1, amd that ¥ =9 when t = 3.
a Find V interms of 1.
b Caleulate the value of V when t = 10.
8 'The gradient of the langent at any point (x, f{x)) on the curve with equation v = f(x) is
given by 32— 1. Find Jix)if the curve passes through the point (1,2), 1.e. (1) = 2.
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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IFSum mary 17E

m Antdernvative of 2% [or g e MU [0):
1

f.:"‘d_::= +

n+1

= Rules of antidifferentiation:
o [fx)+g0de= [ flx)de+ [glx)dx
o [ f@)-glo) dx = [ fx)dx— [ g(x) dx
. ‘]Ir.kﬂ-l'_! dxr= kfﬂ_x] dx. where & 15 a real number

Exercise 1TE
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600 cChapter 17: Differentiation and antidifferentiation of polynomials 17E

dw
7 a Which one of the following graphs represents ﬁ = 2000 — 20, 1 = (0!

A dw ® dw) € dw ® dw
di i

b Find win terms of 1 if when @ = 0, w = TO0 000,

8 'The graph shows j—}l against x for a certain curve with dy
£ ¥

equation y = f(x). dx
Find fix), given that the point (0, 4) lics on the curve. 3

0 N ¥

8 Find the equation of the curve y = [{x) which passes through the point (2, —6) and lor
which [{x) = _1:2{_.1' — 3.

10 The curve v = f(x) lor which f"(x) = dx+ k, where £ s a constant, has a luming pomnt
at(—2, -1
a Find the value of k.
b Find the coordinates of the point at which the curve meets the v-axis.

11 Given that ﬂ = axr + 1 and that when x = 1, ? = 3 and v = 3, find the value of v
whenx =12 %

12 The curve for which ﬂ = 2x+ k, where k 15 a constant, 1s such that the tangent at (3, 6) E
passes through the ori g-li-n. Find the gradient of this tangent and hence determine:
a the value of k
b the equation of the curve.

13 Thecurve vy = fix) for which f"{x) = 16x + &, where & is a constant, has a turning point
at(2, 1)
a Find the value of &
b Find the value of fix) whenx =7,

14  Suppose that a point moves along some unknown curve ¥ = f(x) in such a way that, at
each point (x. v) on the curve, the tangent line has slope 22, Find an equation for the
curve, given that it passes through (2, 1),
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17F Limits and continuity 601

Limits and continuity
Limits
It 15 not the inteotion of this course o provide a formal inroduction o Lmits. We reguire only
an intuitive understanding of limits and some fairly obvious rules for how 1o handle them.
The notation lim f(x) = { says that the limiat of f{x), as xapproaches a, 1s £
We can also say: ‘As capproaches a. f(x) approaches £

This means that we can make the value of f{x) as close as we like to £, provided we
choose r-values close enough to a.

We have met a similar idea earlier in the course. For example, we have seen that him fix) =4

|

for the function with rule fix) = = + 4. The graph of y = f{x) can get as close as we hke o
¥

the line v = 4, just by taking larger and larger values of «

As we will see, for many functions (in particular, for polynomial functions), the it ata
particular point is simply the value of the function at that point

©

Find lin% 3.
Solution Explanation
Ii|1_1_r3.r1 =322 =12 As x gets closer and closer 2. the value

of 327 gets closer and closer o 12,

If the function 15 nol defined at the value for which the limit is o be found, a different
procedure is used.

Example 29

3
Fot ) = ot o ot o ()
x—2 a2
Solution =
Observe that A
202 —5x+2 i
fly= =272 3 i
=2
(2= 1)x—2) ]
= x—2
=2x—1 (For x 3 2) 1
Hence ii_igj'{x} =13, . e
0 | 2
The graph of f: R\ (2} — B, f(x) = 2r— 1 is shown. I
=)
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B02 cChapter 17: Differentiation and antidifferentiation of polynomials

We can investigate Example 29 funther by looking al the values of the function as we take

x-values closer and closer to 2.

Observe that f{x) is defined for x e B\ 2], <? [ IS

E}:?::LET-J]L behaviour of f(x) for values of x £(17) = 24 £(2.3) = 3.6
f(1.8) =28 f(2.2) =34

From the table, it 1s apparent that, as x takes F(19) =28 f(2.1) =32

values closer and closer to 2 (regardless of . ’

whether xapproaches 2 from the lefi or from L9 =228 S0l =342

the right), the values of f{x) become closer , f(1.999) = 2.998 f2.001) = 3.002

and closer to 3. That s, |iIl4 flxy =73,
MNote that the Hmit exists, bul the function 18 nol defined at = 2.

