Probability

Objectives
To understand the basic concepts and notation of sets.
To understand the basic concepts and rules of probability.
To introduce mutually exclusive events.
To apply the addition rule Lo solve problems.

To introduce conditional probability and independence.
To use the multiplication rule and the law of total probability to calculate probabilities.

>
>
| 4
>
» Touse Venn diagrams. tree diagrams and probability tables to calculate probabilities.
=
>
= To use simulation to estimate probabilities.

>

To use pseudocode to describe algorithms for simulation.

Uncertainty is involved m much of the reasoning we undertake every day of our lives, We
are ofien reguired to make decisions based on the chance of a particular occurrence. Some
events can be predicled from our present store of knowledge, such as the time of the next
high tde. Others, such as whether a head or tail will show when a coin is lossed, ane nol
predictable.

However, whether through our prior observitions or through a theoretical understunding of
the circumstances, we are often able o assign a numencal value, or probability, to cach
possible outcome of an experiment. This probability, which will take a value between 0
and 1, gives us an indication as W how likely we are 1o observe the oulcome. A probability
of () means that the outcorne 15 impossible and a probability of 1 means that it s certaim.
Generally, the probability will be somewhere in between, with a higher value meamng that
the outcome 15 more likely.
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9A Sample spaces and probability 305

m Sample spaces and probability

In this section we look al two essentisl components of probability: a sample space, which
15 the set of all possible outcomes of an experiment, and a set of probabilities, one for each
oulcerme.

Sample spaces
Suppose we toss a comn W see whether a head () or a tail (T') appears uppermost. The tss of
the coin can be termed a single trial of a random experiment. The word *random” is used
here because, while the outcome observed must be ¢ither a head or a tail, on a particular toss
we don’t know which will be observed. However, we do know that the outcome observed will
be one of a known set of possible outcomes, and the set of all possible outcomnes s called the
sample space for the experiment.
Set nolation can be used in listing all the elements in the sample space. For example, the
sample space Tor the tossing of a coin would be writlen as

|H.T)
where ff indicates head and T indicates tail. Throughout this chapter, we use the Greek
letter # (epsilon) to denote the sample space.

The following table sives some examples of random ecxpenments and their sample spaces.

Random experiment Sample space
The number observed when a die is rolled e={1.2,3.4,5 6]
The number of brown eggs in a carton of 12 eges e=10.1,2.3,4.567.8910,11.12)
The result when two cu-iru: are tossed e=[HH HT,TH, TT}
The number of calls to your phone in the next e=40,1.2.3.4,: =]
twio houars
The time, in hours, it takes to complete your e={r:r=1M0}
homework
Events

An event 15 a subset of the sample space. It may consist of a single outcome, or il may
consist of several outcomes. For example, when rolling a die, the event ol interest may be
‘wetiing a six’, which consists of just one outcome and is described by the set {6}, However,
the event ‘getting an odd number” can be achieved by rolling 1, 3 or 5 and is described by the

set {1.3,5).
It is convenient o use set notation to list the elements of the evenl. In general we use capital
letters, AL 8. €, .. .. Lo denote events.
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308 Chapter 3: Probability

The following table lists the experiments desenbed carlier and gives the sample space and an

example of an event for cach one,

Sample space An event

The number observed when a die is rolled ‘An even number’ = (2.4, 6]
e=[1,2.3,4,5.6)

The number of brown eggs in a carton of 12 eges “More than half brown® = {78,910, 11, 12}
g={0,1,2,3,4.5,6,7,8,9,10, 11,12}

The result when two coins are tossed “Two heads® = [HH)
= {HH,HT,TH_TT)

The number of calls to your phone in the next ‘Fewer than two phone calls® = [(, 1)
twi hours

e={0,1.2.34...}

The time, in howrs, it takes to complete your ‘More than two hours” = (11> 2]}
homework

e={t:r=10]

Mote: Both a sample space and an event can be discrete or continuous, finite or infinite.

C]l Example 1
A bag contains seven marbles numbered from 1 o 7 and a marble is withdrawn.

a Give the sample space for this experiment.
b List the outcomes {elements) of the event “a marble with an odd number 15 withdrawn®.

Solution Explanation
a {1,2.3456T Any number from 1 to 7 could be observed.
b {1.3,5.7} This set contains the odd numbers in the sample space.

Determining probabilities for equally likely outcomes

There are many situations for which we can develop a simple model that can be used Lo
assign a probability o an evenl. The most obvious of these 18 when it 18 reasonable o assume
that all of the outeomes are equally likely, such as when a die is rolled.

We require that the probabilities of all the outeomes in the sample space sum Lo 1, and that
the probability of each outcome 15 4 non-negative number. This means that the probability of
cach outcome must e in the mterval [0, 1].
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9A Sample spaces and probability 307

Since six outcomes are possible when rolling a die, we can assign the probability of cach
putcome o be E': That is,

. 1
Pr(l) = Pr(2) = Pr(3) = Pr(d) = Pr(3) = Pr(6) = =
When the sample space 15 finite, the probability of an event 15 equal to the sum of the
probabilites of the outcomes in that evenl.

For example, let A be the event that an even number is rolled on the die. Then A = {2, 4,6}
and so

Pr(A) = Pr(2) + Pr{d) + Pr(6)

Sinece the outeomes are cgually hkely, we can caleolate this more casily as

Pr(A) number of outcomes mA 3 |
total number of outcomes & 2

Equally likely outcomes

In general, if the sample space € for an experiment containg n outeomes, all of which are
equally likely to occur, we assign a probability of % to each of these outcomes.

Then the probability of any event A which contains m of these oulcomes is the ratio of the
number of elements in A to the number of elements in e That 1s.

n(A) m

me) T n

where the notation (S ) is vsed o represent the number of elements mset 5.

Pr(A) =

OF course, there are many sitations where the oulcomes are not cqually likely. For example,
il has been established worldwide that the probability of a male birth is in {uct 0.51, not (0.5,
However, in many siluations the assumption of equally likely is justified, and allows us to
assign probabilities reasonably.

3 examoiez

3
=31
’

=
Suppose a number 1s drawn al random from the numbers 7, 8,9, 10, 11, 12, 13. 14. What
1% the probability of choosing a prime number?
Solution Explanation
Let A be the event the chosen number 15 prime. Since the number 15 drawn at random,
Then wie can assume cach number is equally
3 rea £
Pr{A) = . likely o be drawn.
A=[1T.11.13}, nlA)=3. nle) =8
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308 Chapter 3: Probability

The following mles of probability hold for linite sample spaces:
B Pr(A) = 0, for any event A.
m The sum of the probabilitics of all the outcomes of a random experiment must cgual 1.

The second of these two rules can be used 1o determine probabilities as follows.

[ ® | Example 3
i 2 3
A tundom experiment may resultin 1, 2, 3 or 4, ITPr{1) = e Pr(2) = 7 and Pr(3) = G
find the probability of ebtaining a 4. _

Solution Explanation
Pri4) = 1 —(-i% +% +%) The sum of the probabilities is 1.
=2
13
7
- 13

Find the probability that cach of the possible outcomes 18 observed for the following
SpIners:

Solution , Explanation
a Pl) =P2) = P3) = Pi{d) = Pr(5) = 3 On spinner a, there are five equally
likely pulcomes.
b P'['{”LPI{Z]—'PF[3)SI—I;=H.|25 On spinner b, there are § eqgual
2 1 seclors, So we assume cach has a
Pr(4) = i (.25 prubability of i[.
3 The results 1, 2 and 3 appear once.
Pr(5) = = = 0375 The s P
8 resull 4 appears twice.

The result 5 appears three imes.

Note: In both these cases, we have
Pril)+ Pr{2) + Pr(3) + Prid) + Pr(5) = 1.
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9A Sample spaces and probability 309

Complementary events

When two events have no elements in common and together they make up the entire sample
space, they are said o be complementary events. The complement of event A is the

event A’ which consists of all the outcomes in s that are not in A. Since the sum of the
probabilities is 1, we can wrile

Pr(A") = 1 — Pr(A)

A card 15 drawn at random from a pack of 52 cards. What is the probability that the

card is:
a not a heart b notan ace?
Solution
a Let H be the event a heart is drawn. b Lel A be the event an ace 18 drawn.
Then  Pr(H') = 1 —Pr(l) Then  Pr{A”) = 1 — PriA)
I 13 = 4
52 =i |y
¥
=y X5 =l
4 4 I3 13

Combining our knowledge of the rules of probability enables us 1o solve more complex
problems.
BEJN Example 6

A random experiment may result in outcomes A, B, C. Dor E, where A, B, C, D are
equally bkely and £ 15 twice as hkely as A, Find:

a PrE) b PriB")
Solution Explanation
a Let PrA)y = PiuB) =Py = Pi{D) = x. Summarise the information in the question
Then Pr{E) = 2. in terms of one unknown.
r+x+x+x+2r=1 The sum of the probablities s 1.
txr=1
1
=
3]

1
Thus PHE) = 2x = 3

1 5
b Peify=1-Prilt)y=1- 2=z Since 8" is the complement of 8, the
probabilities will add o 1.
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310 cChapter 3: Probability 9A

f$um mary 9A
m ‘The sample space, &, for & random experiment is the set of all possible outeomes.
= Anevent s a subset of the sample space: ‘The probability of an event 4 occurmng 15
denoted by PriA).
= Rules of probability for fimite sample spaces:
e PriA) = 0. for cach evenl A.
o The sum of the probabilitics of all the outcomes of a random experiment must be
equal to 1.
m Equaily likely outcomes [ the sample space £ for an experiment contains
n outcomes, all of which are equally likely o ocour, we assign a probability ul'i Lo
cach outcome. Then the probability of an event A is given by
Pr(A) = namber of ontcomes in A _ mA)
total number of oulcomes  n(e)
= If two events have no elements in common and together they make up the entire sample
space, they are suid 1o be complementary events. The complement of any event A ix
denoted A” and we can write

Pr(A") = 1 — Pr(A)

List the sample space lor the toss of a coin.

