18

Applications of
differentiation of
polynomials

Objectives
# To be able to find the equation of the tangent and the normal at a given point on a
polynomial curve.

# To use the derivative of a polynomial in rate of change problems.

» To be able to find the stationary points on the graphs of certain polynomial functions
and Lo stale the nature of such points.

» Toapply differentiation to sketching graphs of polynomial funetions.
» Toapply differentiation to the solution of maximum and minimum problems.

¥ Toapply differentiation to problems involving motion in a straight line.

The new technigues Tor sketching gruphs of polynomial functions are a useful addition 1o
the skills that were introduced in Chapier 6. At that stage, rather frustratingly, we were only
able 1o determing the coordinates of turming points of cubic and quartic functions using
technology. The new lechnigues are also used for determinming maximum or minimum values
for problems set in a *real world” context

The use of the derivative o delermine instantancous rates of change is 4 very important
application of calculus. One of the first arcas of apphed mathematics w be studied i the
sevenleenth cenlury was motion in a straight line. This was the motivation for Newton's work
on caleulus,
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B16 Chapter 18: Applications of differentiation of polynomials

ik:7.Y Tangents and normals

The derivative of a function 1s a new function which gives the measure of the gradient of the
tangent at each point on the curve. 1 the gradient 15 known, it is possible to find the equation
of the tangent for a given point on the curve.

Suppose (xy, v ) 15 a point on the curve v = f{x). Then, if f s differentiable at x = xy, the
equation ol the tangent al (x;, ¥y ) is given by ¥y — vy = " x — o).
HOMN Example 1
Find the equation of the tangent fo the curve y = & + 27 at the point where x = 1.
Solution

Whenx=1.y= %,mld&u{l,%}ihapuinlun&l:: langent,

i 2 ; .
Since d—F = 3x" + x, the gradient of the tangent o the curve at x = | is 4.
b
Hence the equation of the tangent is

= % =dx—1)

which becomes y = 4o — .—i_

o ] y
Using the TI-Nspire
Lls¢ [menu| > Caloulus > Tangent Line Lo T
caleulate the tangent to the curve al x = 1. o 5
p-nmwu.m{t *-Tx‘.r-].) =4 e
|
L A
P ; B
Using the Casio ClassPad
The tangent 1o the graph of y = x* + ix—* al x = 1 can be fpund in two ways,
Method 1 tanking B
m In E, enter and highlight the expression x + %_1:""_ Ewprassian: XT3 ((1)7(2) |
2 . o : . WYarishle: : |
m Sclect Interactive > Caleulation > line > tanline. M N

Pint: 1 |
m The pop-up window shown will appear. Enter the -

vilue 1 for the point and tap oK. [I]

) ;t I ;:,h;?{ .s':: E?‘T+| 1

tlem[.xsi-%-xi, %l ] ﬂ

4-1-:-%
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18A Tangents and normals 617

Method 2

s In .E, enter the expression © + %.r" in yl.
Tick the box for y1 and select the graph icon 22,
Select Analysis = Sketch > Tangent.

When the graph appears, press the e-value of
interest, in this case x = 1, and the window shown
below will appear. Tap ox.

Enter Valie

x-vahmi[]

[ ]  [(l]

& The tangent at x = 1 15 drawn on the graph,

m To view the equation of the tangent, tap [ExE).

m The tangent equation is shown at the bottom of
the screen.

. /

The normal Lo a curve al a poinl on the curve is the line which passes through the point and
15 perpendicular to the tangent at that poanl
Recall from Chapier 2 that two lines with gradients my and ms are perpendicular if and only

if mymz = —1.

1
Thus, if a tangent has gradient m, the normal has gradient ==

Find the equation of the normal to the curve with equation y = x* —2x* at the point (1, —1).

Solution
The point (1. —1) lies on the normal.

Since j—.’ = 3x" —4x, the gradient of the tangent at x = 1 s —1.
x

Thus the gradient of the normal at x = 1 is _—: =1
Henee the equation of the normal 1s
y={-1)=1lx-1)

e, the equation of the normal is y = x—2.
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618 cChapter 18: Applications of differentiation of polynomials 18A

AT : R
Using the TI-Nspire
Use (menu| = Caleulus > Nermal Line to calculate T3
the normal to the curve at the point (1, =1}, L.e. j_nmu“LE_:I ’2’“1:' i
whenx = L.
¥
. S
"o '
Using the Casio ClassPad
The normal to the graph of y = ' — 27 at the point (1, —1) can be found in two ways.
Method 1
m In E, enter and highlight ©* — 22 @ Edit Actlon Interactive
® Sclect Interactive > Calculation > fine = normal. i ] f* ] E:;]I““"Tf?i v [""]‘"! "'t
& In the pop-up window that appears, enter the normal{ x3-2x2, %, 1) 4]
value 1 for the point and tap ok. x-2 .
Method 2
m In Eﬂ‘], enter the expression © — 2 in yl. P e S |
m Tick the box for y1 and select the graph icon 22, Il
# Sclect Analysis = Sketch > Normal.
m When the graph appears, press the c-value of
interest, mn this case x = 1. Tap ok.
m The normal at x = 1 is drawn on the graph.
m To view the equation of the normal. tap (EXE.
N, J
‘J'_
Summary 18A

s Equation of a tangent line
Suppose (x;. v ) s a pointon the curve y = f(x). Then, if [ is differentiable ot x = 1,
the equation of the tangent to the curve at (xy, ¥) is given by y — 3 = f(x)x— x1).
a Gradient of a normal line i
Il & tangent has gradient m. the normal has gradient ——.
m

=) I

Examplel 1 Find the equation of the tangent and the normal @t the given point (or:
Example 2 a fio=2x (2.4 b fix)=(2x—1), (2,9)
¢ flo=3x—x. @2 d fix)=9x—x", (1.8

2  Find the eguation of the tangent 1o the curve with equation ¥ = 35" — 40 + 20— 10at
the point of intersection with the y-axis.
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iBA 18E Rates of change 619

3  Find the equation of the tangent to y = x* at the point (1, 1) and the equation of the
1 4
tangent Lo y = EJJ at the point {2, —3-]
Show that these tangents are parallel and find the perpendicular distance between them.

4 Find the equations of the tangents to the curve y = © — 6 + 12x + 2 which are parallel
to the line y = 3x.

5 The curve with the equation ¥y = (x — 23 x — 3)(x — 4) cuts the x-axis al the points
P=(20)0=(30)and R = (4,0).
a Prove that the tangents at P and R are parallel.

b At what point does the normal 1o the curve at (2 cut the y-axis?

8 For the curve with equation y = x4+ 3, show that y = 2ax — g + 3 is the equation of the
tungent al the point (a, a” + 3).
Hence find the coordinates of the two poinls on the curve, the tangents of which pass
through the point (2, 6).

7 a Find the equation of the tangent at the point (2. 4) to the curve y = © — 2.
b Find the coordinates of the point where the tangent meets the curve again.

8 a Flind the equation of the tangent to the curve y = © — 9% + 20x — 8 at the point (1, 4).
b At what points on the curve 15 the tangent parallel o the hine dx+ y—3 =07

Rates of change

The derivative of a function was defined geometrically 1n the previous chapler. But, as seen
in Chapler 16, the process of differentiation may be used to tackle many Kinds of problems
mwvolving rates of change.
For the function with rule f(x):
b)— fla
m The average rate of change for x € |a, b] 15 given by %.
= The instantaneous rate of change of [ with respeet to x when o« = a is defined to
be f*(a).
Average rate of change has been discussed in Chapler 16.
I . . d .
I'he instantancous rate of change of ¥ with respect o x is given by E‘E, that is, by the
x
derivative of ywith respect o x.

dy . . . ; : .
m Il — = 0, the change is an increase in the value ol v corresponding to an increase in x

x
dy . x : ; ) :
m i o 0, the change 15 8 decrease in the value of v cormesponding Lo an increase in x.
T
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620 cChapter 18: Applications of differentiation of polynomials

For the function with rule f{x) = x>+ Zx, find:

(&)

o

a the average rate of change for x e |2, 3]
b the average rate of change for the interval [2,2 + i)
¢ the instantaneoas tate of change of [ with respect to x when x = 2.

Solution

N—F(2
ﬂ}—gl};lﬁ_ﬁ;?

a Average rale of change =

f2+ k) - f(2)

b Average rate of change =

2+h-2

C(2+h+22+h) -8
- h

d+dh+ i +4+2h—8
- h

6h + i
ok
=0+h

¢ The derivative 1s M{x) =21+ 2. When x = 2, the instantaneous rate of change 1s
{"{2) = 6. This can also be séen from the result of part b.

= ™
Using the TI-Nspire
m For parts a and b, use the catalog o access _
I]1LA‘I!‘BI‘a.gﬂ ag Rate of Change commund “‘ML:‘J‘ cx=2.1) 7
(=1 ][A]) and enler as;
. : i i & avi!-'.ﬂ.'{-jq-:-:r.t-l_ﬁ} A
aveRC{expression, x = initial value, step size)
i . - L]
® lor part ¢, use menu| > Calculus > Derivative ;{t rralez
at a Point und complete as shown. |
L= J
3
A balloon develops a microscopic leak and graduoally decreases in volume.
1ts volume, V (cm’), at time 1 (seconds) is V = 600 — 101 — m:“', =4k
a Find the mte of change of volume after;
i 10 scconds
il 20 seconds
b For how long could the model be valid?
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18E Rates of change 621

Solution
1 5
a V—-fﬂm—ll.].r—hl-m-jx
dV 10 i
dr S0
dV 1

i Whent=10, — =-10—=
] cn-f i 3

i
=102
i.¢. the volume is decreasing al a rate of H]_% cnr per second.