Algebra of limits

The following important results are useful for the evaluation of limits.,

Suppose that f and g are functions and that g is a real number. Assume that both !i_"dﬂ'ﬂ
and Li_rﬂg{.r] exisl,
= Sum: lim(f(x) + glx)) = lim f(x) + lim g(x)
That is, the limit of the sum s the sum of the limits,
m Multiple: it_lﬂ kfixy=k i:_l:n“ f{x}, where k is a given real number.
m Product lim(f(x)g(x)) = lim f(x) lim g(x)
Thiit s, the it of the product s the produt o the it

lim f{x)
m Quotient: i'—[ﬂ% = ;;: e provided li_r&_gtx} +14)

That is. the limit of the quotient is the guotient of the Hmits.

RCIN Example 30

Find: 2
. . x4 2 \ —Tx+ 10
o B e B
Solution
1 =1 i i M= h i 2
a Lﬂiﬁh +4) LE (3h) + }Il_TrM} b {:I._l:lg4.‘l‘{.‘l’+ ) £1_r.|_1{4.ﬂ 111.1__:;{_r+ 2}
=0+4 =8x4
. Sx+2 : LB —Tx%10 | (x=Wx—=9)
S TR Sl o et
=17 =1 !i_rg[.r—l‘] | 3
=1 C limix+5) 10
x5
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17F Limits and continuity 803

Left and right limits

An idea which 1s useful in the following discussion is the existence of limits from the lelt and

from the right. This is particularly useful when talking about precewise-defined functions.

m If the value of f(x) approaches the number € as x approaches a from the nght-hand side,
then it is wrllen as |imr Jixy=1L.

m I the value of f{x) :i;;ﬂ.muhcs the number ¢ as x approaches a from the lefi-hand side,
then it is wrilten as lim f(x) = £.

m The limit a5 x :lpprn::s:;i‘u:ﬁ a exists only if both the limat from the left and the limit from the
right exist and arc equal. Then !l_l:]l fixy=4¢

Piecewise-defined function
The following is an example of a piecewise-defined function where the limit does not exist

for a particular value.

-}I
o fozgx<1 4
6 —e
Let fix) =45 ifx=1
54 -
i £
6 ifl<x<2 4
It is clear from the graph of § that ]in}.f{x} does not 3
exist. However, if x 15 allowed to approach 1 from 24
the left, then f(x) approaches 1. On the other hand, if | 4
x is allowed o approach 1 from the nght then f{x) _// .
approaches 6. Also note that /(1) = 5. | 2

Rectangular hyperbola

As mentiomed at the start of this section, the notation of lmits 15 vsed o descrbe the
asymplolic behaviour of graphs.

Consider g2 B4 ()] — E, glx) = l The behaviour of g x) as xapproaches O from the lefi is
x
different from the behaviour as x approaches O from the right

With lirmit notation this 15 wrillen as: ¥
li = il i x) =
ga=—m ad et =o

Now exarmmime this function as the magnitude of x becomies sxy=1
viery large. [ can be seen that, as x increases without bound *
through positive values, the corresponding values of g{x) 0
approach #ero. Likewise, as o decreases without bound

through negative values, the corresponding values of g(x)

also approach zero.
Symbolically this 1s writlen as:
lim g{x)= 0" and lim glx) =0~

T—E F—4—m
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604 cChapter 17: Differentiation and antidifferentiation of polynomials

Continuity at a point

We only reguire an miuitive understanding ol continuity.

A function with rule f{x) 15 said 1o be continuous at x = a 1f the graph of v = f{x) can be
drawn through the point with coordinates (a. f{a)) without a break. Otherwise, there is
said 1o be a discontinuily at © = a.

We can give a more formal definition of continuity using limits, A function [ is continuous al
the point x = a provided f{a), lim f(x)and lm f{x) all exist and are equal.

L—sir

We can state this equivalently as follows:

A function [ is continuous at the point x = a il the following conditions are met:
m fix)isdefinedat x=a
m lim f(x) = fla)

Sl

The function is discontinuous al a point if il 1% nol continuous at that point.
A function is said 1o be continuous everywhere if it 1s continuous for all real numbers. All
the polynomial functions are continuows everywhere. In contrast, the function
o oifr=l
hix) = -
G Hxz1

is defined for all real numbers bul is nol conlinuous at x = 1.