-

Ex_nmpla 1
2  List the sample space for the outcomes when a die s rolled.
3 List the sample spaces for the following experiments:
a the number of cars which pass through a particular intersection in a day
b the number of people on board a bus hicensed (o carry ) passengers
¢ the number of imes a dic is rolled before a six is observed
& List the outcomes associated with the following events:
a ‘aneven number’ when a die is rolled
b ‘more than two female students” when three students are chosen for & commitiee
from a class of 10 male and 10 female students
¢ ‘more than four aces” when live cards are dealt from a standard pack of 52 cards
Example2 5 A number is drawn at random from the sei (1,2,3, ..., 20}. What is the probability that
the number is;
a divisible by 2 b divisible by 3 e divisible by both 2 und 37
8 A baghas 13 marbles numbered 1,2, 3, ..., 15, If one marble 15 drawn at random from
the bag, what is the probability that the number on the marble is:
a less than 5 b greater than or equal to 6 ¢ between 5 and B inclusive?
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SA 9A Sample spaces and probability 311

7  Suppose that in a cerain city the same number of people were bom on cach of the
363 days of the year, and that nobody was born on 29 February, Find the probabality
that the birthday of a person selected at random:

a is 29 November

b 15 in November

¢ flalls between 15 Junuary and 15 Pebruary, nol including either day
d is in the first three months of the year,

8 Onc letter is drawn at random from the letters in the word AUSTRALIA. Find the
probability that the letier 1s;
aaT b an A c i vowel d a consonanl

1 1
EBxample3: 83 A random expeniment resulisin 1,2, 3,4, Sor 6. [FPr(l) = —, Pr{2) = 3 Prii) = e

12
Pri5)= % and Pri6) = % find the probability of obtaining a 4.

10 A random experiment resultsin 1, 2, 3 or 4. 10 Pr(1) = 0.2, Pr{3) = (.1 and Prid) = 0.3,
find Pr{2).
exampied 11  Consider the following spinners. In each case, whal is the chance of the pointer
slopping in region 17

@™

EBxample 5 12  Assume that the probability of a baby being bom on a certain day is the same for cach
day of the week. Find the probability that a randomly chosen person was born:

a ona Wednesday b not on the weekend.
Exampies 13 A random experiment results in 1,2, 3 or 4. 1T 1, 2 and 3 are equally likely to occur, and

4 15 twice as likely 1o ocour as 3, find the probability of cach of the possible outcomes.

14 For a particular biased six-sided die it is known that the numbers 2.3, 4 and 5 are
cqually likely to ocour, that the number 6 occurs twice as often as the number 2, and
that the number 1 occurs hall as often as the number 2.
a Find the probability of each of the possible outcomes.
b Find the probability that the number observed is not a 6.

15 A spinner has four sectors numbered 1, 2, 3 and 4. Suppose that Pril) = x, Pr{2) = = E
and Pr{3) = 0.2,
a Find an expression for Pr(4) in terms of x.
b Suppose it is known that (1.1 < x < 0.5, Sketch the graph of Prid) against x.
& Hence lind the maximum possible value of Pr{4), correct to two decimal places,
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312 cChapter 3: Probability

@ Estimating probabilities

When we are dealing with a random expeniment which does not have equally likely
outcomes, other methods of estamating probability are reguired.

Subjective probabilities

Sometimes, the probability is assigned a value just on the basis of experience. Por example,
a sports journalist may sugeest that Auwstralia has a 60% chance of winning the next Ashes
senes relying on their own judgement. Another journalist might well assign this probability
an entirely different value, Such probabilities are called subjective probabilites, and whether
or ol they are accurate estimates of the true probability would be open to dispute.

Probabilities from data

A better way Lo estimale an unknown probability is by expenimentation: by performing the
random experiment leading (o the event of interest many wmes and recording the results. Ths
information can then be wsed o estimate the chances of it happening again in the future. The
proportion of trials thal resulted in this event is called the relative frequency of the event
{For most purposes we can consider proportion and relative [requency as interchangeable.)

That 15,

numiber of tmes evenl A ocours
number of trials

Relative frequency of evenl A =

Suppose. for example, that we are interested in determmning the probability that 4 drawing pin

will land “point up® when it 18 tossed. Since a drawing pin s not synumetrical, the assumplion

of equally likely outcomes cannol be used to determine probabilities,

Our strategry o estimate this probability 15 1o toss the drawing pin many tmes and count the

number of times 1t lands point up. We can then ealculate the relative frequency:

number of tmes drawing pin landed “point up’
nurmber of trials

This proportion, or relative frequency, is an estimate of the probability of a drawing pin

Relative frequency ol “point up” =

landing with the point up.

The graph opposite shows the resolis
of one experiment where a drawing
pin is tossed 150 times, with the
probability of the drawing pin landing
point up estimated every 10 throws.

[} —_
=] =
hrocc §
0
1]
L=}

=
I

From the graph it may be scen that, as
the number of trals (repetitions of the

experiment) increases, the estimated

Estimated probability
=
(=

=
[

— T T T T T T
20 40 o0 RO 100 120 140
Number of tosses

=

probability converges to a value and
then stays fairly stable.
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9B Estimating probabilities 313

In general, if the same experiment is repeated many, many times, the relative frequency
of any particular event will stabilise to a constant value. This hmitng value of the relatve
Irequency is then considered 1o be the probability of the evenL

When the number of tnals 15 suffictently large, the observed relative frequency of an

event A becomes close to the probability PriA). That is,

number of times event A oceurs
number of trials

Pr{A) = for & large number of trials

Il the expermment was repeated, it would generally be found that the results were slightly
different. One might conclude that relative frequency 1s not a very good way of estimating
probability. In many situalions, however, expeniments are the only way to get at an unknown
probability. One of the most valuable lessons o be learnt is that such estimates are not exact,
and will in fact vary from sample W sample.

Understanding the variation between estimates s extremely important in the study off
statistics, and will be the topic of your later studies i mathematics. At this stage it 1s valuable
Lo realise that the variation does exist, and that the best estimates of the probabilities will

result from using as many trals as possible.

In order 1o investigate the probability that a drawing pin lands point up, Katia decides 1o

toss it 30 tmes and o count the number of favourable outcomes, which tums out to be 33,

Mikki repeats the experiment, but she tosses the same drawing pin 100 times and counts

62 luvourable outlcomes.

a What is Katia’s estimate of the probability of the drawing pin landing point up?

b What is Mikki's esimate?

e Which af these is the prefermed estimate of the probability from these experiments?

d Based on the information available, what would be the preferred estimate of the
probability?

Solution
a From Kaba's information: Pripoint up) = E = ()66

62
b From Mikki's information: Pr{point up) = 100> 0.62
¢ Since Mikki has estimated the probability from a larser number of mals, her estimate
would be preferred Lo Katia's,
d Based on the mformation available, the preferred estimate of the probability would be
found by combimng the data from both expenments, and so maximising the number
of trials. In total, 95 favourable outcomes were observed in 150 1osses, and this gives a

: o 95
*best” estimate of the probability of 150~ 0.63.
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314 cChapter 3: Probability

Thus, probability can be considered as the proportion of tmes that an event will occur in the
tong run. This interpretation also defines the mimmum and maximum values of probability
as () (the event never oceurs) and 1 (the event always oceurs), and confirms that the sum of

the probabalitics for all possible outcomes will equal 1.

Simulation

The word simulate means to pretend or W imitate. [n statisties, simolation is a way to model
a rundom experiment, such that simulated outcomes closely match real-world outcomes.
Simulation does not involve repeating the actual expenment. Instead, more comples
probabilities can be estimated via multiple trials of an experiment which approximates the
actual experiment, bul can be cartied oul guickly and casily. A more detailed discussion of
simulation is found in Section 9H.

Probabilities from area

In the previous section we used the model of egqually likely outcomes to determmne
probabilities. We counted both the outcomes in the event and the outcomes in the sample
space, and used the ratio o delermine the probability of the evenl

This idea can be extended o caleulate probabilitics when arcas are involved, by assuming
that the probabilitics of all points in the region (which can be considered to be the sample
space ) are equally likely.

KCJ Example 8
Suppose that a square dartboard consists of a red sguare 12 ¢m

drawn inside a larger while square of side length 12 em,
s shown.

If a dart thrown at the board has equal chance of landing
anywhene on the board, what is the probability it lands in
the red arca? (Ignore the possibility that it might land on the
line or miss the board altogether!)

Solution Explanation

area of red square

landing in the red arca) = There are really only two outcomes
o = ! arca of dartboard ] : e ¥ S =
lor this experiment: landing in the
= lidu red area or landing in the white area.
a4
4 Assume that the probability of
=9 landing i an area 15 proportional o
the size of the arca.
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9B 9B Estimating probabilities 315

IrrSum mary 9B
= When a probability is unknown, it can be estimated by the relative frequency obtained
through repeated trials of the random experiment under consideration. In this case,
Pr{A) = number of limes C"I'I:‘!'!IA OCCUrs
number of trials
& Whichever method of estimating probability is used, the rules of probability hold:
e PriA) =0, for cach event A
s Prie)=1
o The sum of the probabilities of all the outcomes of a random experiment equals 1.

s=)

Example 7| 1 DEstimute the probability of the event specified occurming, using the data given:
a Prhead) if a coin s tossed 100 tmes and 34 heads observed
b Priten) il a spinner is spun 200 times and lands on the “ten” 20) tmes
& Pritwo heads) if two coins are wssed 150 tmes and two heads are observed on
4 vecasions
d Prithree sixes) il three dice are rolled 200 times and three sixes observed only onee

for & large number of trials

2 A student decides Lo toss two coins and notes the resulis.

a Do yvou think relative frequencies obtained from 20 tnals would make for a good
estimate of the probabilities?

b Perform the experiment 20 tmes and estimate Pritwo heads), Prione head) and
Prino heads).

¢ Combine your results with those of vour fniends, so that you have results from at
least 10O trials. Use these results to agaim estimate the probabilities.

d Do you think the data from 100 trials give better estimates of the probabilites?

e How many trals would you need w find the probabilitics exactly?

3 Two misshapen six-sided dice were used for the following experiment. The lirst die was
thrown 500 times and T8 sixes were observed. The second die was thrown 700 times
and 102 sixes were observed. I you wished to throw a six, which die would you choose
to throw, and why?

& A bowl contans 340 red and 60 black balls.

a State the proportion of red balls in the bowl.

b A random sample of 60 balls is taken from the bowl and is found 1o have 48 red
balls. Find the proportion of red balls in the sample.

¢ Another random sample of 60 balls is taken from the bowl and is found o have 54
red balls: Find the proportion of red balls in the sample.

d What is the expected number of red balls in a sample of 607

ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



318 Chapter 3: Probability aB

5 In asurvey of 2000 people, 890 indicated that they regularly use social media to keep in
touch with friends. What 15 an estimate for the probabihity that the next person surveyed
alse wses social media?

Example® B A square of side length 1 metre contains a blue one-guarter
ol a circular disc centred at the bottom-left vertex of the
sguare, a8 shown,

a What proportion of the square 15 bluc?

b I a dart thrown at the square is equally likely to hit any
part of the square, and it hits the square every tme, find
the probability of it hitting the blue region.

7 A dart is thrown at random onto a board that has the shape
of a circle as shown. Calculate the probability that the dar

will hit the shaded region. @

8 A spinner is as shown in the diagram.
Find the probability that when spun the pointer will land on:
a the red section
b the yellow section

€ any section cxcepl the yellow section.

8 In asideshow al a fele a dart is thrown at a square with
side length 1 metre. The circle shown has a radios of
04 metres. The dart 15 equally likely o hit any point on
the square. Find the probability that the dart will hit
a the shaded part of the square
b the unshaded part of the sgquare.
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9B 8C Multi-stage experiments 317

10 A dart 18 thrown at random onto the board shown, The
board s a square of side length x, the larzer cirele 15 of
x x
radius 3 and the smaller circle 15 of radius 3
a Find, in terms of

i the arca of the square

ii the area of the larger circle

iii the arca of the smaller circle.
b Hence find the probability that the dart will land:
i inside the smaller circle
ii in the white region
iii in the outer shaded region.