. dV
it Whent =20, — =-10-
it

| 3

3
= —102
i.¢. the volume is decreasing al a rate of H]% em” per second.

b The model will not be meaningful when Vo< (L

Consider V = ()

$ocs
600 — 10t= —r =10
100

10+ V100 + 4 x 0.01 x 600
—0.02

o t=—105678 or (=36T8 (loiwo decimal places)
Hence the model may be suitable for () < 1 < 5678,

e, 3 %
Using the TI-Nspire
Assign the lunction (i) as shown, F_
a Use [menu) > Calculus > Derivative and cnier ) t00~ 10 pmmme 12 done
the required t-values using the | symbol o
{ (et} = ) to evaluate the derivative of wW(it) 2l he=t 10,207 {Eﬁ]
— .
at1 =10 and ¢ = 20, ' o
Press (otrl ) enter | 10 obtain the answer as a f'{?{f]]h"'i 10,20 | 1-10.2-10.4}
o —— L
decimal number,
|
Note: If you used (menu) > Caleulus > Derivative at a Point instead, then each r-value
wiolld need Lo be evaluated separately.
o To i the domin, e T
solvelv() > 0.1 | 1= 0 solvelil>0ir-0 o<r<100: ({31 =)
Press (etrt)[enter | 10 obtain the answer as a salve{i>0.)0 0.er<56, 7764
decimal number [
. J
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622 Chapter 18: Applications of differentiation of polynomials

o :
Using the Casio ClassPad o
m In 7. enter and highlight 600 — 10¢ — mﬁ_ © Efit Action Interactive
3 5] [N (1798 BN

m Sclect Interactive > Define. Enter the function _L* ] be lhni m{_‘-l ]+I *E
name V using the (3be | keyboard, set the variable ~ Define V(1)=600-104-71542 B
Lo ¢ using the [ var | keyboard, and then tap ox. done

m In the next entry line, enter and highlight Vir). FRALCE

= (o Lo Interactive > Calculation > diff. Sct the ={e+500)

R &0
variable to 1 and tap ox.
- : , Ly 12=10
m To substitute values of 1, insert | from the di

Math3 | keyboard and type ¢ = 10 or ¢ = 20 after -*%-1—

the derivative, as shown. 4
at (VI le=20
_52
2
L1
= To find the domain, select [soved] from the [Matn3] © Efit Action Interactive
keyboard and enter: o [Eafsee 2 T
V) > 0.0) 11> 0 o _ﬂﬂ
Mote: You can copy and pasie Vif) from the entry alva (V£ 30, 2) [£20 ’
line above. {0<1<100-vIT-500}
solve (V) >0, 8] 230
{041<66. TTE43628}
- [ ¥ ]
8 The domain can also be obtained graphically by s ERD0-10-5—%"2/100

finding where ¥V = ().

L 56, TT6436

LIk
\ S
-
Summary 188
For the [unction with rule f{x):
B =
m ‘The averapge rate of change for x € |a, b] is given by %‘
m The nstantancous rate of change of f with respect to xwhen x = a s f"(a).
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18B 18E Rates of change 623

Exercise 188

Examples 1 Lety=35+12x%
a Find the change in y as x changes from 1 to 2. What is the average rate of change
of v with respect to x in this interval?
b Find the change in y as x changes from 2 — f to 2, What is the average rate of change
of ¥ with respect to x in this interval?
¢ Find the rate of change of y with respect to x when x = 2,

Exampled 2 Acconrding to a business magasine, the L.xg:ﬁ.v:d assets, $M, of a proposed new company
will be given by M = 200 000 + 6002 — Tfj, where s the number of months after
the busimess is sel up.

a lind the rate of growth of assets at tme r months.
b Find the rate of growth of assets at time ¢ = 3 months.

© When will the rate of growth of assets be zero?
3 Asaresult of & survey, the marketing director ol a company [ound that the revenue, 3R,
from pricing 100 produced items at $P cach is given by the rule 8 = 30P — 28,
. dR ; :
a lind 7P and cxplain what it means.
. di
b Calculate — when # = 5 and P = 10.
dP
¢ For what selling prices is revenue rising?
& The population, P. of a new housing estate ¢ years after 30 January 2017 is given by the
rule £ = H00(5 + 1 — 0.25/). Find the rate of change of the population after:
a 1 year
b 2 years
c 3 years
5 Walter is being poured into a fask. The volume, V mL, of water in the flask at ome
£ £
e 2 I
1 seconds is given by Vi) = E{IU!‘! -3 ) 0=<rg=<2
a Find the volume of waler in the flask at time:
ir=0 ii =20
b Find the rate of fow of water into the fask at time ¢
¢ Sketch the graph ol V(1) against f for () < ¢ = 20,

I

) r
B 'Thearea A kmo, of an oil shick 18 growing according o the rule A = — + —, where 18

2710
the time in hours sinee the leak started.
a Find the arca covered at the énd of 1 hour
b Find the rate of increase of the area after 1 hour
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624 Chapter 18: Applications of differentiation of polynomials

@ Stationary points

In the previous chapter, we have seen that the gradient of the tangent at-a point (e, fla)) on
the curve with rule v = f{x)is given by ")

A point (&, fla)) onacurve y = f{x) 15 said o be a stationary peint if (a) = 0.

Eguivalently, lfor y = f{x), il g = (b when x = a, then (a, fla)) is a stationary point.

In the graph shown, there are stationary ¥y
points al A, B and C. At such points the
tangents are parallel to the x-axs (illostrated

as dashed lines).

The reason lor the name stationary points becomes clear later in this chapter when we look at

the application to the moton of a particle.

|_:E_,'J Example 5
Find the stationary points of the following [unctions:
ay=9412x—2¢ b p=22 -5 -4+ 13 fort> 0 e y=4+3xr—x

Solution

a y=9%12x-2c

dy

—=12-4dx

dx

T . : L A :

I'he stationary points occur when —=— = (0, e, when 12 —4x = 0,1c.at x =3

dx
Whenx =3, y=9+12x3-2x3*=27.
Thus the stationary point is at (3,27).

b p=20-5F—4+13 (t>0)

dp

62 — 10 —4 0
7 It (=)

(3t+1=2)=0

1
f=—ort=2

But ¢ = 0, therefore the only acceptable solution 15 = 2,
Whent =2, p=16-20—8+13=1.
So the corresponding stationary point is at (2, 1),
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18C Stationary points 625

€ j=4+3x—x"
dy
= =53
dx
Thus. 4 implics 3(1 =) =0
dx

==

The stationary points occur at (1,6) and (-1, 2).

(= Example 6

The curve with equation ¥ = 1 + ax + bx + ¢ passes through (0. 5) and has a stationary
pointat (2. 7). Find the values of a, b and .

Solution

Whenx =0, y =5. Thus ¢ = 5.
dy 4 dv

We have = =3+ 2ux+ handatx =2, = =],
dx elx

Therefore
D=12+da+h {1)

The point (2. 7) is on the curve and so
7=2+2a+2b+5
2=8+4a+2h
da+26+6=10 {2)

Subiract (2) from (1)

—bh+h=10
bh=6

Substitate in (1)

D=12+4da+6
—18 = da

9

— =a

Ht:nm:u:—;,h—ﬁmm.r'—i

Summary 18C
| A point {a, f{a)) on a curve y = fi(x) is suid to be a stationary pointif “{a) = (L

= Eguivalendy, for v = f(x), if :-P = 0 when x = @, then (a, f{a)) is a stationary poinl.
X
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626 Chapter 18: Applications of differentiation of polynomials 18C

SN eercisesc

Examples 1 [ind the coordinates of the stationary points of cach of the following functions:
fix)=2"—6x+3

y=x' -4 - 3x4+ 2Wflorx>0

z=x'—32x+50

g=8+5¢ —Pforr=0

¥y =2 (x—3)

y=3"—16 + 242 — 10

- 0 O o &

Examplas’ 2 The curve with equation y = ax® + bx + ¢ passes through (0, —1) and has a stationary
point at (2, —4%), Find the values of @, b and c.

3 The curve with equation y = ax® + bx + ¢ has a stationary point at (1.2). When x = 0,
the slope of the curve is 457, Find the values of a, b and ¢

4 The curve with equation y = ax” + bx has a gradient of 3 at the point (2, -2).
a Find the values of g and b.
b lind the coordinates of the turning point.

5§ ‘The curve with equation y = ° + ax + 3 has a stationary point when x = 4. Find the
value of a.

8 The curve with equation y = & — ax + 4 has a stationary peinl when x = 3. Find the
value of a.

7  ind the coordinates of the stationary points of cach of the following:
ay=2—5x—5h
b yv=(3x—2)3c+3)

y=22-922527

y=x' =32 —-24x+20

y={x+ 1{x+4)

y=(x+ 1P+ (x+2¢

- 0 O O

8 ‘The curve with equation y = ax” + bx + 12 has a stationary point at (1, 13). Find the
values of g and b.

9 The curve with equation y = ax’ + b + ex +d has a gradient of —3 at (0,73) and a
twrming point at (3, 6). Find the values of @, b, ¢ and d.
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18D Types of stationary points 627

Types of stationary points

The graph of y = f{x) below has three stationary points Ala, fa)), Bk, fib)), Cle. flic)).

¥
A
A C
B
P >

A Point A is called a local maximum point eradient | + | 0 _ |
Note that (%) = 0 immediately to the left of A, and sh’ i I | — < i
that f{x) < O immediately o the right of A. [WEiciin o : !
This means that fis stoctly increasing immediately to the left of A,
and that f 1s strictly decreasing immediately to the right of A.

B Point £ 15 called a local minimum point, pradient | — 0 = ]
Note that [*{x) < 0 immediately to the left of 8, and x i~ P |
that f*{x) = O immediately o the right of B. o g —

This means that f is stdctly decreasing immediately (o the left of B,
and that f 15 stnctly increasing immediately to the rght of £,

€ Point O 15 called a stationary point ol inflection. eradient | + 0 +
I*:ful:: ﬂ'{a{f—*f_.r} > () immediately to the left and the | of [ O @5
nght of €.

Clearly it is also possible o have stationary points eradient _ 0 _
of inflection with f*(x) < (0 immediately 1o the left el ~ | — ”

and right.

Stationary points of types A and 8 are referred 1o as lurning points,

Before proceeding with some more complicated functions, il is worth refeming back to some

ol the functions we met earlier mn this book.