C]l Exampie 31

State the values For x for which the functions shown below have a discontinuity:

a ¥ b ¥ c ¥
& | |
3 o«
3 . : 34
2
2' l 2 7 (i

Solution
a There is a discontinuity at v =1, since f{1) = 3 bul lint'l+ fixy= liIIE1 flixy=2
b There is a discontinuity at x = 1. since f{1) = 2 and |il';1 fixy=2hut Iir? flxy=13.
There 1s also a discontinuity at x = —1, since fi{—1) = 2 and ]irr: Fix)y=2but
L=

lim f{x) = —oo.

T—i—11

¢ There is a discontinuity at x = 1, since f{1) = 1 and Iir||1 fixy=1but IirE: Sfix)=2.
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17F Limits and continuity 805

Example 32

For each function, state the values of x Tor which there is a discontinuity, and use the
definition of continuity in terms of fla), lim f(x) and lim fx) w expluin why:
it a—=il

P 2x ifx=10 b () x ifxz=0
a X)) = Ty =
=2x+1 ifx<i) —2r+1 ifx=li
x ifx=-1 -
=41 il x=0
e filx)=3x f—1<x<0 d f(x)=
2x1+1 Hdxr=D
—2x+1 ifx=0
ifx={
o fx)= £ ifx=
—2r ifx<0

Solution
a fl0)=0but li.r# fixy = 1, therefore there is a discontinuity at x = (.
b f{0)=0but im f{x)= 1. thercfore there is a discontinuity at x = ().
z—
e fi—1)=—1but l:'m':I flx) = 1, therefore there is o discontinuity al x = —1.

f10y = 1 but lim f{x) = (), therefore there is a discontinuity at x = ().
r—)"

d No discontinuity. e No discontinuity.

F’Sum mary 17F

® A function [ is continuous at the point x = a1l the following conditions are met:
o flx)isdefinedaix=a
o lim f(x) = fla)
m The function is discontinuous at & point if it is not conlinuous at that point.
® A funetion is said to be continuous everywhere if it 1s continuous for all real numbers;
All the polynomial functions are continuous everywhere.
m Algebra of limits Suppose that f and g are functions and thal & is a real number.
Assume that both im f(x) and m g{x) exist
T—i T—a
s lim{fix)+glx)) = lim fi{x) + lim glx)
I—wi il A—Hr
That 15, the limat of the sum is the sum of the limits.
s limkfilx) =4 lilnd,f{r}. where £ is a given real number.

o lim(f{x)glx)) = !i_r.n fix) limg(x)
That is, the limit of the product is the product of the limits.

o _lme

= ﬁ - lim g{x)

That is, the limit of the quotient is the guotient of the limits.

. provided l'ﬂ. gix) # 0.
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Exercise 17F

Example2d 1

Find the following limits:

17F

Exampla 24 a liml15 b lim{x—3) ¢ lim (3x—5)
i &+ 1
Eg]
_3 . P+ R4
d == e imt 12" f lim &
-3+ 5 =1 1+ i x
£ -1 2-2x
" . 3 3
ol - = o8- A g
. O—8 k& I —x—10 L 2-3x+2
1 B g s s
il == 2 22+ 55— 14 w1 2 —6x+5
Example3o) 2 [Find the following limits:
a lim(3h-—1 b lim#A(Zx+3 ¢ lim(5—-2h
ROR=D R o=
. 3x—1 . W —3h—18 =
g * MR- gt =
Example31l, 3 [or cach of the following graphs, give the values of x at which a discontinuity occurs.
Giive reasons.
a v b ¥
B
_2._/\':
; -1 . — -
l 3.4 2 5 7
Bampie32. % For the following functions, state cach value of x at which there is a discontinuity. Use
the definition of continuity in terms of f{a), lim f(x) and lim f(x) W explain why cach
a—at Kk
stated value of x corresponds o a discontinuity,
: 3x ifx=0 242 ifx>1
a flx)= ) b flx)= .
—2x+2 ilx< —2x+1 ifx<l
—x Hr=-1
e f(x)=4{12 if—1=x<f)
—dx+1 ifx=0
5 'The rule ol a particular function is given below. For what values of xis the graph of this
funciion discontinuous?
2 ifr=<1
y={x—4-9 ift<x<?
=7 ifx=7
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176G When is a function differentiable? 607

s¥{c) When is a function differentiable?
(i By — F
A function [ 15 sawd o be differentiable wt x = @ if }II_I!"I: M exists,
The polynomial functions considered in this chapler are differentiable for all real numbers.