@ Multi-stage experiments

Often we are inlerested in probahilities arising from more complex multi-stage experiments,
that 1s, experiments which can be considered to take place in more than one stage.

For example, when considering the outcomes from lossing two coins Stage I Stage 2
{or lossing one coin twice) we should consider the possible outcomes

1 Lwis Slages: H

m the outcome from coin 1 H

m followed by the outcome from coin 2.

In such cases, it is helplul o list the elements of the sample space r
sysicmatically by means of a tree diagram as shown.
i
T
T
Each path along the branches of the tree gives an Stage ! Stage2  Outcome
outcome, which we determine by reading along the
branches, making sure we maintain the order of the H HE
putcome at cach stage carcfully. i
Collecting together all the ouleomes, we see that the
sample space is r Hr
e={HH HT TH TT]
H T
T
T T
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318 cChapter 3: Probability

When the outcomes of the multi-stage expenment are equally likely, we can still determine
the probability of an event occurmng by dividing the number of outcomes in the event by the
number of outcomes in the sample space.

BCAN Example 9
Find the probability that when a fair coin is tossed twice:
a one bead is observed
b at least one head 18 observed
€ both heads or buth tails are observed.
Solution 5 3 Explanation
a Prione head) = Az List the outcomes of the event:
‘onie head® = [HT, THY,
There are 2 outcomes in the event and 4 in
the sample space (see tree diagram).
b Prial least one head) = % List the outcomes of the evenl:
‘at least one head® = [HM, HT, THY).
There are 3 outcomes in the event and 4 in
the sample space.
¢ Pr{both heads or both tails) = % - -é List the outcomes of the event:
‘both heads or both tails’ = |HHL, 1T,
There are 2 outcomes in the event and 4 in
the sample space.
When listing the outcomes for a two-stage experiment, it can also be convenient Lo display
the sample space in a table. For example, when rolling two dice (or a single die twice) there
15 the possibility of [1,2, 3.4, 5, 6] on die 1 (or the first roll), and {1, 2. 3.4, 5,6} on die 2 {or
the second roll). So the sample space for this experiment can be written as:
Die 2
l rd 3 4 3 f
Die 1 1 (1.1 (1,2} (1.3) (1,4} (1.5 (1.8)
20 21y (22 (2.3) (2,4 (2% (2.8)
3 3L 32 (3.3 3.4 (35 (G.6)
4 @41 4.2) 4.3 4.4 @5 @d.6)
3| G G2 G3) GB4AH G5 G.6)
6 | (61) (62) (®.3) (6.4 (6BS5 (6.6
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) Example 10
Find the probability that when two fair dice are rolled:
a the same number shows on both dice (a double)
b the sum of the two numbers shown 1s greater than 10,
Solution p l Explanation
a Pridouble) = =g ‘double’ = [{1, 13.(2.2),(3.3). (4,4), (5, 3), (6. 6)).
) There are 6 outcomes in the event and 36 in the
sample space.
b Prisum = 10) = % = Tl:-" “sum is greater than 107 = {{5, 6).(6.5), (6, 6)).
. - There are 3 outcomes in the event and 36 in the
sample space.
When the experiment involves more than two stages, iLis beést Lo use a tree diagram Lo
determine all of the pussible outcomes. Suppose, [or example, that three coins are tossed
and the outcomes noted. The three-stage tree diggram for listing the sample space for this
experiment is as follows:
Stage 1 Stage 2 Stage 3 Chutcome
First coin  Second coin  Third coin
H HHH
H <
T HHT
H
H HTH
T<
T HIT
H THH
7] < 1
T 1 THT
H TTH
) <
7 T
Thus the required sample space is
& = [HHH, HHT, HTH HTT, THH, THT, TTH_. TTT)
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Find the probability that when a-coin is tossed three times:
a one head is observed

b al least one head is ohserved

¢ the second toss results in g head

d all heads or all tails are observed.

(&)

o

Solution 5 Explanation
a Prione head) = 7 ‘one head” = (HTT, THT, TTH).
There are 3 outcomes in the event and 8 in the
sample space.
-
b Prlat least one head) = 3 “at least one head” =

{HHE HHT, HTH, THH, BT, THT, TTiH ).
There are 7 outcomes in the event and 8 i the

sample space.
¢ Prisccond toss is 4 head) ‘second toss 15 a head” = (MM, HET, THEH, THTY.
4 1 There are 4 outcomes in the event and 8 in the
= e sample space.
d  Priall heads or all tails) ‘all heads or all Lals™ = [HHH, TTTY,
21 There are 2 outcomes in the event and 8 m the
8 4 sample space.

Summary 89C

The sample space [or & lwo-stage experiment can be displayed using a tree diagram or i
tuble. If an experiment involves more than two stages, then a tree disgram should be used.

Eamples. 1 Two fair coins are ossed. Use the sample space for this experiment to find the
probability of observing:
a no heads b more than one tail.
2 A fair coinis tossed twice. Find the probability that:
a the lirst toss is a head b the second toss 1s a head e both tosses are heads.
Bxample1o) 3 Two regular dice are rolled. Use the sample space for this experiment (o find the
probability that the sum of the numbers showing is:
a cven b 3 © less than 6,
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&  Two regular dice are rolled. Use the sample space {or this experiment Lo find the
probability that the sum of the numbers showing 15:
a eqgual 1o 10 b odd © less than or egual to 7.

Example1l) 5 A fair coin is tossed three tmes, Use the sample space for this experiment o lind the
probability that:

a cxactly one tail 1s observed b cxactly two tails are observed
¢ exactly three tails are observed d no tails are observed.

8 A fair coin is tossed three times. Use the sample space for this expedment (o find the
probability that:
a the third toss 14 8 head
b the second and third tosses are heads
¢ al least one head and one tail are observed.

7 An cxperiment consists of rolling a die and tossing a coin. Use a tree diggram o list
the samiple space for the experiment. Find the probability of oblaining a head and an

even number.

8 Two coins are tossed and a die is rolled.
a Draw a tree diagram to show all the possible outcomes.
b lind the probability of observing:
i two heads and a6
ii onc head, one tal and an even number
fii two tails and an odd number
iv an odd number on the dic.

8 Madison has a choice of two entrees (soup or salad), three mam courses (fish, chicken
or sleak) and three desserts (ice-cream, lemon tart or cheese).
a Draw a ree diagram o show all her possible dinmer combinations.
b If Madison chooses all three courses, and is equally likely o choose any of the
options at each course, lind the probability that:
i she chooses soup, fish and lemon tart
ii she chooses lish
iii she chooses salad and chicken
iv she doesn’t have the lemon tart,
& Suppose Madison has the choice to omil the entree andfor the dessert course
alogether. Find the probability that:
i she chooses soup, fish and lemon tart
ii she chooses all three courses
iii she chooses only two courses

iv she has only the main course.
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10 A buag contains five balls, numbered 1 to 5. A ball is chosen al rundom, the number
noted and the ball replaced. A second ball i5 then chosen at random and 1ts number
noted.

a Draw up a tuble of ordered pairs to show the sample space for the experiment.
b Find the probability that:
i the sum of the two numbers is 5
ii the two numbers are different

iii the sccond number 15 two more than the first.

@ Combining events

Before proceeding with our discussion of probability, we briefly review sets and set notation.

The empty sel, denoted by @, is the set consisting of no elements. This is different from [0],

which is a set containing one element, 1,

Sects, and the relationships between sets, can be 1llustrated
clearly by using Venn diagrams. The universal set £ is usually /l'
shown as 4 rectangle, and a subsel of £ as a circle. . a4

IF A and 8 are any two sets, then the union of A and 8,
denoted A U B 1s the set of all elements in A or 8 (or both).
This is shown on a Venn diagram by shading both sets A
and B,

For example, if A 1s the set of students in a school who play
hockey, and B the set of students who play tenms, then the
umion of A and 8 15 the set of students who play cither hockey
or Lennes or both.

The intersection of A and B, denoled A N BL s the set

of elements that are in both A and 8. This is shown on a
Venn diggram by shading only the area contained in both A
and 8.

For example, the intersection of the two sets previously
described is the set of students who play both hockey and

Intersection

Llennis.

As previously, note that the complement of A, denoted A”,

is the set of all elements of £ that are not in A. This is A
shown on a Venn diagram by shading only the arca

outside A.

The complement of the set of students who play hockey ina

school is the sel of students who do not play hockey, Complement
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Two sets A and 8 are said o be disjoint or

muiually exclusive if they have no elements in /_,_ix\ B
commuon, that is, il A 0 B = @. The Venn diagram f b

opposite shows two sets that are mutually exclusive. ( |

If A 15 the set of girls who play hockey in a school and \‘kﬁ__/ 4
B is the set of boys who play hockey. then A und B are

mutually exclusive, as no student can belong to both sets, Disjoint sets

Finally, the number of elements in a set A 15 usually denoted niA). For example, if
A =124 6], then n(A) = 3.

Yenn diagrams can be used to help us solve pracical problems involving sets.

RGNl Example 12
Fifty students were asked what they did on the weekends. A totad of 35 said they wenl Lo
football matches, the movies or bath, OF the 22 who went o football matches, 12 said they
also went 1o the movies. Show this information on a Venn diagram.

a How many students went to the movies but not to football matches?
b How many went neither to football matches nor to the movies?

Solution
Let F denote the set of students who attend football matches and M denote the: set of
students who attend movies.

Hence, from the informabon given, n{# U M) = 35, n(F)= 22 and n(F N M) = 12,

a Students who go o the movies but not 1o football
matches are found in the region £ N M, and from the e

diagram n(F* N M) = 13. '/ 10 @ 13

b Those who atiend neither are found in the region o 5
F'oo M and from the diagram n(F" 1 M) = 15, =
n=>50

F M

HCIN Example 13

Consider Example 12, Whal is the probability that a student chosen at random from this
wroup of 5k

a went to the movies but not to foothall matches
b went neither W football matches nor o the movies?

Solution Explanation
i nl M) 13 - . -
a P nMy= = % o determing the probability of these
niE
events, divide by the size of the sample
n(F"nM’) 15 3 space in cach case
b P{FNM)= —— = — = — s i :
\ ) nie) 50 10
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The addition rule
Venn diagrams can be used (o illustrate a very important rule that will enable us o caleulate
probabilites for more complex evenls. Suppose that A and B are two evenls in a sample
space £ such that A N B # @. This can be represented by the Venn disgram shown.
From the Venn diagram we can sce thal

n(A U B) = n(A) + n(B) —n(A 0 B) 4
{ As the mtersection has been counted twice, in both niA) (
and ni B), we must subtract ik) \
Dividing through by nie) gives

mAUE) niA) nify n{ADB)

— | + _—

nie) miE) nmlE} mlE}

Now, it each of the outcornes in g1is equally likely 1o occur, then each term in this expression

is equal Lo the probability of that event occurring. This can be rewriiten as:
PriA U B) = PriA) + Po(B) — PrlA m B)
This is called the addition rule for combining probabilities.