It
A
o
y=-x2
fRSE fix)=x fiR=E, flx)= -1
Local minimum at (0, (). Local maximum at {0, ().
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022
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ffRoR f(x)=x
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mflection at (0, ().

Photocopying is resincied under law and this malenal must not be fransfemred to another party.

Cambridge University Press



628 Chapter 18: Applications of differentiation of polynomials

)
For the function f: R — R, f(x) =32 —4x+ 12
a Find the stationary points and state their nature,
b Sketch the graph.
Solution
a The derivative is f'(x) = 92" — 4.
The stationary points occur where *(x) = (:
95" —4=10
2
o =Ft=
T
There are stationary points at (—3, f(—3)) and (3, f(3)), that is, at (=3, 20) and (3. -2).
So f*(x) is of constant sign for cach of
Ix;x{—% L |x:—%{_r-c:,%| and I.IZ.I}%]
To caleulate the sign ol f{x) for cach of these sets, simply choose a representative
number in the sel.
Thus f((=1)=9-4=5>0 | 2 2 |
M =0-4=-4<0 - 2 b=
jf“]"_ e | gl + [ o [ =] 0 |+
ffily=9—4=5=0 | Speeerl | — |~ — |7
We can now put ogether the chart B N ) )
shown on the righl
There is 4 local maximum al {—%, 2%} and a local mimimum at l,%, —%J.
b To sketch the graph of this function we need 1o find the axis inlereepts and investigate
the behaviour of the graph for x> % and x < —%.
The y-axis interceptis [{0) = 1.
To find the x-axis intercepts, consider f(x) = 0, which implies 32 —4x+ 1 =L
Using the factor theorem, we find that x— 1 is a factor of 3’ —4x + 1.
By division:
3¢ —dx+1 = (x— )3 +3x-1)
Now (x— Ij{?n-_rz +3x— 1) = ) implics that x = 1 or3c+3x—1=0.
We have
A
A ae. Al 3[(I+ -f) -5 —El
12 2
=|(e+3) -54)
—](I+l—@)[.r+l+ﬁ
= 2 3] ¥ I
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18D Types of stationary points 629

Thus the x-axis infercepts are at ¥

1 V21 1
- =

2

—

Pl

| ha
T

o
b
-

For x> -53 Jfix) becomes larger.

Forx < %= Six) becomes smaller, 1 \

-
|
=
_—

i : '
Using the TI-Nspire
# Assign the function f{x) as shown, _
m Use (menu) > Algebra > Zeros and [menu) > o P Done
Calculus > Derivative Lo solve the eguation
d - : : Y - =22
. 0f(x)) = 0 and determine the coordinates of T, 33
the stationary points, Eis E,
{53 (3]
® Find the a-axis intercepts by solving the _
equation f{x) = (. sotvelfieos)
Afitsy)  fira
L] < Br - of ¥m]
N A
i : 3
Using the Casio ClassPad
To determine the exact coordinates of the stationary o Edit Action Interactive
points: t"l““"]Ft:I“'"'IE:"i'I*H'E
® In 3’%, define the function fix) = Af—dr+ 1. Define [{x)=FexSmgonsl |
m Solve the equation ﬁ[ﬂ.ﬂ] ={) lor x. 4 done
m BHvaluate the function  at each x-value to lind the eichily
corresponding y-value. By 2y
ik o
Mote: Recall that it 15 not necessary o eoter the wlve g i)
right-hand side of an equation il iL is zero. {x-—% : ﬁ.%]
-3
25
a
Z
(%) |
.l
(17
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B30 cChapter 18: Applications of differentiation of polynomials

To find the x-axis intercepts: salvelFla)
8 Solve the equation fi{x) = 0. {FI.?F"";:"' g 1"?: }I
o (v
)
fﬁummar]r 18D

A point {a; f{a)) onacurve ¥y = flx) 15 said o be a stationary poiot if (a) = 0.
Types of stationary points ¥
A Point A is a local maximum:

m ["{x) = 0 immediately to the leftof A

® ['(x) < 0 immediately to the right of A.
B Point 8 is a local minimum:

m f7(x) <0 immediately tothe left ol B

m [f(x) = 0 immediately to the nght of 5.
C Point € 15 a stationary point of inflection.

= 1

0l

Stationary points of types A and B are called turning points.

Exercise 18D

1  Each of the following is & gradient chart for & curve vy = f{x) with lwo stationary points,
For each chart, complete the last row and state the nature of the staionary points.

a

x| ! 3
flx) - i + i -
shape of f |
. B |2 5
f"{z:] + i - 0 —
shape of f |
Eample?, 2 [Forcach of the following, find all stationary potnts and state their nature. Sketch the
graph of cach function.
a y=92 i b y=x —32-9x e y=rx'—4¢
3 Find the stationary pomts (and state their ype) for cach of the following functions:
a y=xi{x—4) b y=H3—x) e y=o
d_y—-.i_j{_t—ri} B_}'—-.r1'—5.11+_'§.r+3 Foy=x{x—8)x—13)
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10

i1

12

13

14

18D Types of stationary points 631

Sketch the graph of cach of the following functions:
ay=2+3x—r b y=2%x—3) e y=x'-32-9x+11

The graph corresponding to cach of the following equations has a stalionary poinl
at (=2, 10}, For cach graph, find the nature of the stationary point at (=2, 10},

a y=24+32—12x-10

b y=3x"+16+2422 -6

For the function y = ©' — 6 4 95+ W)k

. = 1 t.l"n-r R : [ .l_.f'r
a Find the values of x for which — = (), 1.e. find I x;—=1 |
dx dx ,
b Find the stationary points on the curve corresponding to v = ©' —6x” + Yx+ 10

¢ Sketch the curve carelully between x = 0 and x = 4.

For the function f: B — R, f{x) = 1 + 12x — &', determine the values of x for which
Fix) = 0.

Let f: R — B, where fla) = 3+ 6x— 21"
a Find the values of x such that f*{x) = (.
b Find the values of x such that f(x) < 0.

Let flx)= olx+3Mx—35).
a Find the values of x for which [“{x) = (.
b Sketch the graph ol v = f{x) for =5 = x <6, giving the coordinates of the

intersections with the axes and the coondinates of the twrming points.

Sketch the graph of ¥ = x* — 6 + 9x— 4. State the coordinates of the axis intercepts
and the lming points.

Find the coordinates of the points on the curve y = © — 32 — 455 + 2 where the tangent
15 parallel to the x-axis.
Let f(x) = x' — 322
a Find:
i fx: fix) =) i [x: fMx)=0] iii [x: M(x)=0]
b Sketch the graph of vy = f(x).

Skeich the graph of y = &' — 9 + 27x — 19 and state the coordinates of the stationary E
poInis.

Sketch the graph of y = x* — 8" + 7. All axis intercepts and all turning points should be
wentified and their coordinates given.
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B32 Chapter 18: Applications of differentiation of polynomials

Applications to maximum and minimum problems

Many practical problems involve finding a maximum or minimum value of a lunction.

We have solved some of these in Chapters 3 and 6. In the case of guadratic [unctions, we
wrole the quadratic in turning point form and hence determined the maximum or minimum
value. In the case of cubie functions, we used a CAS caleulator to find the maximum or

minimum values.

In this section we use caleulus 1o solve problems which involve finding a local maximum or
local minimum.

A loop of string of length 100 em is to be formed into a rectangle. Find the maximum area
of this rectangle.
Solution
Let the length of the rectangle be x om and the width y em,
Then 2x + 2y = 1. Thus x + y = 5} and hence

y=50-x (1)
It is elear that, for this problem, we must have (0 < x < 50,
The arca, A cm’, is given by the formula A = xy.
Substiuting from (1) gives

A=x50—x)

=50r— 5"

Differentiating with respecl Lo x:

dA

— = 50-2;

dx *

dA
Thus — = 0 imphies x = 25,
Since the coefficient of x is negative, this stationary point is a local maximum.
( Alternatively. we could check the sign of A'(x) immediately o the left and the rght
of x=23.)
The maximum area is formed when the rectangle 15 a square with side length 25 cm, and
s0 the maximum area is 625 cm”.

Mote: It is clear that we could have completed this guestion without calenlus by using our
knowledge of gquadratic functions.
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18£ Applications to maximum and minimum problems 633

(&)

o

Given that x + 2y = 4, calculate the minimum value of & + 1y —y*.

Solution
Rearranging x+ 2y = 4, we have x = 4 — 2y,
Let £ = & + xy — . Substituting for x gives

P=(4-2)+@-2y—»

= 16—y + 457 +4y — 25" —3"

= 16— 12y + ¥
dpP
E = _]2 4 .2_\'
Stationary values oceur whe dP—U- '
wrLA '[ﬂ]'ld.'l'_‘,l' vl C cn ‘d_i," =L I ¥ . f
—12+2y =0 AP
= = 0 +
y==6 | dy
From the chart, there is a minimum when v = 6. it of P > =7
When v = 6, x = —&. Thus the minimum value of £ + xy — v is =20,
ICAN Example 10
From a square picce of metal of side length 2 m, four squares
are removed s shown in the diagranmy; The metalisthen ™~ — Tt ——————~
folded along the dashed lines o form an open box with . :
height x m. i |
a Show that the volume of the box, V m™, is given by : I
V=42 8 +4x |
b Find the value of x that gives the box its maximum volume |
and show that the volume 15 a maximum for this value:
¢ Sketch the graph of V against x Tor a suitable domain,
d Find the value(s) of x for which V = 0.5 m’.
Solution
a The box has length and width 2 — 2x metres, and has height x metres. Thus
V=(2-2x"x
= (4 —8x+4x7)x
=47 — 82" +4x
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B34 cChapter 18: Applications of differentiation of polynomials

; ; . dv
b Let V =45 — 8¢ + 4x The maximum volume will occur when — = (.

dx
We huw:Ev = 1247 — 16+ 4, and s0 —j = ) implies that
124" — 16x+ 4 = ()
3 —4xr+1=0
3x—1}x—1)=0

g 1
But, when x = 1, the length of the box is 2 — 2x = (). Therefore the only value to be

. ; 1 :
considered 18 x = 3 We show the entire chart for completeness.