However, this is not true for all unctions. S

For example, consider the function |
¥y=f(x)

§ r ifxz=0
Hxh=

—x ifx<0

The graph of y = f(x) is shown on the right, (This is

Y
Ly

called the modulus function. )

Now consider the gradient of the secant through the points (0, 0) and (A, f{k)) on the craph
of ¥y = flx)k
fO+hy— f()  fih) 1 h=0
h k|1 k<D
The gradient of the secant does not approach a unigue value as i — ().

Cf0+ Ry — f(0)
T
The gradient of the curve v = fi{x) is | to the fght of (,
and —1 1o the left of (1. Therefore the denvative function

_— | »=1)
is given by 1 T—
1 ifx=0 N
{]| =

We zay that does not exist. The function § 18 not differentiable at x = ().

i

=1 x<h
The graph of y = ("(x) is shown on the nght, -1
ECIN Example 33 v
Draw a sketch graph of 7 where the graph of £ is as
tllustrated. Indicate where (* 18 not defined. 2
—1 1 _
TS
Solution .
The denvative does not existat x = (), o
ie. the function 1s not differentable at x = (.
2
0 =
_ET_
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It was shown in the previous section thal some piecewise-defined lunctions are continuons

everywhere. Stmlarly, there are precewise-defined functions which are differentiable

everywhere. The smoothness of the ‘joins” determines whether this is the casce.

ECIR Exampie 34

For the function with following rule, lind {x) and sketch the graph of v = (<)

2] ifxrz=0

2x+1 ifx<0
Solution
2x+2 ifx=0
f{x) =
s {2 ifx<()

In particular, (0} is defined and is egual to 2. The
two sections of the graph of ¥ = fi{x) join smoothly
at the point (0, 1).

For the function with rule
2+ +1 ifxz=0

x+1 ifx<0

ﬁ.’xlgl

state the set of values for which the derivative is defined, find "{x) for this set of values

and sketch the graph of ¥ = f(x),
Solution

2x+2 ifx>0
£ = X+ ifx>
1 ifx<()

S0y 15 not defined as the limits from the lefi and
right are nol equal.

The function [ is differentiable for B\ {0}

:

it

Summary 17G

A function [ 1s said to be differentiable ut x = a irel.i_Tm

& Michael Evans et al 2022

fla+h)— fia)
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Exercise 176G

Example3s 1 In each of the figures below, the graph of a function [ is given. Sketch the graph of .
Obviously your skeleh ol f° cannot be exact; but f{x) should be zero al values of x for
which the gradient of [ is zero, and *(x) should be negative where the orginal graph
slopes downwards, and so on.

a ¥ b 3

A
]
AR f&ﬁ%’

EBample3s 2 For the function with following rule, find f*{x) and sketch the graph of y = f*(x):
—x' +3x+1 ifx=0

dr+1 ifx<0

fix) = {

Example3s: 3 [or the function with the following rule, state the set of values for which the denvative
15 defined, find f7(x) for this set of values and sketch the graph of v = (x):
OT+2x+1 ifxz1

‘ﬁ'ﬂ_{—znj Fizl

& For the function with the following rule, state the set of values for which the denivative
is defined, find f*(x) lor this set of values and sketch the graph of v = f*{x):

—2—3x+1 fxz=—1
fix)= N
—2x+3 ifx=<—1
ISEM 973-1-009-11045-7 2 Michael Evans ef al 2022 Cambridge University Press
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610 Chapter 17: Differentiation and antidifferentiation of palynomials

Chapter summary

The derivative
# The notation for the limit as b approaches 0 is lim.

H—l¥

m For the graph of v = flx): ¥
« The gradient of the secant PQ is given by A

flx+h) = [lx)

h
o The gradient of the angent to the graph at .|
the point P is given by P .f6)
fim flx+h) - fix) 0
f—s() h

s The derivative of the function [ is denoted 7 and 15 defined by

f{x}=}ni;l-%f{x+hh}_f{1}

® Atbapoint {x, f{x)) on the curve ¥y = f{x). the

gradient is f7(x). Rla. ﬂﬂ}) y=fix)
For the graph shown:
s fix)>Oforx<agandforx> b -

o fixy<Ofora<zx<kh
o flx)=0lorx=aandforx= b 5{5‘ FB))

i=) 1:54—3

Qix+h, fx+h))

Rules for differentiation
m For fix) = ¢, f(x) = 0. That is, the derivative of a constant function is z2ero.