Addition ruls
The probability of A or B or both gecurring can be calculated using
Pr(A U B) = Pr{A) + Pr(B) — PrA N B)
This rule also applies when the outcomes are not equally likely; it is always true.

This rule can be used o help solve more complex problems in probability.,

HCJN Example 14
If one card 15 chosen at random from a well-shuifled deck, whal is the probability that the
card is a king or a spade?

Solution

Letevent K be ‘a king'. Then K = {King ol spades,
king of hearts, king of diamonds, king ol clubs)
and n{K) = 4.

Letevent & be "aspade’. Then § = {ace of spades,
king of spades, gueen of spades, ...} and n{8) = 13.

The event “a King or 4 spade” corresponds o the union of sets K and 5. We have

4 13 |
PrK)= g,  PS)=.  PrKnS)=
and 50, using the addition rule, we find
Pk US)= :i + -E' - -—I-' = lﬁ =03077 (cormect w 4 decimal places)
52 52 52 52
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-
Summary 9D
= Venn diagrams are often useful for solving problems involving sets.
& For any two evenis A and B, the addition rule can be applicd:
PriA U B) = PrlA)+ Pr(B) - PolA N B)

m [If the two events A and B are mutually exclusive, then Pr{A 0 8) = 0 and therefore
Pr{A U B) = PrlA) + Pr( 8.

2z [;)

1 &={1,2,34,5678910}, A={1,2,34), B={2.4,6).
Show these sets on a Venn diagrum and use your diagram Lo find:
a AugR b AnE c A
d Ang e (Anf{y f (AuBy

2 e={1,2,3,45067589.10,11,12}, A ={multples of four}, 8 = {even numbers).
Show these sets on a Venn disgram and vse your diggram 1o find:
a A b W e AURB
d (AuBY e A'ny

3 &= |different letters of the word MATHEMATICS}
A = [different letters of the word ATTIC)
B = {different letiers of the word TASTE)
Show g, A and B on g Venn diggram, entering all the elements. Hence hist the sets:
a A b ¥ c AUl
d (AU BY e AUR fFANE

Example12. & In asurvey of 100 university students, a market résearch company found that
70 students owned smariphones, 45 owned cars and 35 owned smartphones and cars,
Use a Venn diagram to help you answer the following questions:

a How many studenis owned netther a car nor a smartphone?
b How many students owned cither 4 car or a smartphone, but not both?
Bamplz1s 5 Letes={1,2,3,4,5,6), where the outcomes are equally likely. IFA = {2, 4.6} and
B = |3). find:
a PiiauB b PrAnNB) ¢ Pr(4’) d Pr(8")
Bampieia, B Lete={1.2,3.4.5.6.7.8,9, 10,11, 12}, where the outcomes are equally likely. IT A is
the event ‘an even number” and 8 1s the event ‘a multiple of three”, find:
a PrA) b Prifi) c PriA N B and hence Prid U B
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7 In Sam’s class at school muny of the students are on the swimming leam. There are
18 students in the elass. Seven of the students swim freestyle and four swim backstroke.
Two students swim both lreestyle and backstroke. Draw a Venn diagram and wse il to
find the probability that a student randomly chosen from Sam’s class;
a swims frecstyle b swims backstroke
o swims freestyle and backstroke d is on the swimming team.

8 Suppose that A 1s the set of [actors of 12, and 8 is the set of prime numbers less than 10

IF & number is chosen at random from the integers from 1 o 20, draw a Venn diagram
and vse 1t to find:

a PrA) b Pr(B) c PiANnE d Prida U B)
9  Suppose Pr(A) = (L5, Pr(B) = (L4 and Pr(A N #) = 0.2. Find Pr{iA U B).
10 Suppose PriA) = 0.35, Pei#) = 0.24 and PriA n 8) = (L12. Find Pr{A U B).

11  Suppose PriA) = (.28, Pr(#) = 045 and A C B. Find:
a PriAN B) b Pr{iAUB)

12 Suppose Pr{A) = (.58, Pr(B) = 045 and B € A. Find:
a PrAn i) b PriAUR)

13 Suppose PriA) =03 Pr(B) =04and A N B = @. Find:
a PidAnBg) b PrAUH)

14 Suppose PriA) = 0.08, P #) = (.15, and A and B are disjoint. Find:
a PiAnm b PriA U B)
15 Suppose Pr{A) = 0.3, Pr(B) = (04 and PriA U 8) = 0.5. Find Pr(A N B),
16 Suppose Pr(A) = 0.24, Pe(8) = 0.44 and PriA U 8) = 0.63. Find Pr(A N B).
17 Supposc Pr(A) = (.3, Pr(B) = (1.4 and Pi{A N B") = 0.2. Find Pr(A U B"),

18 Suppose that in a certain school the probability that a student plays soccer is 0,18, the
probability that a sivdent plays tenms 15 0.25, and the probability that a student plays
both soccer and tennis 15 (L1 1. Find the probability that a student plays either or both
of these sports.

18 Suppose that in a certain school the probabihity that a student studies Chinese 1s (0,22,
the probabality that a student studies French 1s .35, and the probabality that a student
studies both languages is ().14.

a Find the probability that & student in thal school studies at least one of these

languages.
b Find the probability that 4 student in that school studies exactly one of these
languages.
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€13 Probability tables

A probability table is an alternative to a Venn
diagram when illustrating a probability problem
diggrammatically. Consider the Venn diagram
which llustrates two intersecting seis A and 8.
From the Venn diagram it can be seen that the
sample space is divided by the sets into four
disjoint regions: A NH, AN B, A" N B and

A' N B'. These regions may be represented in

a table as follows. Such a table 15 sometimes
referred o as a Karnaugh map.

B iy
A ANB | AnB
A A'NB | ANy

In a probability table, the entries give the probabilities of cach of these events occurring.

Column 1 Column 2
i B
Row 1 A _ PriA 0 ) Prid n i)

Row 2 A | PriA N ) PriA' N8B

Further, from the Venn diagram we can see that set A 1s the union of the part of sei A that
intersects with set 8 and the part of set A that does not intersect with set B. That is,

A=(ANBUANE)
The sets AN Band A N B are mually exclusive, so
Pr(A N B) + PriA N B') = Pr{A) (row 1)
and thus summing the probabilities in row 1 gives Prid). Simalarly:

PriA' n 8y + PriA" n B) = Pr{A") {row 2}
PriA n 8) + PrlA’ n 1) = Pr{ ) {column 1)
PiAn 8)+ PriA" n 8) = Pr{f) {column 2)

Finally, since Pr{A) + PriA’) = 1 and Pr{#) + Pr{#') = 1, the totals for both column 3 and
row 3 are equal o 1. Thus, the compleied able becomes:

Column 1 Column 2 Column 3

B B

Row 1 A | PdAn®) | PdANB) Pr(A)

Row2 | A’ PrA’ nB) | PrA' N B PriA")
Row3  PuB) Py | 1
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These tables can be useful when solving problems involving probability, as shown in the next

two examples.

©) ETTYD

If A and B are events such that PoiA) = 0.7, PrfiA 1 B) = 0.4 and PriA" 1 B) = 0.2, find:

a PriAnB) b Prif) c PiA'n B d PriAu B)
Solution
Column 1 Column 2 Column 3
B B
Rowl | A | PAANBI =04 | PHANE) | PrA) =07
Row2 | A PrA'NB) =02 | PA'NB) | PrA)
Row 3 . . h{B} i;ﬁﬂ’} i 1

The given information has been entered i the table in red.
a Fromrow 1
PANE)=Pr{A)—Pr{lANnB)=07-04=03
b From column 1;
PriB)=PriAN B)+PriA' nB) =04 +02 =06
e From column 3:
PriA)=1-Pr(A)=1-07 =03
From row 2:
PriA’'nB)=03-02=10.1
d Using the addition rule:
Pr(A U B) = Pr{A) + P(B)— PHA 1 B)
=07 +06-04
=09

The completed table 1s shown below.

Column 1 Column 2 Column 3
8 B
Row 1 A PriAnB)=04 PriAnB)=03 PriA) = 0.7 |
Row 2 A’ PrA'nB) =02 PriA’'n B') = (.1 Pr{A") =03
Row 3 | PaB =06 PrB) =04 | I '
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Example 16

Records indicate that, in Australia, 63% of secondary students participale in sport, and
T1% of secondary students are Australian by birth. They also show that 53% of students
are Australian by birth and participate in sport, Use this information to find:

a the probability that a student selected al random is not Australian by birth

b the probability that a student selected at random is not Australian by birth and does not

(&)

o

participate in sport.
Solution
The information in the guestion may be < 5
eolered inlo a Iahllc as shown, We use A 1o A | 053 071
represent ‘Australian by barth” and § o represent —
‘participales in sport’. 2 | . .
.65 | 1

All the empty cells in the table muy now be filled in by sublraction.

Incolumn 1:  Pr(A’ n§) = 0.65—0.53 = 0.12 . N
Incolumn 3: Pr(A’) = 1-0.71 = 0.29 A | 053 | 018 | 071
In row 1: PrANS") =071 053 = 018 AU 012 | 017 |1029
In row 3: Pri8"y=1-0.65=035 0.65 | 035 1

In row 2: Pr{A’' NS’y =029 -0.12 =0.17

a The probuability that a student selected at random is not Australian by birth is given by
Pr(4") = 0.29.

b The probability that a student selected at random is not Australian by birth and does not
participate in sport is given by Pr(A’ N5 =0.17.

M) eorcieeee |

Example1s! 1 I A and B are events such that Pe(A) = 0.6, PriA N B) = 0.4 and Pr{A’ N BY = (0.1, Gnd:
a PriAn &) b Prifi) ¢ PriA'n B d PriAu @)

2 If A and 8 are events such that PriA”) = (0.25, Pr(A’ N B) = .12 and Pr{B) = 0.52, find:
a PriA) b PrlANnE) e PriAulh d PriB")

3 1N C and D are events such that PriC U £) = 085, Pr{C) = 0.45 and Pr{{¥) = 0.37, find:
a Py b PriCn D) e PriC N d PriC"uD)
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)
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Il I£ and I are events such that PrE U F) = 0.7, PlEN £y = (.15 and Pri£") = (1.55,
find:
a Prk) b PriF) c PrlE'Nn#) d Pr(f’ U F)

If A and B are events such that Pe(A) = 0.8, Pri#) = 0.7 and Pr{A’ 1 B") = 0.1, find:
a PiAnB®) b PrA’ n i) c PiAUR) d PrAug)

In & recent survey of senior cilizens, it was found that 85% favoured giving greater
powers of arrest to police, 60% lavoured longer sentences for convicted persons, and
50% Favoured both propositions,

a What percentage favounsd at least one of the two propositions?

b What percentage favoured neither proposition?