The maximum occurs when x = % : . ]
; = 1
( | )3 1 | i ‘ 3
s Maamom volume =2 —2 % =| % = | _
3 3 ﬂ + ‘ ] = i
16 dx _
= ~ shapeof V | | — |~ | =

Fim®)A

i
bed | —
] =
1| =
o e

—
0] 1 x(m)

d “To find the value(s) of x for which V = 0.5 m®, we need to solve the equation V = (.5,
ie 4 — 8% +4x = 0.5
1 3+v5

- xS !
2 4

! 35
But thedomamof Vs [0L 1. Hence x = =orx = :

2 4

A canvas shelter 15 made up with a back, two sguare /

sides and a top. The area of canvas available is 24 m?.

Let V m be the volume enclosed by the shelier.

a Find the dimensions of the shelter that will create
the largest possible enclosed volome: x

b Sketch the graph of V against x For a suitable domain.

¢ Find the values of x and y for which V = 10 m*.

Lising a CAS caleulator gives x =
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18£ Applications to maximum and minimum problems 635

Solution
a The volume V = 2y One of the vanables must be eliminated.
We know that the area is 24 m®.

22+ 2iv=24
24 -24° 12
Rearranging gives v = —5 - Ley= < =%
Substituting in the formula for volume gives
V=12x—x

Differentintion now gives
dv

— =12-32
edx

: : dv T 2
Stationary points oceur when G s (), which implies 12 — 3= = ().
53

So stalionary points occur when © = 4, ie when

x 2 |
x =2, Bul we must have x = (), and so the only v
solotion is x = 2. E + () -
Henee thi maximum isat x = 2 shape of V S == | “

The dimensions are 2 m, 2 m. 4 m.

b Note that x = () and y = ().
This implies x > Oand 12— 2 > (. ic. 0 < x < 243

=y

© Using a CAS calculator, solve the equation 12x — 2 = 10 for 0 < x < 2v3.
The solutions are x = (0.8926 und x = 2.9305, comect to four decimal places.
Possible dimensions (o the nearest centimetre are .89 m, 0089 m, 12,55 m and
293 m, 293 m, .16 m.

Maximum or minimum at an endpoint

Calculus can be used o find a local maximum or local minimum, but these are often not the
actual maximum or minimum values of the function.

For a function defined on an interval:

® the actual maximum value of the function 1s called the absolute maximum

# the actual mummum value of the function 15 called the absolute minimum.

The corresponding points on the graph of the function are nol necessarily stationary points.
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B36 Chapter 18: Applications of differentiation of polynomials

Example 12

Let f: [-2.4] = B, fix)= 2+ 2. Find the absolute maximum value and the absolute
muitmum value of the function.

(&)

o

Solution
The maximum value is 18 and occurs when x = 4. A (4. 18)

The mmimum valoe is 2 and oceurs when x = (.

The munmum value oceurs al a stationary point of the
graph, but the endpoint (4, 18) 1s not @ stationary point (-2, 6) \

The absolute maximum value is 18 and the absoluie -

minmimuom value 15 2.

BCH Example 13
Lev f: [-2, 11 = B fix)= 1 + 2. Find the maximum and minimum values of the

function.

Solution "

The maximum value is 3 and oceurs when x = 1. A

The mimmum value is —6 and occurs when = -2, ©0.2) )
The absolute maximum and the absolule minimum _—

o not pecur at stationary poinis,

2.6

(@]

In Example 10, the maximum volume of a box was found. The maximum valoe
corresponded 1o a local maximum of the praph of V = 42 — 8% + 4. This was also the
absolute maximum value.

If the height of the box must be at most 0.3 m (Le.x < 0.3), what will be the maximum
volume of the box?

Solution
1 1
The local maximum of Vig) for x e [0, 1] wasat x = 3 Bui 3 is greater than 0.3,

For the new problem, we have V() = 0 for all x & [0.0.3], and so V{x) is strictly
increasing on the interval [0, 03]

Therefore the maximum volume occurs when x = (0.3 and is 0.588 m’.
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1BE 18€ Applications to maximum and minimum problems 637

B

Summary 18E

Here are some steps for solving maximum snd minimum problems:

m Where possible, draw a diagram to illustrate the problem. Label the diagram and
desionate your variables and constants. Note the values that the vanables can take.

B Write an expression for the gquantity that is going to be maximised or mimimised.
Form an equation for this guantity in terms of @ single independent vanable. This may
require some alpebrate manipulation.

m Il y = fix)is the quantily to be maximised or mininused, find the values of x for which
Flixy=10.

m Test cach point for which {x) = () o determine whether it is a local maximum, a local
mimimum or neither.

= If the function ¥ = f{x) is defined on an interval, such as [a, b] or [0, oa), check the
values of the function al the endpoinis.

=
sroot |

Bxampla®’ 1 A loop of string of length 200 cm is o be formed into a rectangle. Find the maximum

arca of this rectangle.
2 Find the maximum value of the product of two numbers xand 10 — x.

exampled 3 Given that x+ v = 2, calculate the minimum value of x® + .

Bample1o, & Froma square piece of metal of side length 6 m, four squares

are removed as shown in the diagram. The metal 1s folded
along the dashed lines o form an open box with height x m.
a Show that the volume of the box, V m®, is given by

V =4 —24x" + 36x

b Find the value of x that gives the box its maximum volume T—T—====—==

and find the maximum volume.

5 A bunk of carth has cross-section vim)h B

as shown in the diagram. The curve
defiming the bank has equation

y= ﬁ{zu— x) for x & [0,20]

a Find the height of the bunk where:
ix=5 i x=10 iii x=15 20 x{m)

b Find the value of x for which the height is & maximum and state the maximuom heighi
of the bank.

¢ Find the values of x for which:
ooy 1 ooy 1
i —== il - =—=
dr & dx 8
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B38 Chapter 18: Applications of differentiation of polynomials 18E

EBampls1i 8 A cuboid has a tolal surface area of 150 ¢cm? and a square base of side length x cm.

75—
a Show that the height, b em, of the cuboid is given by i = T

b Express the volume of the cuboid in terms of x,
¢ Hence determine its maximum volume as x varies.
d If the maximum side length of the square base of the cuboid is 4 cm, what is the

maximum volume possible?

7 ‘The volume of a cylinder is given by the formula V = sk, Find the maximum value
of Vifr+ b =12

8 A rectangular sheel of metal measures 50 ¢m by 40 ¢m. Congruent squares of side
length x-croare cut from cach of the comers and not used further. The sheet s then

folded up to make a tray of depth x em. Find the value of x for which the volume of the
tray is 4 maximum,

Bample12 9 Let f:|-2.2] = B fi{x) = 2— 8% Find the absolute maximum value and the absolute
mintmuim value of the funchion.

Bampla13, 10 Llet f: [-2 1] = E, f(x) = &+ 2x+ 3. Find the absolute maximum value and the

absolute mimmum valee of the function for its doman:

11 Let f: [0,4] — R, f(x) = 2 — 627, Find the absolute maximum and the absolute

runimum valoes of the function.

12 Let f: [-2.5] = B, fix) = 2x' — 8x°. Find the absolute maximum and the absolute
minimum values of the function.
Bampleis’ 13 A rectangular block is such that the sides of 1is base are of length x om and 3x e The E
surm ol the lengths of all its edges is 20 cm.

Show that the volume, V em?, is given by V = 1557 — 122

b Find the dervative g

¢ Find the local maximum for the graph of V against x for x £ [0, 1.25].

d If x = [, 0.8], find the absolute maximum value of V and the value of x for which
this oeeurs.

If x € |(), | L find the absolute maximuom valee of V and the value of x for which
this oeeurs.

14 For the variables x, vand z, it is known that x+ y = 20 and z = xy.
a If x € [2.5]. find the possible values of .
b Find the maximum and mammium values of =

15 For the variables x, v and z, it is known that z = 2y and 2x + v = 50. Find the maximum E
value of z if;
a xe[0,25) b xe |0 10] e xel520
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1BE 18F Applications to motion in a straight line 639

18 A piece of string 10 metres long is cul into two picces Lo form two sguares.
a If one piece of string has length x metres, show that the combined area of the two
squares is given by A = %{.rl — 10x + 50).
dA
b Find —.
ind ——
¢ Find the value of x that makes A a minimum.

d What is the minimum total area of the two squares?

@ Applications to motion in a straight line

In this section we continue our study of moton in & strajzht ine from Section 16K,

Position

The position of a particle moving in a straight line is deternmuned by its distance froma
lixed point € on the hine, called the origin, and whether 1t is W the nght or left of €. By
convention, the direction to the nght of the origin 15 considered to be positive.

x -

(8] P

Consider a particle which starts at (2 and beging to move. The position of the particle at any
mnstant can be specified by a real number 1. For example, if the unit s metres and if x = =3,
the position is 3 m to the left of &) while if x = 3, the position is 3 m to the dght of €.
Sometimes there 15 a rule that enables the position at any instant o be calculated. In this case,
we can view x as being a function of 1. Hence x(1) is the position at time ¢,

For example, imagime that a stone is dropped [rom the top of a vertical ¢liff 45 metres

high. Assume that the stone 1s a particle travelling in a straight line. Let i) metres be the
downwards position of the particle from (). the top of the cliff, t seconds after the particle is
dropped. IF adr resistance is neglected, then an approximate model for the position is

=57 forO<r<3

Example 15

A particle moves in a straight line so that its position, x cm, relative Lo O at bme | Seconds
isgivenby s = —Tt+ 6,1 =0,

G

.
-
o

a Find its initial position.
b Find its position at ¢ = 4.
Solution

@ AlLr=10, x=+6, e the particle is 6 cm to the right of 0.
b Att =4, x= {4 —7(4)+ 6 = —6, i.c. the particle is 6 cm to the left of €.
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640 cChapter 18: Applications of differentiation of polynomials

Distance and displacement

The displacement ol a particle is defined as the change in position of the particle.