For example:
» flx)=1,x)=0 s f(x)=273 (=0
s For f{x) = %, ['{x) = nx", where n is a non-zero inleger.

For example:
s flx)=x’ f2)=2x s flx)=2, f'(x) = 32
o fl=x" filx)=—x" s flx)=x72, f(x) =357

8 For fix) = k gix), where & is a constant, f*{x) = &k g'(x).
That 15, the denvative of a number multiple 15 the multiple of the dervative,

For example:
s fx) =32, f(x) = 3(2x) = 6x s flx) =52, f'(x) =5(32) = 152

® For f(x) = glx) + hix)., f'(x) = g'{x)+ K{x).
That is, the derivative of a sum is the sum of the denvatives.

For exumple:
o flx)=x2+2 f(x)=2xc+32 s f(x)=32+50, ffx)=6x+4 152
BN 575-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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Chapter 17 review 611

s If F'(x) = fix}, then Jrf{x} dx = Fix)+ ¢, where ¢ 15 an arbitrary real number.,

+1

]-H:, where i BoU (0]

= er"dx=xn

s f_r[x} +g{jr;dx = fﬁ[x_} dx+ fg{x} dx
8 [kf()dx =k [ f(x) dx, where k is a real number.
Algebra of limits
® lim( f{x)+ gix)) = lim flx) + lim gix)

fﬂ_; is, the limit uI‘:J;:sum 1% :t::sum of the limts,
© iﬂ kfix) = k!i_r.nﬂf[x}f where k 15 a real number.

® lim (f(x)g(x)) = lim f(x) lim g(x)
That is, the limit of the product is the product of the limits.
lim f{x)

g {8 _
—a glx)  limgl(x)

That is, the limt of the guotient is the guotient of the limits,

. provided lim g(x) # 0.
x—al

Continuity
& A function f is continuwous at the point x = a il
o flx)isdefinedalx=a
e lim f{x) = fla)
) “]‘lu:_l’uuncl.iun i5 discontinuous at a point if it 15 not conlinuous at that point.

Technology-free questions

1  Find the denvative of cach of the following by first principles:

a y=3x+1 b y=4-—1 e y=x +5x
d y=x+x e y=x'+2x+1 fy=3"—x
. dy

a y=3"-2x+6 b y=35 c y=2x2—-1x)

It

d y=H2x—1)5=+2) g v=(x+1}{3x-2) f oy={x+1}N2-3x

3 Find ﬁ when:
dx

a y=—x b v
P

d y= o e y

- (x+3)2x+1)
=

]

1] e ¥

uf‘+31‘1
22

& For cach of the following functions, find the v-coordinate and the gradient of the tangent

al the point on the curve for the given value of x:

ay=4x -2z, x=2 b y=322-52, z=-1
c y=5—1.c+1r1—tl-f, =1 d y=(x—5){x—6), x=4
ISBM 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Pre
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612 Chapter 17: Differentiation and antidifferentiation of palynomials

5 Find the coordinates of the points on the curves given by the following equations at
which the gradient of the tangent at that point has the given value;

i dy v,
a y=xr—3x+1, E—ﬂ b y=2-6x+4, E;——Il
e y=x'-x, E=—l d y=x"-2z+7. E=l
dx dx
dv il
o y=r*-204+1, 2=0 fy=x(x—3)% —2L=0
) drx : dx
8 For the function with rule f{x) = 3(2x — 1), find the values of x for which:
a fixr)=0 B fMxy=0 c flixy=0
d ffix)<0 e flx)=0 f fix)=3
7 Find the derivative of cach of the following with respect o x
| |
—1 b 11.—3 g d —
B x C i e
3 2 gx I+ 2x 2
P p X s s hSe—=
x i x x

8 The curve with equation y = ax” + bx has a tangent with gradient 3 at the point (1, 1).
& Find the values of a and b,
b Find the coordinates of the points on the curve where the gradient is (.

Pini:
a f%u& b I%Ed: e [ +3xdx d [(2e+3) dx
o [ardi ¢ f%r"d; g [W+N—Ddi b [@—0e+1)de

10  The curve with equation y = f(x) passes through the point (3, —1) and f({x) = 2x + 5.
Find fix).

11 The curve with equation y = [(x) passes through the origin and f*{(x) = 32" —8x+ 3.
a Find fix). b Find the intercepis of the curve with the r-axis.