The following information applies 1o a particular class:

m The probability that a student’s name begims with M is %
7
E_

m The probability that a student studies French and has a name beginning with M is .

m The probability that a student does not study French 1s

Find the probability that a student chosen al random from this class:

a studies French

b has a name which does not begin with M

© has 4 name which does begin with M, but does not study French

d has a name which does not begin with M and does not study French.

A frame is chosen at random fTom a shop where picture frames are sold. 1t 1s known
that in this shop:

m the probability that the frame 15 made of wood 1s 0.72

m (he probability that the frame 15 freestanding is (165

m the probability that the frame is not made of wood and is not Freestanding is (0.2,
Find the probability that the randomly chosen frame:

a s made of wood oris freestanding b is made of wood and 15 freestanding

c 15 nol made of wood d is not made of wood but is freestanding.

Al a school camp consisting of 60 students, sailing was offercd as an activity one
morning, and bushwalking in the alternoon. Every student attended at least one activity,
Il 32 siudents went sailing and 40 students went bushwalking, find the probability that a
student chosen at random:

a undertook neither Of these activities b has sailed or bushwalked

¢ has sailed and bushwalked d has sailed but not bushwalked.
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10 Ata barbecue attended by 50 people, hamburgers and sausapes were available. It was
found that 35 hamburzers and 38 sausazes were caten, and six people were noted
to have eaten neither a hamburger nor a sausape. I no person ate more than one
hamburger or one sausage, lind the probability that & person chosen al random ate:
a ahamburger or a sausace b a hamburger and a sausage

¢ only one serve of food d only a hamburger.

€17 conditional probability

We are often interesied in calculating the probability of one event in the light of whether
another event has or has not already occurred. Por example, consider lossing a coin twice.
What is the probability thit the second toss shows a head, iF we know that the first toss shows
a head? Is the probability the samie as if the first toss was a tail?

Suppaosc thal we define event A as “the second Loss is a head’, and event B as ‘the first toss is
a head’. Then the probability that the second toss shows a head, given that the lirst toss shows
a head, is written PriA | B) and is an example of conditional probability.

The probability of an event A pccuming when it 15 known that some event B has oceurred
is called conditional probability and is written PriA | B). This 1s usually read as “the
probability of A given 87, and can be thought ol a5 a means of adjusting probability in the
Light of new information:

©)

Suppose we roll a Tair die and define event A as “rolling a six" and event B as ‘rolling an
even number’, What is the probability of rolling a six given the information that an even

number was rolled?
Solution
The events A and B can be shown on a Venn diagram.

We know that event B has already occurred so wie know that

. 5
the outeome was 2, 4 or 6. Thus
i ! ! 3
Prisix 18 rolled given an even numbser is rolled)
. number of favourable outcomes
Lol number of ouleomes
n{A)
ni &)
1
3
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In Stephen’s class 12 students study Chinese, 20 study French, and § study both Chinese

and French.

a Given that a student in his class sindies Chinese (), what is the probability that they
also study French (#)7?

b Given that a student in his class studies French, what is the probability that they also
study Chinese?

o

Solution Explanation

Display the information in the guestion in & Venn
diggram. The numbers in brackets indicate the
namber of clements in cach region,

II' wi know that the student studies Chinese, the
sample space 1s restricted 1o those 12 students, From
the Venn diagram we can see that 8 of these students

8 2 G0 s Trenc
a PHF|C) = ==3 also study French,
= If we know that the student studies French, the
b PrHC|F) = _;ﬁ N % sample space is restricied o those 20 students. From

the Venn diagram we can see that 8 ol these students
also study Chinese:

This example clearly demonstrates that, in general, PriA | ) 2 Pr{B|A). S0 care needs to be

taken when determiming conditional probablities.

Conditional probabilities can also be caleulited from a table, as shown in Example 19.
NGl Example 19

500 people wene questioned and classified according to age and whether or not they
regularly use social media. The resulis ane shown in the table.

Do you regularly use social media?

Age<25 Age>25 | Toul
Yes 200 100 300
No 40 160 200
“Total 240 260 500

One person is selected at random from these SO0. Given that the selected person is less

than 25 years of age, what is the probability that they regularly use social media?

Solution Explanation

Pr{Yes| Age < 25) = ;—% = g Il we know the person is less than 25 years old, then
the sample space is restricied (o those 240 people.
Of these, 200 regularly use social media.
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Mole that, in Example 19,
200 240
Pr{Yes m Ape == 25) = — and PriAge < 25) = —
5 500 g 500
Hence we have
PriYes n Age < 25) % 200 3
PriAge < 23) 20 240 6

which is equal 10 the conditional probability Pr{Yes | Age < 25).

This illustrates a general principle which 1 always true.

The conditional probability of ian event A, given that event B has already occurred, 15 given

by
PAn s
PriA|8) = ———— if PriB) # 0
Pr(#)
Thas formula may be rearranged o mve the multiplication rule of probability;

PriA n B) = Pr{A | B) x Pr(B)

(@]

Given that for two events A and B, PriA) = 0.7. Pe(#) = 0.3 and PriiB|A) = 0.4, find:

a PiANnB) b PriA|B)
Solution g - A
AnBy 028 i
AN =P(B|A A b 1| 8) = — =
a Pr 1 {(BlA) % Prid) PrA| B) PrE) 03 s
=4 x0T =028

HEIN Exampie 21
In & particular school 553% of the students are male and 45% are female. OF the male

students 13% say mathematics is their favourite subject, while of the female students 18%
prefer mathematics. Find the probability that

a astudent chosen atl random prefers mathematics and 18 female

b astudent chosen at random prefers mathematios and is male.

Solution

Let us use M o represent male, F for female, and P for prefers mathematics. Then

Pr(M) =055, P =045 PaPIM)=013, PoPlF) =018

We can use the multiplication rule to find the required probabilities:

a The event ‘prefers mathematics and s female” 15 represented by £ 0, with
PPN Fy=PriP| Fy=Pr(F) =018 x 045 = 0,081

b The event "prefers mathematics and is male” is represented by Pn M, with
PPN M)=PrPIM)xPaM)=0.13x0.55 = 0.0715
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The law of total probability

As has already been seen, the tree diagram is an efficient way of listing a mult-stage sample
space. If the probabilitics associated with cach stage are also added to the tree diagram, 1
becomes a very useful way of calculating the probability for cach outcome. The probabilities
al cach stage are conditional probabilities that the particular path will be followed and the
mulaphication rule says that the probability of reaching the end of a given branch s the
product of the probabilities associated with cach segment of that branch.

® Example 22

Usimg the information from Example 21, construct a tree diagram and use it to determine:
a the probability that a student selected is female and does not prefer mathematics
b the overall percentage of students who prefer mathematics.

Solution
The situation described can be represented by a tree diagram as follows:

u'l}..-'f PIM PriPn A =055 x 013 = 00715
0.55 M ————5—3—?____ PIM  Pr(P 0 M) = 0.55x 087 = 0.4785

0.18 PIF PPN E)=045x%0.18 = 0.081
0.45 F

082 “UPIE PP 0 F) = 0.45 X 0.82 = 0369

a To find the probability that a student is female and does not prefer mathematics we
multiply along the appropriate branches thus:

Pr{F 0Py =Pr() < Pr{P' | F) = 045 % (1.82 = 0.369
b Now, to find the overall percentage of students who prefer mathematics we recall that:
P={(PnFyulPn M)
Since PN F and P 1 M are mutually exclusive,
Prif) =Pr{PDF)+ PPN M) =0081+ 00715 =0.1525
Thus 15.25% of all students prefer mathematics.

The solution 1o part b of Example 22 15 an application of a rule known as the law of total
probability. This can be expressed in general terms as follows:

The law of total probability states that, in the case of two events A and B,
PriA) = PriA| B) Pr(B) + PrA | B')Pr{B")
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A further example of the use of the law of Lotal probability is given in the following example.

EC)l Example 23
In a certain town, the probability that 1t rains onany Monday is 0,21 1f it rams on
Monday, then the probability that it rains on Tuesday is 0.83. If it does not ruin on
Monday, then the probability of rain on Tuesday is (L3, For a given week, find the
probability that it rains:
a on both Monday and Tuesday b on Tucsday.
Solution
Let M represent the event ‘rain on Monday® and 7" represent the event “rain on Tuesday ™.

The situation described in the question can be represented by a tree diagram, You can
check that the probabilities are correct by seeing if they add o 1.

n.83 - TIM Pr(T N M) = 0.21 x 0.83 = 0.1743

g = {:/&T:'““ MM Pr{7" 0 M) = 0.21 x .17 = 0.0357
0.75~ g 2 — e Pr(I' N M’) = 0.79 x 03 = 0.237
0T e Pr{T' 0 M) = 0.79 % 0.7 = 0.553

a The probability that it rains on both Monday and Tuesday is given by
PrT nM)=10.21x083 =0.1743

b The probability that it rains on Tuesday is given by
PrT) =Pe(T N My+Pr{T 00 M) = 01743 + 0237 = 04113

F’Sum mary 9F

m The probability of an event A occurring when it 18 known that some event B has already
occurred is called conditional probabilily and is written Prid | B).

® [n general, the conditional probability of an event A, given that event B has already
occurred, is given by

Pr{A 0 B)
Pr(8)

This formula may be rearranged o give the multiplication rule of probability:
Pr(A N B) = Pr(A | B) x Pr(B)
m The law of total probability states that, in the case of two events A and B,
PriA) = PriA | B) Pr(B) + PriA | B') Pr( B}

PriA|B) = if Pr(B) # 0
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=) I

Bmmpia1?’ 1 Suppose that a fair die 15 molled, and event A 18 defined as ‘rolling a six” and eventl B as
‘rolling a number greater than 27, Find Pr(A | B).

Suppose that a Fair die is rolled, and event A is defined as ‘rolling a three” and event B as
‘rolling an odd number”. Draw a Venn diagram and use it o find Pr(A | B).

Exampls 18 In Sam’s class seven students play both violin and piano, 12 students play violin only,
and 12 students play piano only. Draw a YVenn diagram and use it to find the probability
that a randomly chosen student plays the violin given that they play the piano,

Two dice are rolled and the outcomes observed. Given that the dice both show the same
number, what 15 the probabality that 1t°s a “double s1x™7

In Annabelle’s class 17 students own an iPhone, 7 own an iPad, and 4 own both.

a What 1s the probability that a student owns an 1Pad, given that they own an iPhone?
b What is the probability that a student owns an 1Phone, given that they own an iPad?

Exampla 19 A group of 100 people were guestioned and elassified according to sex and whether
or not they think private individuals should be allowed to carry guns. The results are
shown in the table.

Do you think private individuals should be allowed to carry guns?
Male  Female | Total |

Yes 35 30 65 |

No 25 10 35

Total 6l 44} 1000
One person is chosen at random from the group. Given that this person is male, what is
the probability that they think private individuals should be allowed to carry guns?
The following data was derived from accident records on a lnghway noted for its
above-average accident rate.