It is important o distinguish between the scalar quantity distance and the vector quantity
displacerent (which has a direction).

For example, consider a particle that starts at €) and moves [irst 5 units o the right o point P,
and then 7 units to the lell o point (.

)
0 P

Y

4 3 3 | 0 I 2 3 4 5 6

The difference between its final position and its mitial position 15 —2. 5o the displacement of
the particle is —2 units. However, the distance it has tavelled is 12 units.

Velocity
In this section we focus on the instantaneous rates of change which anse when studying
the motion of a particle travelling in 4 straight line. In particular, we define the velocity and

acceleration of a particle.

Average velocity

The average rate of change of position with respect o tme i1s average velocity.

A particle’s average velocity for a time interval |1y, 2] is given by

change in position  x; —x
changeintime  f—n

where xp is the position at lime #; and xo is the position al time 2.

average velocity =

Instantaneous velocity
The mstantaneous rate of change of posilion with respect W Gme s instantaneous velocity,
We will refer w the instantancous velocity as simply the veloeity.

It a particle’s position, x, al tme 115 given as a function of 4, then the velocity of the particle
al time 1 18 determined by differentiating the rule for position with respect to lime.
If x is the position of a particle at time 1, then
velocity v = i
¥ di
Velocity may be positive, negative or zero. I the velocity is positive, the particle is moving to

the right, and 1f it 18 negative, the particle 15 moving to the lefo A velocity of zero means the
particle 15 instantaneously at rest
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18F Applications to motion in a straight line 641

Speed and average speed

m Speed is the magnitude of the velocity,

= Average speed for a time interval |1, £2] s given by distance travelled

=1

Units of measurement

Common units for velocity (and speed) are:

| metre per second =1mfs =1ms"
| centimetre persecond = | cmys = 1 ems™

| kilometre per hour = 1 kmfh = 1 kmh™!
The first and third units are connected in the following way:

1 kiy'h = 1000 m/h

__looo
TR0
= ﬁ mys
1%
1 myfs = — kmj/h
5
® Example 16
A particle moves in a straight line so that its position, £ cm, relative 1o € at time 1 seconds
isgivenby x =1 — Tt + 6,1 =L
a Find its initial velocity.
b When does its velocity équal zero, and what is its position at this time?
¢ What is its average velocity for the first 4 seconds?
d Determine its average speed for the first 4 seconds,
Solution
ax=f-Tt+6
dx
e -7
ALt =10, v = =7, The particle 15 imtially moving to the left at 7 em/s.
b & =0 implies 2t =T =0, 1.e. t=3.5
dt
When t = 3.5, x = (3.5 - 7(3.5) + 6
= —H.25
So,at = 3.5 seconds, the particle 15 at rest 6.25 cm (o the lefi of (2
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B42 Chapter 18: Applications of differentiation of polynomials

change in position

¢ Averase velocily = -
= - change i time

Position is given by x = 2 —Tr+ 6. Soatr =4, x= -6, andatt = 0, x = 6.

i —f
- Average velocity = g —3 cmyfs

distance travelled
chunge in Gme

d Average speed =

B =4
F=35C =0

P 4
L=
e
(%]
ta
o
1
=~

778 —5 —4 =3
©3

The particle stopped at ¢ = 3.5 and began (o move in the opposite direction. So we must
consider the distance travelled in the first 3.5 seconds (from x = 6 x = —6.25) and
then the distance ravelled in the final 0.5 seconds (from x = —6.25 o x = —6)

Total distance travelled = 12.25 + (025 = 125

12.5
2 Average speed = B V= 3125 emyfs

Note: Remember that speed is the magnitude of the velocity, However, we can see from this
example that average speed is nor the magnitude of the average velocity.

Acceleration
The acceleration of a particle is the rate of change of its velocity with respect to me.

® Average acceleration for the tme interval [#y; fa] is given by :2 ::rt, whene v 1s the
veloeily at ime ¢ and vy is the velocity at Gme ¢ S
dv dydxy d'x
Instantaneous lerationag = — = — —-) =
alitaa acceleration a = - = Z(7) = 2
R = v o . ;
MNote: The second derivative —g 18 just the derivative of the dervative. It will be discussed

further in Chapter 20.
Acceleration may be positive, negative or zero. Zero acceleration means the particle is
moving al g constant velocity.,
The direction of motion and the acceleration need not comncide. For example, a particle
miay have a positive velocity, indicating it is moving 1o the right, bul a negative acceleration,
mdicating it is slowing down.
Also, although a particle may be instantaneously at rest, i1s aceeleration at that instant need
nol be zero. If acceleration has the same sign as velocity, then the particle is “speeding up®. If
the sign is opposite, the particle is “slowing down’.

. . . 2 2
I'he most commuonly used units for acceleration are cmys™ and my/s~.
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(&)

o

Example 17

A particle moves in a straight line so that its postion, x cm, relative 1o € at time ¢ seconds
isgivenby x = -6 45,12 0.

a Find its imitial position, velocity and aceeleration, and hence deseribe ils motion.
b Find the times when it is instantancously at rest and determine its position and
acceleration at those times.

Solution

ar=r—-6+5
dx

=— =37 1%
i ¢t
dv !
= — =f—12
a7

Sowhenr=0 wehave xr =5, v=0Danda =—-12.
Initially, the particle is instantancously at rest 5 cm to the right of O, with an
acceleration of —12 em/s2
b v =10implies 3¢ — 12t = )
i —4)=1)
Lot=0ort=4
The particle is initially at rest and stops again after 4 seconds,
Att=0.x=5uanda =—-12.
Atr=4.x=(4 —6(4) +5=-27anda = 6(4) - 12 = 12
After 4 seconds, the particle™s position is 27 cm to the left of £, and its acceleration

is 12 em/s’.

[C)l Exampie 18
1 |
A car starts from rest and moves a distance x metres in f seconds, where 5 = —Elj‘3 - Elz

What is the mitial aceeleration and the acceleration when = 272

Solution
We are given
,;éﬁ+§e
The car’s velocity 15 miven by
ds 15 1
= E — Ej‘ + il‘
The car’s acecleration is given by
o= 2/ |‘+l
dlt 2

Whent =1L a= %,m&whcn.‘ '—2,&[—'2.—!.

Hence the required accelerations are & my/s? and 24 my/s®.

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



B44 Chapter 18: Applications of differentiation of polynomials 1BF

f$um mary 18F

= ‘The position of a particle moving n 4 straight line 15 determined by its distance from
i fixed point €2 on the line, called the origin, and whether it is o the dght or left of 0.
By convention, the direction to the nght of the origin 15 positive:
= Average velocity for a ime interval [1, 12] is given by
change in position xw» —xy

averare velocity = : =
£e 4 change i lime I — 1y

where xa is the posiion al time 12 and x; 15 the position at time f.
® The instantancous rate of chanee of position with respect to tme 15 called the
instantaneous velocily, or simply the velocily.
If x 1% the position of the particle at ime £, then its velocity 18 v = %
m Speed is the magmitude of the velocity.
distance travelled
I —hy

u Average speed for & time interval [, 6] s

L |

= Average acceleration for a time interval [¢), 12] 18 given by i where v 15 the
Iy

velocity at time f and vy 15 the velocity at time .
dv o jdx a2y
n Instantaneous accelerationa = — = — ——} = —
di i) dt dr*

St :"[ Exercise 18F

Bmmpis1s. 1 A particle moves ina straght line so that its position, x cm, relative to € al Gme
tsecondsis given by x=£2 — 120+ 11,1 2 (.
a lind its imual position.
b Find its positon at ¢ = 3.

EBxample16, 2 A particle moves in a straight line so that its position, x cm, relative o € al Gme
tsecondsis givenby x =2 =12+ 11,1 = 0.
a Find its imitial velocity.
b When does its velocity equal zero, and whal is its position at this time?
¢ What is its average velocity for the first 3 seconds?
d Determine its average speed for the st 3 seconds.
3 The position of a body moving in 4 straight line, x cm from the ongin, at time § seconds
(1= is given by x = %13— 12t +6.
a Find the nute of change of position with respect to bme at f = 3.
b Find the time at which the velocity is zero.

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



18F 18F Applications to motion in a straight line 645

EBmmple1?. & A particle moves in a straight line 5o that its position, x em, relative to O al time
tsecondsis given by x =47 —67 +5.1 = (),
a Find its inital position, velocity and acceleration, and hence deseribe its motion.
b Find the timeés when it is instantancously al rest and determine ils position and
geeeleration at those Hmes.

N

Example1& 5 A carstarls from rest and moves a distance 5 metres in § seconds, where s = 1
a What is the acceleration when ¢ = 07

b What 15 the acceleration when f = 27

B8 The position, x metres, at time | seconds (1 = 0) of a particle moving in a straight line is
givenby x =~ — 7t + 10,
a When does its velocity equal zero?
b lind its acceleration at this ime.
¢ Find the distance travelled in the first 5 seconds.
d When does its velocity equal —2 myfs, and what is its position at this dme"?

7 A purticle moves along a straight line so that after ¢ seconds ils position, v m, relative Lo
4 fixed point €2 on the line is given by s = £ — 3¢ + 20,
a When is the particle at (0!
b What ix its velocity and acceleration at these times?
© What is the average velocity during the first second?

8 A particle moves in a straight line so that its position, x cm, relative o O at time
t seconds (1 = 0)is given by x = £ — Tr + 12

w

Find its imitial position.

b What is its position at + = 57

¢ Find its imtial velocity.

d When does its velocity equal zero, and what 15 1ts position at this tme?
e What is ils average velocity in the first 5 seconds?

f What is its average speed in the first 5 seconds?

8 A particle moving in a straight line has position x cm relative o the point € at Gme
f seconds (1 = 0), where x = £ — 117 + 241 — 3.
a Find its initial position and velocity.
b Find its velocity at any tme £,

At what times is the particle stationary?

What is the position of the particle when it is stationary?

For how long is the particle’s velocily negative?