12  The gruph of v = f{x) is shown. Sketch the graph of v = f*(x).
(Not all details can be determined, but the x-axis intercepls and
the shape of graph can be determined.)

13  For the graph of y = h{x), lind: ¥
4,.3)
a {x: x>0} T Ay =hix)
b [x:{x)<()

-
g lx:h(x)=0} % \
{—L }
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Multiple-choice questions

1 The gradient of the curve y = x + 4x at the point where x = 2 is
A 12 B 4 c 10 D 16 E 2

2 The gradient of the chord of the curve y = 2x* between the points where x = 1 and
x =1+ his given by
A 2x+ kY —207 B 4+2h c 4
D 4x Ed+h

d
3 Ify=24" -5 +2_Lhm:;‘£m.1ualx
£

A 83 —-5242 B 4 — 152242 e 4 — 102
D 82— 1542 E 82 — 1527

& If f(x) = x{x+ 1), then [*(—1) equals
aA -1 B 1 c 2 D -2 E S

5 If fx) = (x— 3P then /7(x) cquals

A x—3 B -6 e 2r—6 D 2:+9 E 2x
6 [f:P’=M+ﬂ1E:H£ﬁ.]HEIH
ix dx
9 ¢t 80 + 18
A S-+6r B 2043 € 2:2+3 D % E 80+ 18x

7 Given that y = x> — 6x + 9, the values of x for which :_y > Oare

T
A =1 B >3 C r=-3 D r=-3 E <=3

8 If y=2x" — 362", the points at which the tangent to the curve is parallel to the x-axis are
A 1, 0and3 B Oand3 C —3and 3 D Oand -3 E -3 0and3

8 The coordinates of the point on the graph of ¥ = 2* + 6x — 5 at which the tangent is
parallel o the line y = 4x are
A (-1,-10) B (-1.-2) c (1,2) D (-1,4) E (—1.1)

10 Lfy=—1:3+311—x+l,thmj—ymua!ﬁ
X

A 6:246x—1 B —6x2+6x e 62 +%x—1
D 62 +6x—1 E 62 —6x—1
1SBM $78-1-009-11045-7 2 Michael Evans et al 2022 Cambridge University Pres
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614 Chapter 17: Differentiation and antidifferentiation of palynomials

Extended-response questions

1 The diggram to the nght shows part of

the g;rﬂphufﬂﬂguiltstx. i

dx dx /
Sketch a possible shape for the gruph
of v against © over the same interval if: .
# y=—1whenx=-1 /[I

B y=0whenx=10
m yv=1whenx=2

ﬂrﬂ\/i-‘
¥

2 The graph shown is that of 4 polynomial function of the form
Plx) = ax’ + b + cx+ d_ Find the values of a, b, cand d.

R2.3)
Mote: (N1,—2) is nol a fuming point.
i f~x
0{11 _2]
. . X 1 14,
3 Abud}'muﬁ'{:i{mnpathdcscnbm]hyll:muquahun}rz§x§+;x,tmxiﬂ. E

Umnits are in kilometres, and x and v are the horzontal and vertical axes respectively.
a What will be the direction of motion (give your answer as the angle between the
direction of motion and the r-axis) when the x-value 1s:
i lkm ii 3km?

b Find a value of x for which the gradient of the path is 32,

4 A trail over a mountain pass can be modelled by the curve y = 2+0.12x— 0,015, where
x and y are the horzontal and vertical distances respectively, measured in kilometres,
and D <x <3,

a Find the gradients at the beginming and the end of the trail.
b Calculate the point where the gradient is zero, and caleulate also the height of
the pass.

5 A tadpole begins o swim vertically upwards in a pond and afier 1 seconds it 15
25 — 0.1 cm below the surface.

2 How long does the tadpole take to reach the surface, and what is its speed then?
b What is the average speed over this time!?
& a Show that the gradients of the curve y = xix — 2) at the points (O, O) and (2. 0) only
dilfer in sign. What is the geometrical mierpretation for this?
b If the gradients of the curve v = xix — 2)(x— 3) at the points ((L,0), (2, () and (3,0)

m‘t:f',mundnrcsp::m\rclpsimwﬂmlg+;+;='[.'I.
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