Probable cause

Type of Speed  Alcohol  Reckless  Other | Total

accident driving

Fatal I 42 61 22 12 137

MNon-fatal BH 185 98 6l 431

Tolal | 130 246 124} T2 568
Use the table to estimate:
a the probability that speed is the cause of the accident
b the probability that the sceident is fatal
¢ Lhe probability that the accident is fatal, given that speed is the cause
d the probability that the sceident is fatal, given that alcohol is the cause.
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Example20) 8 Given that for two events A and B, Po{A) = (L6, PR B) = 0.3 and Pr{ 8| A) = 0.1, lind:
a PrAnf) b PriA|B)

9 Forevents A and 8:
a ifPrA) = 0.7 and Pr{A n B) = 0.4, find Pr{B| A)
b il PrlA|B) = 06 and P #) = 0.5, find Pr{A 1 B)
c if Pr{A| B) = (.44 and Pr{A N B) = (1.3, find Pr{#).

10 In arundom éxpenment Prid) = 035, Pr(#) = 0.4 and Pr{A U 8) = (.7, Find:
a PriAn g b PriA|®) c Pr(f|A)

11  In arandom experiment Pr(A) = 0.6, Pe(B) = 0.54 and PriA N B') = 0.4. Find:
a PdAn® b PrA |8 c PriB|A)

12  In arandom expenment PriA) = (0.4, Pr(A | B) = (.6 and PriB) = 0.5. Find:
a PdAnBg) b Prig|A)

Bampla21. 13 The current football fixture has the local team playing at home for 60% of its matches.
When it plays at home, the team wins 805% of the tme. When it plays away, the tcam
wins only 40% of the tme. What percentage of its games does the team play away

and win?

14 'The probability that a car will need an vil change 15 (.15, the probability that it needs a
new oil filier is (.08, and the probability that both the oil and the flter need changing
15 .03, Given that the oil has to be changed, what is the probability that a new oil filter
is also needed?

15 A person is chosen at random from the employees of a large company. Let W obe the
event thal the person chosen is @ woman, and let A be the event that the person chosen
i5 25 years or older. Suppose the probability of selecting a woman is Pr{W) = (L6352
and the probability of a woman being 25 years or older is Pr{A | W) = 01.354. Find the
probabilily that 4 randomly chosen employee is a woman aged 25 years or older.

16 In aclass of 28 siudents there are 15 girls. OF the students in the class, six girls and
cight boys play basketball. A student is chosen at random from the class. IF G represents
the event that a girl student 15 chosen and 8 represents the event that the student chosen
plays basketball, find:

a PriG) b Prii) c Pril) d Pr(B|d)
e Pt | B) f Pr(B|G") g P nG") h PriBNG)

Bmmpia22 17 In a senior college, 25% of the Year 11 students and 40% of the Year 12 students would
prefer not o wear school umiform. This particular college has 320 Year 11 students and
280 Year 12 students. Find the probability that a randomly chosen student is i Year 11
and is in favour of wearnng school uniform. What is the overall percentage of students
who are in favour of weanng school uniform?
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18 Ata certain school it was found that 35% of the 500 boys and 40% of the 400 girls
emjoyed bushwalking. One student from the school 15 chosen at random. Let & represent
the event that the student is a girl, and B represent the event that the student enjoys
bushwalking.

a Find, correet o two dectmal places:

i PriG) il PriB|(C) iii Pr(B|G") iv Pr{BNG) v PriBnG)
b Find PrB).
¢ Hence find:

i Prici|B) ii Pr{CG|8")

19 Jane has three bags of lollies. In bag 1 there are three mints and three wlfees. in bag 2
there are three mints and two offees, and in bag 3 there are two mints and one toffee.
Jane selects a bag at random, and then selects a lolly at random. Find:

a the probability she chooses @ mint from bag 1
b the probability she chooses a nunt
¢ Lhe probability that Jane chose bag 1, given that she selects a mint

20  Assuming a finite sample space, deseribe the relationship between events A and 81f:

Prid)

Pr(B)

21  For two events A and £ it is known that Prid) = 0.3 and Pr{A | £7) = 0.55. 1t is also E
known that 0.1 < Pr(A | B) = 0.3, Let y = Pr(8) and let x = Pr(A | B),

a Sketch the graph of y against x for 0.1 < x <03,

a PrA|B)=1 b PriA|8) =0 e PrlA|B) =

b Hence lind the maximuom and minimum possible values of Pri#).

22 A bowl contains x blue discs and x+ 4 red dises. A disc 15 chosen at rundom, the colour
recorded and the dise replaced. A second dise is then chosen at random and 1t colour
recorded.

a Find, in terms of x, the probabality of oblaining two dises of the same colour.

37
b If the probability of obtaining two dises of the same colour is T find the value of x.

23 A dart is thrown at the bourd shown. The board is a square of side
length 50 em, and the circle has radios ©em. The dart 5 equally
likely to hit any point on the board. IT it hits the shaded region inside O
the circle; the score 18 50 poinis; otherwise, the score 1s 10 points.

a Find an expression for the probability that a dart scores 30 points.

b Find an expression Tor the probability that the wotal score from two darts is 6() points,

¢ Hence find the value of x that maximises the probability that the total score [rom two
darts is 60 points, and find the value of this maximum probability, Give your answers
correct o two decimal places.,
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@ Independent events

Let us again consider the guestion of the probability that the second toss shows a head, given
that the first toss shows a head, when tossing a coin twice. [F we define A as the event ‘the
second 1oss is a head” and B as the event ‘the first oss is a head’, then what is Pr{A | 8)?
Lising the definition of conditional probability:
PrA N B)

Pri &)
Priboth tosses show heads)
i -PT{Iimi toss shows a head)
1
1 2
That is, the probability of the second toss showing a head does not seem Lo be affected by the
outcome of the first toss. This is an example of independent events.

PriA|B) =

Sl | 25 o

Two events A and B are independent if the occurrence of one event has no effect on the
probability of the occurrence of the other, that is,1f

Pr(A | B) = Pr(A)
If Pr(B) # 0, then the multuplication rule of probability gives
An g
PrA|B) = M
Pri )
Thus, when events A and 8 are independent, we can equate the two expressions for PriA | B)
to oblain
PriA N B)
Pi(d) = ———
(A) Pr(B)
and therefore

Pr{An B) = Pr{A) x Pr(B)

In fact, we can also use this final equation as 4 test for independence:

Events A and B are independent if and only i
Pr{A N B) = Pr(A) x Pr{B)

Notas:

® Forevenis A and 8 with PriA) # (0 and Pr(#) # (O, the following three conditions are all
equivalent conditions for the independence of A and B:
s Pr{A|B) = Pr(A)
= Pr{f|A) = Pr(B)
s Pr{An B) = Pr{A) x Pr{8)

m In the special case that PriA) = 0 or Pr{#) = 0, the condition Pr{A N #) = Pr{A) x Pr{8)
holds since both sides are zero, and 5o we say that A and B are independent.

m Sometimes this definition of independence is referred 1o as pairwise independence.
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Example 24

500 people were questioned and Do you regularly use social media?
classified according to ape and whether

or not they regulary use social media,

(&)

o

Age<25  Age=25  ‘Towl

The results are shown in the table. Yes | 200 100 300
Is the regular use of sovial media i NP 1 40 ]ﬁ_u 200
independent of the respondent’s age? Towl | 240 260 | 500
Solution
From the table:

PriAse < 25 M Yes kel - 0.4

(Age < 2 Ch]—m}— Rk
240 300
225 1§) = e W e =) 6=02
PriAge < 23) x Pr Yes) 500 * 300 048 x (.6 = (0.288

Hence
PriAge < 25 1 Yes) # Pr{Age < 25) x Pr{Yes)
and therefore these events are not independent.

©
An expenment consists of drawing a number at random from {1,2,3.4.5.6,7, 8).
LetA=112.3.4L B=11,3.5Ttand C = {4,6, 8}
a Arc A and B independent?
b Are A and C independent?
¢ Are 8and C independent?

Solution Explanation
Pr(A) = L. Pr(B) = §, Pr(C) =}
a PrANE) =] since AN B = {1.3)

PriA) x Pr(B) = 3 x4 = §
~ Pr{A) x Pr(B) = P{A N B)
Thus A and B are independent since these two probabilities are equal.
b PHANC) =3 since AN C = 4]
PriA) x Pr{iC) = 1 xd = &
S PrAY = PHC) 2 PiAnC)
Thus A and C are not independent since these two probabilities are nol equal.
c PdBnC)y=10 since BnC=@
PrB) x Pr{C) = 1 x 2 = 2
L P xPoCy 2 P{BRC)
Thus B and C are not independent since these two probabilities are nol equal.
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The concept ol mathematical independence s sometimes confused with that of physical
independence. [F two events are physically independent, then they are also mathematically
independent, but the converse 1s nol necessarly true. The following example illustrates this.

BCAN Example 26

Suppose we roll a die twice and define the following events:
A = the first roll shows a4
B = the sgeond roll shows a4
€ = the sum of the numbers showing is at least 10

a Arc A and 8 independent events?

b What about A and C?

Solution
a Since A and B are physically independent, they must also be mathematically
independent, but we can also check this directly.

We have

1.1 |
Prid) = Priff) = EXE g"TEI‘

If we write the sample space as ordered pairs, in which the first entry 15 the resolt of the
lirst throw and the sceond is the result of the second throw, then
E= “ I'.! I’:‘.I1 1]:!. ITj.:.'l '--T{ﬁ:jji'{ﬁrﬁj}
and nig) = 36
The event A N B corresponds Lo the outcome (4,4), and so n{A N #) = 1,
Thus
PriAn B) = ]E = Pr{A) x Pr( )

and s0. A and 8 are independent.

b Wehave C = [(4.6).(5.3),(5.6),(6,4),(6, 5), (6. 6)} and so n(C) = 6.

Thus
1 6 |
Ay xPrilli = =% — = —
YAy X BNE) 6 36 36
The event A N C corresponds Lo the outcome (4, 6), and so n(A N C) = 1.

Thus
PrfAnC) = % = Pr{4) x Pr{C)

This means that A and € are also independent events.
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Knowing that events are independent means that we can determine the probability of their
intersection by multiplying together their individual probabilities. This s illusirated in the
following example.

EGIN Exampie 27
Suppose that the probability that a family in & cerlain town owns a television set (1)
15 (.75, and the probability that a family owns a statron wagon (8 ) 15 0.25. If these evenis
are independent, find the following probabilities:
a A family chosen at random owns both a lelevision set and a station wagon,
b A family chosen at random owns at least one of these iems.