Find its acceleration at any lime 2.

m = 0 B O

When is the particle’s acceleration zero? What 18 its velocity and 1ts position at
that time?
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B46 Chapter 18: Applications of differentiation of polynomials 1BF

10 A purticle moves in a straight line so that after ¢ seconds ils position, s metres, 15 given
by s=+3%
a Find the sceeleration when t = 1, 1= 2,1 = 4,
b Find the average acceleration between t = 1 and f = 3.

11 A puanticle 15 moving in 4 struight line in such a way that s posibion, x cm, relative o B
the point € at tme 7 seconds (f = 0) satisfies x = ¢ — 137 + 460 — 48. When does the
particle pass through €2, and what 1s its veloeity and aceeleration at those times?

12 Two particles are moving along a straight path so that their positions, 1y cm and
x3 em, relative to a fixed point P at any time ¢ seconds are given by 5 = 1+ 2 and
X = 2—2-2
a Find the tme when the particles are at the same position,
b Find the time when the particles are moving with the same velocity,

gk:{c) Families of functions and transformations
In the earlier chapters of this book we looked at families of functions. We cin now use
caleulus W explore such families further. Itis assomed that a CAS caleulator will be used
throughout this section.

c

Consider the family of functions with rules of the form fix) = (x — alr— b)Y, where a
and b are positive constants with b > a.

a Find the derivative of f{x) with respect Lo x.

b Find the coordinates of the stationary points of the graph of y= f(x).

¢ Show that the stationary point at (a, () 15 always a local maximum.

d Find the values of @ and & if the stationary points oceur where x = 3and x = 4,

Solution
a Usea CAS calculator to find that *(x) = {x —a)3x —a — 2b).

a+2h -ﬁ-{u—blj)_

b The coordinates of the stalionary points are (@, (1) and ( T

a+2h

e Ifx<a then x>0, and il a<x= . then fM{x) <.
Therelore the stationary point at (a, () is a local maximuom.

2h
s = 4. Thercfore b =

d Since a < b, we must have a = 3 and

b | W
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186G 186 Families of functions and transformations 647

Example 20

The graph of the function v = x' — 3x% is translated by a units in the positive direction of
the x-axis and b unils in the positive direction of the y-axis (where a and b are positive
constants):

a Find the coordinates of the urming points of the graph of y = ' — 3%,

b Find the coordinates of the turning points of ils image.

(=)
o

Solution
a The turmng points have coordinates (0, () and (2, —4).
b The turning pomnts of the image are (a, B) and (2 +a, —4 + b).

22

Bample1s’ 1 Consider the family of functions with rules of the form f{x) = (x— 293 (x— b), where b E
is & posilive constant with b > 2.
a Find the derivative of f{x) with respect to x.
b Find the coordinates of the stabonary points of the graph of ¥ = f(x).
¢ Show that the stationary point at (2, () is always a local maximum.
d Find the value of b if the stationary points occur where x = 2 and x = 4.

Bamplezo. 2 The graph of the function y = x* — 12x° is ranslaied by a units in the positive direction
of the r-axis and b units in the positive direction of the y-axis (where a and b are
positive constants).

a Find the coondinates of the stationary points of the graph of y = 2" — 12,
b lind the coordinates of the stutionary points ol ils image,
3 Consider the function f: B — B defined by f(x) = xr — ax®, where a is a real number
with @ = ().
a Deotermine the intervals for which f*(x) is:

i posilive i negative.

0).
: u}_

& Consider the cubic function with rule f{x) = (x— aPix—1), wherea > 1.

b Find the equation of the tangent to the graph of [ at the point (

¢ Find the equation of the normal to the graph of f at the point [
d What is the range of f7

Bl— g |—

a Find the coordinates of the wming points of the graph of y = f(x),
b Stale the nature of cach of the luming points.
¢ Find the equation of the tangent at which:

= 2 a+1
i =1 i r=a i T
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B48 Chapter 18: Applications of differentiation of polynomials 18G

5 A hine with equalion y = mx + ¢ 1§ a tangent 1o the curve v = (x — 2)° al a point P where E
x=asochthatl <a<2

B

0 {2.0)

a i Find the gradicot of the curve where x = a, for(t <a < 2,
ii Hence express min erms of a.
b State the coordinates of the poant P, expressing your answer in terms of a.
¢ Find the equation of the tangent where x = a.
d Find the x-axis intercept of the tangent.

8 a The graph of f{x) = x’ is translated to the graph of v = f(x + k). Find the value of h
if [l +0) =27
b The graph of f{x) = x’ is transformed 1o the graph of v = [{ax). Find the value of a
il the graph of y = f{ax) passes through the point (1, 27).
¢ The cubic with equation y = ax’ — bx* has a luming point with coordinates (1, 8).
Find the values of @ and b.

7 The graph of the function y = x* + 4. is translated by @ units in the positive direction of
the x-axis and b umis in the positive direction of the y-axis (where a and & are positive
constants).

a Find the coordinates of the wrning points of the graph of y = ¥' + 405,
b Find the coordinates of the turning poinis of its image.
8 Consider the quartic function with rule f(x) = (x— 1P (x— k)%, where b > 1.
a Find the derivative of f.
b Find the coordinates of the wrning points of f.
¢ Find the value of b such that the graph of vy = f{x) has a twrmng point at (2, 1),
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18H Mewton's methad for finding solutions to equations 649

Newton's method for finding solutions to equations

MNewton’s method is used for finding approximate solutions o eguations of the form f{x) = 0.
The method involves finding the tangent at successive points on the graph of vy = f(x).

Solving the equation x* -2 =0forx >0

Let f(x) = 2 —2. Then f'(x) = 2x.

We will use Newton's method o look For an approximation Lo the solution of the equation
fix) = 0, where x = (. Part of the graph of y = f(x) 15 shown below,

First step Start with x = 4. The equation of the tangent to the curve y = f{x) at the
point (4, f{4) is ¥y — f(4) = "4}z —4).

The x-axis intercept of tis angent P
ovecurs when y = (- A
—f4) = ['@)(x—4) -
Jid)
—— =x—d
@t
fi4)
S .50
@) .
.. o —T1~1 as/u 4
e 8 T 13
9
73

This is our first approximate solution (not counting x = 4) (o the equation {x) = (.

o
Second step Now find the r-axis intercept of the tangent to the curve when x = T

A(3)=rlzke—3)

[ 9

_ e

(3 4
9 [P
=1
a6

=13 seoma
'l||'".|‘

Mext step ‘Lo zo from one approximation w the next, we use the terative Formuola:

(Xa)
I:ll.-l-l:-t.d_-‘;.;lj whmr:ﬂ:ﬂslrzl-*-*

In the special case for f(x) = x* — 2, this formula becomes

.

wheren =012, ..

K+l = Ang —
s
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650 cChapter 18: Applications of differentiation of polynomials

In searching for the solution of +* — 2 = (), we obtain the sequence of approximations x, = 4,
x1 =125, = 156944, xy = 142189, ...

The process is continued in a spreadsheet as shown, You can see the speed of convergence Lo
a very good approdimation.

n Xy i) iz I
4. 00000000 1400000000 H.O0000000 .
1 225000000 306250000 450000000
1.56044444 046315586  3.13RBRKRO
142189036 002177221  2.84378073
1.41423429 0.00005862 282846857
1.41421356 0.00000000 282842713
1.41421356 0.00000000  2.82842712

| bh [ | | b2

You can produce this sequence on your calculator by defining the function

a—2
2a

gla) = a—

and repeatedly applying this function starting with x = 4. Or you can use nests such as
glglg(g(41))). which gives four iterations al once.
The general procedure P
OFf course., this process can be used for other A
functions.

Supposc that the equation f{x) = Ohasa
solution al x = a. Choose x; close Lo .

Start with the point Py(xg, f(xm)) on the curve
¥ = Jix).

Let x; be the x-axis intercept of the langent to
the curve at Py. In general, xp will be a better
approximation o the solution w

Mext consider the point Py, fix)).

The process is repeated o give a sequence of values yy, o, i, . with cach one closer o a.

We can go from x, o x,, by using the iterative formula:

_ M=)
J'xa)

Xns] = Xy wherern=0,1,2,...

The process does not always work, as we will see later.
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) Example 21

18H Mewton's methad for finding solutions to equations 651

Use Newton's method 1o solve the equation —x° + 555 —3x +4 = () for x € [0, 0o).

Solution

Let fix) = - + 522 —3x+4.

The derivative is f7(x) = —3x" + 10x — 3. and so the iterative formula is

—x) + 520 = 3x, +4

Xyl = Xg —

32+ 10x, - 3

By starting at xy = 3.8, we obtain the spreadsheet shown.

n 5 filxa) Frixa)

0 380000000 9.02800000  —832000000

1 409326923  —1081199119  —27.86552053
2 460526316  —144403339  —20.57271468
3 453507148 004308844  —10.34000517
4 453284468 000004266  —19.31159580
5 453084247 0.00000000  —19.31155781
6 453284247 0.00000000  —19.31155781

Alternatively, define the function

—r + 50 —3a+4

gla) =a—

a=3.8

The solution 15 x = 4.53284247.

The graph on the right shows the first
two tangenl lines when slarting at

xp = 3.8, Note that the second tangent
line is through & point on the curve

below the x-axis.

—3a® + Ma—3
and apply repeatedly starting with

Note: In Example 21, i you start at & point on the other side of the local maximum you can
stll have “convergence” to the solution. For example, starting at x; = 2.7, it takes
over 1K) iterations o arive at x = 4.53284247, Stanting al xy = =5, it takes only

12 iterations.
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652 Chapter 18: Applications of differentiation of polynomials

Newton’s method does not always work

The function f(x) = ©° — Sx can be used to illustrate the problems that can oceur when using
Newton®s method.

1 Oscillating sequence
If you start with xy = 1, the tangent is
y=—2—2x This gives x; = —1.
The tangent at v = —1 is y = 2 — 2x.
S0 you get the sequence 1,-1.1,—1, ...

2 Terminating sequenca
There are stalionary points al © = 5=,
The tangents at these points are parallel w
the x-axis, and you do not get 4 solution,

Newton's method can be used successfully with the function f(x) = 2 — Sk

m For any starting point in the interval {(—1, 1), you will get convergence w x = (.
m For any starting point in {1, o) except for @ . you will get converzence to x = V5.
® Forany starting point in (—eo, —1 ) cxcept for —g, you will get convergence to x = —V5.

Using pseudocode for Newton's method

In Section 6K we used pseudocode to deseribe the bisection method for finding approximate

solutions to polynomial equations. Here we use pseudocode for Newton's method.

Note: An introduction 1o pseudocode is given in Appendix A, The Interactive Textbook also
includes online appendices on coding using the language Pyrhen, the T1-Nspire and
the Casio ClassPad.

The following algorthm can be used o solve Example 21, The table shows the result of

executing the alzgorithm. The first row gives the initial values of xand f{x). The next rows

givee the values that are printed at the end of cach pass of the while loop,

define f(x): x fix)
Pass1 | 499326923 | —10.81199119

define Djf(x):
return —3x0 4+ 10x—3

Pass 2 4.60526316 —1.44403339
Pass 3 4.53507148 —(.04308 844

X338 . . Pass4 | 453284468 | —0.00004266
while Jin) 10" o fix) <10 Pass5 | 4.53284247 0.00000000
fix)
X —x— -
D f{x)
print x, f{x)
end while
ISBM 5758-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press

Photocopying is resincied under law and this malenal must not be fransfemred to another party.



18H 18H Mewton's methaod for finding solutions to equations 653

SN eercisexsn

Bamplezr 1 Use Newion’s method to find approximate solutions for cach of the following cquations
in the given interval. The desired accuracy is stated.

ax—xz—1=0 I1,2) 2 decimal places

b '+x-3=0 [1.3] 3 decimal places

€ ©—5x+42=0 [1,2} 3 decimal places

d 2-22+2x—5=0 [2.3] 3 decimal places

e 2 -3 +2x—6=10 |=2.—1] 2 decimal places

2 For f(x) = x' — 3. show that Newton's method gives the iterative formula E
2 +3
b AT 32

Hence find an appr;mima!iun for 3% with your calculator. Start with xy = 2 and use the
function gla) = Eﬂj;.aﬁ ~ repeatedly.

3 For f(x) = x' — 2x — 1, show that Newton's method gives the iterative formula

20+ 1
Koy = ———
n+l JI‘E — 9
Hence find an approximation o a solution near x = 2 for ' —2x— 1 = 0 with your

3
caleulator. Start with xp = 2 and wse the function gla) = % repeatedly.
at —2

& Por each of the following equations:

i Wrile a pseudocode algorithm that uses Newton's method to find an approximate
solution of the given equation with the given starting value xy.

ii Iind the values of xp, 1 and x3 by completing three passes of the while loop.

ar=x—4=0 =15
b '—x—13=10 xp=2
€ —r-2¢+1=0 x=05
d o —2x4+40=0 =35

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



654 Chapter 18: Applications of differentiation of polynomials

Chapter summary
® Tangents and normals
Let (. ¥ ) be a point on the curve vy = fix). If [ is differentiable al x = x;, then
& the equation of the tangent Lo the curve at (x;, v ) is given by y— v = g —x)

s the equation of the normal w the curve at (x, v ) 18 given by y— y lx—x)

=) e

-1
VEEN
m Stabionary points
A point with coordinates (a, fa)) on a curve v = f(x) is a stationary point if f'{a) = (0.
The graph shown has three stationary points: A, 8 and C. ¥

A Point A is a local maximum point. Notice that 1
immediately to the left of A the gradient is positive, 1 C
and immediately to the right the gradient is negative. /

B Point B is a local minimum point. Notice that
immediately o the lefi of # the gradient 15 negative, 0
and immediately to the right the gradient is positive,

€ Point C 1= a stationary point of infllection.

Statonary pomis of types A and B are referred to as turning points.
r Maximum and minimum values
For a continuous function f defined on an mterval [a, b
o 1f M 15 a value of the function such that f{x) = M for all x € |a, ], then M 15 the
absolute maximum value of the function

s 1f N is a value of the function such that fix) = N for all x € |a, b|, then N is the
absolute minimum value of the function.

m Motion in a straight line
For an object moving in a straight line with position x at Lime £

velocity v = dx seleration a = £y
}I' v= E T e ] i = E

Technology-free questions

1 The graph of y = 4x — 27 is shown. ¥y
a Find j—i
b Find the gradient of the tangent (o the curve at O(1, 3).
e Find the equation of the tangent at ().
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Chapter 18 review B55

2 ‘The graph of y = &' —4x" is shown.

dy
Find —.
a mn &

b Find IJ:: gradient of the langent to the curve at the
point {2, —8).

¢ Find the equation of the tangent at the point (2, —8).

d Find the coordinates of the puint ) where the tangent
crosses the curve again.

3 Lety=x"—12x+2.
o ey . dy
a I*‘derandlhc value(s) ol x for wh;—::hE—:[l

e
b State the nature of cach of these stationary points.

¢ Find the corresponding y-value for cach of these.
4 Write down the values of x for which cach of the following derivative funclions are

zero. For each of the corresponding stationary points, determine whether it is a local
maximum, local minimum or stationary point of inflection.

dy dy
o3y b — =3¢
- dx dx
e fMx)=(x—2)x—3) d fMix)=(x—2}x+2)
8 [Mx)=(2—x)x+2) F fMix)=—(x—1}x=3)
ﬂl'.
g %=—f+x+]2 h d—i=15—h—f
5 [or each of the following, find all stationary points and state the nature of cach:
a y=4x—3x b y=22 37 -12x—7 € y=x2x—3}x—4)

6 Sketch the graph of cach of the following. Give the coordinates of the stalionary points
and the axis intercepts,

a y=3f—.13 b _}'=rj'—ﬁ.r1 c }'={I+])1{E—_t]
d y=4c —3x e y=x —12

7 Malch each position—time graph shown with its velocity—time graph:
8 » b 74 c 3
0 0 % § ul e i
lv ) | ‘M
] 0 ]

o= \{ 0~
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6568 Chapter 18: Applications of differentiation of polynomials

8 A boy stands on the edge of a chiff of height 60 m. He throws a stone vertically upwards
so that its distance, h m, above the chiff top is given by i = 207 — 5%,
a Culeulate the maximum height reached by the stone above the cliff wp.
b Calculate the time which clapses before the stone hits the beach (vertically below).
¢ Calculate the speed with which the stone hats the beach.

9 Find the least possible value of £ +3* given that x + y = 12,

Multiple-choice questions

1 The equation of the tangent to the curve ¥ = © + 2 at the point (1, 3) is

Ay=x B y=5x C y=5r+2
D y=5x-2 Ey=x-2
2 'The equation of the normal to the curve y = x° + 2xat the point (1, 3) is
1 12
A y=-5x B y=-5r+2 G_}rzgx+?
O = 1 12 B v= 1 16
F=T3EES ¥=75%F3
3 The equation of the tangent to the curve y = 2x — 3x at the origin is
A y=12 B y=-2x C y=x D y=—x Ey=2x

4  The average rate of change of the function f{x) = 4x — 2 between x = O and x = 1 1s
A3 E 3 c4 oD —4 E O

5 A particle moves in a straight line so that its position, § m. relative to O at a time
¢ seconds (¢ = 0) is given by § = 4" + 3¢ — 7. The initial velocity of the particle is
A Omfs B —Tmfs C Amfs D —4m/s E 15mfs

8 The function y = x' — 12x has stationary points at x =
A (Oand 12 B —dand4 C —Zandd D —2and?2 E 2only
7 Thecurve y = 2x° — 6ix has a gradient of 6 at x =
A2 B V2 C —2and2 D —VZand V2 E Oand V2
8 'The rate of change of the function f{x) = 22 — St + ratx=2is
A5 B -2 c 2 D -5 Eb6
|
8 The average rate of change of the functon y = E_t‘ + 2x° — 5 between x = —2 and
=218
A (O B 35 c 11 D 22 E 275

10 The minimum value of the function y = —8x+ 1 is
Al B 4 c —15 Do E 11
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Chapter 18 review B57

Cuestions 11 and 12 refer to the following position |
information: (m)
A particle moves along a horizontal line.

The graph of the particle’s position relative

to the ongin over tme 15 shown,

(2.0 e (9
0, —4)

11  The particle has a velocity of zero at
A Ssand 135 B 2s C Os D Ssand7 s E —4s

12  The ime interval(s) duning which the particle has 4 negative velocily arc
A B<t<13 B O<r<2and8<r<13 CN0<i<2
D 7<t<8 Ei=0

Extended-response questions

Rate of change problems
1 The height, in metres, of a stone thrown vertically upwards from the surface of a planet
is 2 + 108 — 44 after 1 seconds.
a Calculate the velocity of the stone after 3 seconds.
b Find the acceleration due to gravity,
2 A dam 13 being emptied. The quantity of water, V hitres, remaiming in the dam at any E
time f minutes after it starts W emply is given by V(1) = 100030 — 1)*, for £ = 0.
a Skeich the graph of V against 1.
b Find the bme 2t which there are:
i 2 000 D00 litres of water in the dam i 20 000 000 litres of water in the dam.
Al what rate 15 the dam being empticd at any tme (7
How long docs it take to empty the dam?
At what time 1% the water fowing out at 8000 litres per minute?
Sketch the graphs of ¥ = V(1) and ¥ = V'(1) on the one set of axcs.

= 0 B 0

3  In acertain area of Vicloria the quantity of blackberries, W otonnes, ready for picking
x days alter | September is given by

X .
W= m(4ﬂmm—zmﬂx+ﬁh*—?] for 0 < x < 60

a Sketch the graph of W agmnst x for (0 = x < 60,

B After how many days will there be 50 tonnes of blackberries ready for picking?
¢ Find the rate of increase of W in tonnes per day, when x = 20, 40 and 60.

d Find the value of W when x = 3.
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658 Chapter 18: Applications of differentiation of polynomials

4 A newly installed central heating system has a thermometer which shows the water
temperature as it leaves the boiler (v°C). 1 also has a thermostat which switches off the
system when y = 65.