Solution
a The event ‘owns both a television set and a station wazon® is represented by T NS | with
Pl n&)=PrT) = Pr(S) {as T and § are independent)
=075 x0.25= 01875
b The event ‘owns at least one of these ilems” is represented by 77U 8, with
PriT US)=PriT)+PrS) =P ns) {From the addition rule)
=075 +025-075x025 (as T and § are independent)
= D.8125

Confusion often arises between independent and mutually exclusive events. That two evenls
A and B are mutually exclusive means that AN B = @ and hence that PoiA N B) = (0. Thus, if
two events are independent, they cannol also be mutually exclusive, unless the probability of

at least one of the events 1s zero.

fSum mary 9G

m The probability of an event A occurring when it 18 known that some event B has already
occurred is called conditional probability and is written Pr{A | #). where

Pr{A n 8)
Pr(H)

m Two events A and B are independent if the occorrence of one event has no effect on
the probability of the occurrenee of the other, that is, if

PriA | B) = Pr{A)
m BEvents A and B are independent if and only if
PHA N B) = Pr{A) x Pr(8)

PriA|B) = if Pr(B) # 0
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Bampleza; 1 A rroup of 100 people were guestioned and classified according to sex and whether
or not they think private mdividuals should be allowed to carry guns. The resulls are
shown in the table,

Do you think private individuals should be allowed to carry guns?
Male  Female | Total |

Yes 35 30 63

No 25 LG B |

Total 6l 40 100}
Is support for private individuals carrying guns independent of sex?
A group of 300 students were asked whether they would rather spend their recreational
time playing sport or hstening o music. The resulis, as well as the sex of the student,
are given in the following table.

|
Male  Female  Towl

Sport | 225 150 375

Music 75 50 125

Total 300 200 300
Is preference for playing sport or lislening o music independent ol sex?
An wnalysis of traffic sceidents in a certain city classified the accident as senous or
minor, as well as whether the driver was speeding or noL.

Type of Speading

accident Yes No Total

Serous 42 Al 103

Minor BE 183 273

Total 130 246 376
Is the seriousness of the accident independent of whether the driver was speeding
or not?

Exampla 25 An experiment consists of drawing a number at random from [1,2.3, ... _12].
LetA={1.2.3,456L8={1,3.5.7,9.11}and C = {4,6,8.9).

a ArcA and B independent?
b Are A and C independent?
¢ Are B and C independent?
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Bmmple2s. 5§ A die is thrown and the number uppermost is recorded. Events A and 8 are defined
as ‘an cven number® and ‘a square number” respectively. Show that A and B are
mdependent.

68 Twooevents A and B are such that Pr(d) = 0.3, P8} = 0.1 and PlA N 8) = (L1, Arc
A and B independent?

7 Il A and 8 are independent events with Prid) = 0.6 and Pr{8) = (.7, find:
a PriAlB) b PrA nB) c PriAun)

8 IfAand B are independent events with PriA) = 0.5 and Pri8) = 0.2, lind PriA U B).

Example27) 9 A manand a woman decide to marry. Assume that the probability that each will have a
specilic blood group is as follows:

Bloodgroup = O A B AB |
Probability 0.5 (.35 0.1 .05 |
I the blood group of the husband is independent of that of his wile, find the probability
that:
a the husband is group A
b the husband is group A and his wile is group B
¢ hoth are group A
d the wile is group AB and her husband is group O.
10 The 165 subjects volunteering for a medical study are classilied by sex and blood
pressure (high (8), normal (V) and low (L)).
" N L
M HE 22 10
¥ 11 22 12
Towl | 99 44 22
I a subject is selected at random, find:
a PrN) b PriF nH) ¢ Pr(FuUH)
d PriF|L) e PriL|F)
Are F and Lindependent? Explain.
11 [Bvents A and 8 are as shown in the Venn diagram. Show
that A and 8 are independent.
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12 ‘The probability that a marmied woman watches a certain television show is 0.4, and the
probability that ber husband watches the show 1s 0.5, The television viewing habits of
a hushuand and wile are clearly not independenl. In fact, the probability that a marmed
woman walches the show, ziven that her husband does, i3 0.7, Find the probability tha:
a both the husband and wile walch the show
b the husband watches the show given that his wife watches it

13 The 65 middle managers in a company are classified by age and income as Tollows:

Age

Income 30-30(T) 4049 (F)  30-69(8)

Low (L) |13 4 I

Moderate (M) 8 10 3

High (1) : s 16 8

Total | 23 30 iz
A middle manager s selected at random from the company, Find:
a Pr(l) b Pri¥) c PrT) d PriM)
e PriLn#) f Pril n M) g PriL|#) h Pr{T|M)
Is income independent of age? Explain your answer.

14 A consumer research orgunisation has studied the services provided by the 150 TV

repair persons in g certain city and their findings are summarised in the following able,
Guod service (G)  Poor service (G') |
Fi - " () i 48 16 1
Not factory trained (#7) 24 b2
a One of the TV repairers 18 randomly selected. Caleulate the following probabilities:
i Pri(i| ), the probability that a factory-tramed repairer is one who gives good
service
il Pri¢i N #), the probability that the repairer is giving good service and is factory
tranricd
iii Pri¢; U #), the probability that the repairer is giving good service or is factory
traunied or both
b Areevents (G and & independent?
© Are the events G and # mutoally exclusive?

15 Let A and B be mdependent évents with PriA) # 0 and Pr{#) # (. 1t iz known E
that PriA) + Priff) = (.3, Find the mummum possible valoe of Pr(A U B), and the
corresponding values of PriA) and Pr{H).
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348 Chapter 9: Probability

m Solving probability problems using simulation

Simulation is a very powerful and widely used procedure which enables us to find
approximate answers o difficult probability guestions. Some problems are not able o be
solved directly and simulation allows a solution to be obtamed where otherwise none would
be possible. In this section some specific probability problems are looked at which may be
solved by using simulation.

An example of using simulation
Suppasec, lor example, we would like to answer the lollowing gquestion:
What is the probability that a family with six children will have at least four girls?
There are ways of determining this probability exactly, which will be discussed in
Chapter 11, but wie don’t know how to do this yet. What we can do, however, is estimale the
probability by using simulation.
Firstly, we need to make some assumptions so we can decide on a suitable model for the
simulation. We will assume:
B There is a probability of 0.5 of cach child being female.
® The sex of cach child 1% independent of the sex of the other children. That is, the
probability of a female child is always (1.5,
Since the probability ol a lemale chald is (1.5, a suitable simulation model would be tossing
a fair coin. Let a head represent a female child and & tail & male child, A trial consists of
tossing the coin six Umes o represent one complete family of six children, and the result of
the trial is the number of heads obtained in the tral,
To carry out the simulation, several rals need o be conducted. How many tnals are needed
to estimate the probability? As we have already noted in Section YB, the more repetitions
of an experiment the better the estimate of the probability. Initially about 50 trials could be
considered.
An example of the results that might be obtained from five trials is:

Trial number . Simulation results Number of heads

1 ' THHTTH 3
| 2 HHHTHT 4
3 HHHTHH 5
4 HTTTHT 2
5 HTHHHN 5

Mote: From the table above, we sce that even though the chance of a girl 15 ,—i the actual
number of girls (heads) observed in cach trial varies guite a lot from trial to tral.
Understanding the variation between rials 15 an important topic in mathematics, and
is studied as part of estimation in Mathematcal Methods Unis 3 & 4.
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Continuing with the simulation until there were 50 trials gave the results summansed in the
following ble:

Mumber of heads i) 1 3 4 5 6
Number of times obtained 1 5 12 15 13 3 1

I

The resulis i this table can be used to estimate the probability that a family with six children
will have at least four girls. Since at least four heads were obtained in 17 out of 50 trnals, we
estimate the probability as % or ()34,

Note that, since this probability has been estimated expernimentally, repeating the simulations
would give a slightly different result, but we would expect 1o oblain approximately this value
most of the time.

Further examples of using simulation

Simulation 1% also widely used o estmate the valoes of other guantities which are of interest
in 4 probability problem. We may wish to know the average result, the largest result, the
nurnber of trials required to achieve a certain resolt, and so on. An example of this type of
problem is given in Example 28,

= Example 28
A pizza shop is giving away loothall cards with each pizza bought. There are six dilferent
cards available, and a fan decides to continue buying the pizzas until all six are obtained.
How many pizzas will need 1o be bought, on averase, (o obtain the complete set of cards?

Solution

As there are six outcomes of interesy, a fair six-sided die could be used [or the simulation.

Each of the six different cards is represented by one of the six sides of the die. Rolling the

dic and observing the outlcome is equivalent lo buying a pizza and noting which card was

obtained. This simolation model 1s based on the following assumptions:

® The six cards all occur with equal frequency.

m The card obtained with one pizza is independent of the cards oblained with the other
[ELis,

A trial would consist of rolling the die until all of the six numbers 1, 2, 3.4, 5 and 6 have

been observed, and the resalt of the trial 1s the number of rolls necessary to do thas.

The results of one trial are shown:
§ =2 5 2.2 F 3 3 FE & 3 5 4
In this instance, 14 pizras were bought before the whole set was obtained, OF course, we

would not expect to buy 14 pizzas every Ume — this 18 just the result from one tnal. To
obtain an appropriate estimate, we would need (o conduct several trials,
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348 Chapter 3: Probability

The following 15 an example of the results that might be obtained from 50 mals, In cach
case the number listed represents the number of pizeas that were bought o oblain a
complete set of Tootball cards:

14 g 12 11 16 8 8 11 15 26
4 20 11 13 35 23 19 14 10 10
20 9 1w 14 29 13 7 15, 15 22
9 10 14 16 14 17 12 10 24 13
9 27 31 11 9 16 21 22 ¥ o

To estimate the number of pizzas that need to be bought, the average of the numbers
obtuined in these simulations is caleulated. Thus we estimate that, in order 1o collect the
complete set of cards, it would be necessary o buy approximately
4+8+124+11+10+4+---+16+21 +22+8+9
S0

= 15 pizzas

Using a calculator to generate random numbers

There are many sitwations where coins and dice may not be uselul for simulation, Suppose
we wished to determine how many pizzas would need o be bought, on average, to oblain a
complete set of eight souvenirs. In this case, we could vse technology o senerate random

iniegers from 1w 8.

Lising technology gives us more Oexibility in terms of the number of different random
oulcomes that can be generated, and also allows us W perform more trials. In this seetion, we
use a CAS calenlator o generate random numbers. In the next section, we use pscudocode o
describe simulation algorithms that could be implemented as programs on a computer.