The relationship between v and (, the time in minules, is given by v = 15 + %.-lcm — b
a Find the temperature at ¢ = 0.

b Find the rate of merease of v with respect o ¢, when ¢ = (0, 5, 10, 13 and 20,

& Sketch the graph ol y against ¢ for 0 < ¢ <20,

5 The sweetness, S, of a pineapple ¢ days alter it begins o fpen is found Lo be given by
5 = 4000 + (i — 16)” units.
& Atwhat rate is § increasing when 1 = (07 b Find % whent =4 8, 12 and 16.
¢ The pineapple is said 1o be unsatisfactory when our model indicates that the rate of
mcrease of sweelness is 2ero. When does this happen?
d Skeich the graph of § against ¢ up (o the moment when the pineapple is
unsatisfactory.

B A slow train which stops at every station passes a certain signal box at 12 pom. The E
motion of the train between the two stations on either side of the signal box is such that
itis & km past the signal box at ¢ minutes past 12 pom., where
I 145 1
==t = ——p
SRR Ty
(Mote that, before the train reaches the signal box, both s and 1 will be negative:)

a Use a calculator to help sketch the graphs of v against § and g against f on the one
set of axes. Sketch for t € |2, 5).

Find the time of departure from the first station and the tme of arrival at the second.
Find the distance of each station from the signal box.

Find the average velocity between the stations.

Find the velocity with which the train passes the signal box.

o a0 g

7 Water is draining from a tank. The volume, V L, of water al ime ¢ (hours) is given by
Vit) = 1000 + (2 —1)°, for t = O and V(1) = 0.
a What are the possible values of (7
b Find the rate of draining when:
ir=5 i 1=10

8 The position of an object moving in a struight line is given by s(f) = kt — 2 for 1 = 0,
where & 1% i metres, £ 15 in scconds and £ 15 4 constant,
a Ik =2 lind the object’s average velocity over the first 3 scconds.
b Find the value of kif the average velocity over the first 3 seconds 18 equal to 1 m/s.
e Ik = 2, estimate the object’s instantancous velocity when ¢ = 3 by considenng the
average velocity between 1 = 3and ¢ = 3.1,
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Chapter 18 review B59

8 A mouniain path can be approximately deseribed by the following rule, where v is
the elevation, in metres above sea level, and x s the honzontal distance travelled in
kilomelres:

y= §;4£—aﬁ+191x+144:. for0<x<7

How high above sea level 1s the start of the track, e, x = 07

When x = 6, what is the value of ¥?

Use a caleulator to draw u graph of the path. Sketch this graph.

Does this model Tor the path make sense for x = 77

Find the gradient of the graph for the following distances (be careful of units):

ix=0 i r=3 iii x=7

o a0 R

Maximum and minimum problems

10 a2 Onthe one set of axes sketch the graphs of y = S and y = 2 + x — 5%

b Note that 2+ x— x* = x for x < (1. Find the value of x, with x < (), for which
the vertical distance between the two curves is a muinimum and find the minimuom
distance.

Hint: Consider the function withrule y =2+ x— 2 — ' for x < ().

11 The number of mosguitos, M{x) in millions, in a certain area depends on the average
daily rainfall, x mm, during September and 15 approximated by

i
Mix) = Eﬁ“ —32x+ M- forl=x=10

Find the rainfall that will produce the maximum and the minimum number of
mosquitos. (First plot the graph of v = M{x) using a calculator. )

12 Giventhat x+y =3 and P = xy, lind:
a yinlerms of x
b Pin terms of x

¢ the maximum value of P and the corresponding values of x and y.

13 Giventhat 2+ y = 10and A = 2y, where 0 < x < §, find:
& yinicrms of x
b Ainterms of x
© the maximum value of A and the corresponding values of xand y.

14 Given that xv = 10 and T = 3x%y — . find the maximum value of T for ) < x < V3.

15 The sum of two numbers x and y is 8.
& Wrile down an expression for v in terms of x
b Wrile down an expression for 8. the sum ol the sguares of these bwo numbers, in
terms of .
¢ Find the least value of the sum of their squares,
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168 Find two positive numbers whose swm is 4, such that the sum of the cube of the first and
the square of the second 15 as small as possible.

17 A rectangular patch of ground 15 to be enclosed with 100 metres of fencing wire. Find
the dimensions of the rectangle so that the area enclosed will be a maximum.

18 The sum of two numbers is 24, If one number s x. lind the value of x soch that the
product of the two numbers is a maximum,

19 A factory that produces nitems per hour has overhead costs of $C per hour, where
C =400 —16n + %nz‘ How many items should be produced every hour to keep the
overhead costy (o 4 minimum?

20 Por x+y = 100, prove that the product P = xy is a maximum when x = v, and find the
maximum vilue of P,

21 A farmer has 4 km of fencing wire and wishes W fence in a rectangular piece of land
through which a straight dver flows. The over 15 o form one side of the enclosure. How
can this be done to enclose as much land as possible?

22 Two posilive quantitics p and g vary in such a way that p'g = 9. Another quantity = is
defined by z = 16p + 3g. Find values of p and g that make 7 a minimum.

23 A beam has a rectangular cross-section of depth x cm and width y em. The perimeter
of the cross-section of the beamn 1 120 cm. The strength, 5, of the beam is given by
8 =53
a Find yin terms of x. b Express & in lerms of @
c What are the possible values for x? d Skeich the graph of § against x.
e Find the values of x and y which give the strongest beam.
f 1f the cross-sectional depth of the beam must be less than or equal to 19 cm, find the
maximum strength of the beam.

284 The number of salmon swimming upsiream in a fver Lo spawn 15 approximated by E
s(x) = —x' + 3% + 3600 + 5000, with x representing the temperature of the water in
degrees ("CY. (This model is valid only if 6 £ x = 20.) Find the water temperature that
results in the maximum number of salmon swimming upsiream.

25 A piece ol wire 360 cm long is used to make the twelve edges of a rectangular box for

which the length is twice the breadth.

a Denoting the breadth of the box by x cm, show that the volume of the box, V cn, is
given by V = 180 — 6.

b Find the domain, 8, of the function V: § — B, V(x) = 180 — 6x° which describes
the situation.

& Sketch the graph of the function with rule v = Vix)

d Find the dimensions of the box that has the greatest volume.

e Find the values of x (cormect to two decimal places) For which V' = 20 ().
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Chapter 18 review BB61

A picce of wire of length 90 cm is bent into the Srem Sxcm

shape shown in the disgram.

a Show that the arca. A cm?, enclosed by the wire
is given by A = 360x — 602,

b Find the values of x and y for which A 15 4
THAXTIILTL.

yom yem

fxom

A picee of wire 100 cm in length is to be col into two pieces, one picce of which i3 (o be

shaped into a circle and the other into a square.

a How should the wire be cut if the sum of the enclosed areas is o be a minimwm?
(Give your answer Lo the nearest centimetre, )

b How should the wire be used to obtain o maximum arca’

A roll of tape 36 metres long is 1o be used to mark ot the edges
and mtemal lines of a rectangular court of length 4x metres and
width y metres, as shown in the diggram, Find the length and ¥
width of the court for which the area 15 a maximm.

B o

A rectangular chicken run 15 1o be built on Bat ground. A T6-metre length of chicken
wire will be used to form three of the sides; the fourth side, of length x metres, will be
part of a straight wooden fence,

a Lety be the width of the rectangle. Find an expression for A, the area of the chicken
ru, i ferms of xand y.

Find an expression for A in tlerms of x,

Find the possible values of x.

Sketch the graph of A against x for these values of x

2 a 6o &

What is the largest area of ground the chicken run can cover?

The diagram illustrales a window that consists of an equilateral
triangle and a rectangle, The amount of lizht that comes through the
window is directly proportional to the area of the window.

IT the perimeter of such a window must be BIN0 mm, find the values
of hand a (correct to the nearest oun) which allow the maximum
amount of light to pass.

i 2 i

-'-—'—.E'—I-

21 A rectangular frame with a cross-strul is made from a - M ——=
L0-metre length of steel. Find the frame’s maximum *
possible area. ¥m
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32 A cross-section of an acroplune wing has its upper boundary described by the curve
y=axx—3), 0 < x <3, where a is a positive constant. The height of the wing is y m
at a distance of x m across the wing (relative (o o reference point on the leading edge of
the wing).

& Show that the gradient of the curve 15 given by % = Jalx—3x—1)

b Hence, find the value of x at which this cross-section of the wing reaches 1ts
maxirmum height.

¢ If the maximum height s 40 om, find the value of a

d Using the value ol a found in part e, locale the point on the upper boundary of the
wing where the gradient 1s —0.3,

33  The diagram shows a cross-section of an open deanage channel. The Aat bottom of the E
channel is ¥ metres across and the sides are guarter cireles of radiug x metres. The total
length of the bottom plus the two curved sides is 10 metres.

L o] I v ;x\)
T

a
b Stale the possible values that x can take.

& Find an expression for A, the area ol the cross-section, in wrms of
d

e

Sketch the graph of A against x, for possible values of x.
Find the value of x which maximises A.
f Comment on the cross-sectional shape of the draim.

34 A cylinder closed at both ends has a total surface area of 1000 em?. The radius of the
cylinder is x cm and the height A em. Let V em? be the volume of the eylinder,

a Find hm terms of x. b Find V in terms of
dV . dV
cﬁndg_ d Fmd[x.a—-ﬂ}_

e Skeich the graph of V against x for a suitable domain,
f Find the maximum volume of the cylinder.
£ Find the valoe(s) of xand f for which V = 1000, correct to two decimal places.

35 A cylindrical aluminium can able to contain half a litre of drink is to be manufactured.
The volume of the can must therefore be 500 cm?.
a Find the radius and height of the can which will use the least aluninium and
therefore be the cheapest to manufacture,
B If the radius of the can must be no greater than 5 cm, find the radius and height of the
can that will use the least aluminium.
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