T = R
Using the TI-Nspire
m In u Calculator page, o Lo | manu) > 1.
Probability > Random > Seed and enler the RandSeed 1653 D
tast 4 digiis of your phone number. This medl) os83503
t:n_lu‘urus‘ that y.uu.r rindom-number starting | odtni4) Exgiasd
point differs from the calculator default.
|
8 For a random number between 0 and 1, use (menu| > Probability > Random > Number.
m lor a random integer, use [ menu| > Probability > Random > Integer. lor example,
Lo ubtain five random integers between 2 and 4 inclusive, use the command
randint(2. 4, 5} as shown.
N\ - J
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T 3 R
Using the Casio ClassPad
m In 7. press the [Keyboard) button. & Edit Action Interactive
& Find and then select (Cataiog| by first tappi '*?'11;"1[7:[5“"[!:&"]']:‘#[' [
3 ataiog | by lirst tapping v al .
the bottom of the left sidebar. rand ( 4]
& Scroll across the alphabet to the letier R Rl
rand (1,68
¥
m To generale a random number between 0 and 1: randfi, 8
= In{catalegl, select rand. el |
- IEP@I rand{1, B ln!
& To generate three random integers between 1 and 6 Catslog (< (M| N|O|P 0 A|»
inclusive: dvanca | FCorr . Form I
= s |' _ﬂ N E2
» In/{catalog|, select rand|. Mumber | e ndRin g
i |ramdList
= Type: 1.6 : { ——
g . RandSeed W[ peyr |
o Tap (ExE] three imes. | rangeAppoint ( f—
m To generate a list of 10 random numbers between [a '_'.lﬁﬁ . ﬂ_' EXE _I
(hand 1: 1] Degimal Fes] Rad m
In (Catalog, select randList{. Type: 10
s e sﬂ‘j}rpt © Efit Action Interactive
o Tap (ExE} and then tap » to view all the numbers. gl 'I o [ m:immlbl = I_+.,I : E
m To generate a list of 20 random integers between randlist 10 o
I and 30 inclusive: (0. 9081054533, 0. 852856390
« In[Catalog), sclect randListi. Type: 20, 1,30 randList (20, 1, 39 o
- \ . . 117,24, 8, 27,16, 27, 27, 5. I»
s Tap {ExE]| and then tap » to view all the integers. o =
L5 S
-
Summary 9H
m In order to use simulation to solve a problem, first make a clear statement of the
problem and the underlying assumptions.
m Coing, dice and spinners can be used for simulations. However, using lechnology o
generale random numbers provides more fexibility.
= EHach trial should be defined and repeated several times (al least 50).
® The resulis from all the nals are summansed to provide an answer o a problem.
Far each of the following guestions, perform the simulation by wsing your calculator to
penerdale random numbers.
1 Use simulaton to estimate the probability that, in a family with three children, all the
children are boys.
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350 Chapter 3: Probability aH

2 A teacher gives the class a test consisting of five "true or false’ guestions. Use
simulation W estmate the probabality that a student who guesses the answer o every

guestion wets at least three comecl

3 A tcacher gives the cliss a test consisting of 10 multiple-choice guestions, cach with
five alternatives. Use simulation o estimaie the probability that a student who guesses

the answer Lo every question gets al least five correcl.

&  Use simulaton to estimate the number of pizzas we would need o buy if the number of
football cards described in Example 28 was extended o 10.

5 Suppose thal, on average, a basketball player makes three out of every Four shots, Use
simulation to find an estumate of the probability that she makes five or six of the six
shots she takes,

B A shooter has a probabality of (0.4 of hitting a target. He keeps shooting at the tarset
until it is hit once. Use simulation to estimate the average number of Gmes he shools
until the target is hil

T Sean is playmg tennis with a friend. The first player to win six games 15 the winner
of the match, regardless of the number of games won by his opponenl. Suppose thai
Sean’s probability of winming cach game against this opponent i1s 006, Use simulation (o
estimate the probability that he wins the match.

@ Pseudocode for probability and simulation

Using a computer to camry oul a simulation means that we can conduct many more trials, and

therefore we can obtain @ more accurate estimate of the required probability.

Recall that pseudocode is an informal notation for desceribing algorithms. In this section, we

desenbe algorithms 10 estimate probabilities by carrying oul simulations, We also desceribe

alporithms to caleulate exact probabilities where this would be too tedious by hand.

Mote: You should work through the introduction Lo pseudocode in Appendix A befare
starting thas section, The Interactive Textbook also includes online appendices on
coding using the language Python, the T-Nspire and the Casio ClassPad.

Algorithms for simulation

For this section, we introduce two uselul pseudocode functions:

® The function randomi ) generates a random real number 1 the interval (0, 1)

m The function randint(n, m) gencrates a random integer between n and minclusive.

We begin with a very simple example.
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Example 29
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Deseribe a simulaton algonthm o estimate the probability of oblaining a six when a fair

die 15 rolled.

Solution

input N

eonnt — ()

for § from 1 to N
culcome +— randini( 1, &)
if owlcomes =6 then

count «— count + |

end if

end for

oot

extimte —

print esfimale

Explanation

We use the vanables:

& N for the pumber of times to roll the dic

m outceme for the result of the curment moll

m count 0o keep a running tally of the
number of sixes obtained.

We use a for loop to simulate rolling a die

N times:

In each pass ol the for loop, we seneraie a

random integer between 1 and 6 Lo simulate

rolling the die. If the outeome is a six, then

we add one to the count.

The estimate of the probability is the number

of sixes divided by the number of rolls:

Note: When this algonthm is implemented as a program on a computer, the output will vary
each tme it is run, For example, in four runs using &' = 100 000, the four outputs were
0.16655, (L16670, 0.16599 and (.16726.

——

GJ Example 30

Deseribe a strmulation algorithm o estimate the long-term average for the number of rolls

of i die that 11 takes 1o first get a six,

Solution

sum +— )

for ¢ from 1 to 1000
outcome — ()
cent «— ()

while eudeome £ 6

atilcome — randint{ 1, 6)

connt — comnl + 1
end while
ST — Sim + count

end for
KL

T

ISBM 575-1-009-11045-7
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Explanation

We use the vaniables:

r putcome for the result of the current roll

B count o keep a running Lally of the
number of rolls in the current trial

B siem to keep @ runming total of the number
of rolls reguired in all toals,

We use a for loop Lo simulate 1000 trnals of

rolling until we get a six.

Within cach pass of the for loop, we use a

while loop to simulate rolling untl we gei a

six. We then add the required number of rolls

to the running total.
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Algorithms for calculating exact probabilities

In the previous two examples, we have seen algorithms used o oblamn estimates. 'We can also
use algorithms o calculate exact probabilities.

For example, we already know how to find the probability of achieving a certain sum when
two dice are rolled and the two numbers added. Here there are 36 equally likely outcomes Lo
consider. However, 1F we roll three dice, then there are 216 owteomes, and 17 we roll four dice,
then there are 1296 oulcomes. When there is a very largre number of egually likely oulcomes,
We can use & computer to caleulate an exact probabilicy,

Example 31

Three dice are rolled and the sum of the three numbers on the uppermost faces recorded.
Dieseribe an algorithm Lo find the probability thal this sum is between 7 and 14 inclusive.

Solution Explanation
Let f, jand & represent the numbers

total «— (1 obtained on the three dice. We use
cetit + () three loops o run through all the
for i from 1 to 6 possible values of i, jand k.

f £ I'to 6 ;
g S . The variable couwnt keeps a running

tally of the number of outcomes
total — total + 1 (i, k) suchthat 7 < i+ j+k < 14.
if T<i+j+#k=14 then

ol — count + |

for & from 1 10 6

The variable fotal keeps a running
tally of the total number of

end if outcomes (i, j. k). We know that
end for the final value of total will be
end for bxOx6 =216
end for
5 Conni
PR textal

22
Note: Theoutputis Pr(7 <i+ j+hk<14) = 5

You may like to use o device to implement the algorithms in this exercise; see the coding

appendices in the Interactive Texthook for instructions,

Bempiz2s. 1 Modily the pseudocode given in Example 29 so that it can be used to estimate the
probability ol obtaining a five or a six when a {air die is rolled. (Hint: Change the
condition of the 1 f-then block.)
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Example 30 Modily the pseudocode given in Example 30 so that it can be used 1o estimate the
long-term averaee for the number of rolls of a die that it @kes o frst get a five or a six.
(Hint: Change the condition of the while loop.)

The following algorithm can be used to estimate the proportion of familics with three
children such that all the children are girls. (We assume that there is an egual chance of
a boy or a zirl.)
v «— ()
for i from 1 to 100 000
child ! — randint(0, 1)
child? «— randimi{t, 1)
child? « randinti0, 1)
if child! + child? + chifd3 = 3 then
count «— count + |
end if
end far
. couni
PERE 100000
a How many familics with three children are bemng used in this simulation?
b What are the possible values of the vanable child!?
© Whal is the meaning of child! = 17
d What does the vanable count record?
e Suppose thal in the first three passes of the for loop, the random values assigned o
the vanables are given by the following table.
i | childl | child2 | child3
| ! t | 1
2 0 1 1
3| 4 o o
What is the value of count at:
i the end of the first pass
ii the end of the second pass
iii the end of the third pass?
f What should you use as the condition of the 1 f-then block if you want to estimale
the proportion of fammlies with three children that have:
i no girls
il cxactly two girls
iii at least one girl?
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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& A supermarkel is mving away a loy

with cach total purchase over $5(0. Hhim =4
There are three dilferent toys for ¢ from 1 to 1000
collect, and they are equally likely. 11
O average, how many purchases 2+
over 530 does a shopper need to 1310
matke 1o recerve all three wys? T |
The algonithm on the right estimates shile =0 o sF=0ar 3=10
this average based on 1000 shoppers. tay = niideai(d, 3)
a Briefly describe how the algorithm if toy =1 then
works. Include an explanation of ol 1
the role of cach vanable and the e S =tk
role of each of the following: = ]'
® the for loop s
| the while loop o
®m the if-then block. ond 4

b How should the pseudocode be
changed if there are 10 toys o

comind — comnt + 1
end wirile

Nlm & Sim + corl

collect?

end for
sHm

1000

print

5 Darts ure randomly thrown at the board shown opposite and always
hit the board. Consider all points on the board equally hikely to be
hit. The board is a square 1 m by | m. The radius of the quarter

circle is 1 m.

The algorithm on the right finds an

estimate of the probability that a dart input N
hits the blue region of the dantboard. cont =N
Recal! that the function randem( ) for i from 1 to N
senerales a random real number in x « random( )
the mterval (0, 1). v« random |
a Explain how this algorithm can be if X' +y* <1 then
used to find an estimate of x. et +— count + 1
end if
end for
i counl
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b Now consider the dartboard shown on the right. The board
15 4 square 1 m by 1 m, and the two concentric circles have
radius 0.25 m and 0.5 m. Explain how to modify the algorithm
from part a so that it finds an estimate of the probability that a
dart hits the blue region between the two circles.

8 A targel consists of three sgquares with side

e

lengths 2 cm, 12 cm and 20 em as shown.

10

The scores for the three regions are:

Red region 10 points

Grean region 5 points

M

el
Y

Blue region 1 point —10 H i0

Assume that darts are thrown randomly and
always hit the tarpet.
a Using psendocode, deseribe an algorithm =10
that stmulates a dan player taking 1) shols
al the target and finds the otal score.

b Change the pseudocode so that it sitoulates T tnals of 10 shots each and estimates
the long-lierm average total score.

¢ Using pseudocode, deseribe an algonihm o estimate the probability of lotting the red
region al least onee in 50 shots,

7 One in every live Star chocolale bars has a “Gel one free’ code inside the wrapper.
Devise a block of pseudocode o investigate the number of bars that need to be
purchased 1o obtain a *Get one free’ code.

Bample3sr. B Three dice are rolled and the numbers on the uppernmost faces recorded. Descnbe an
algorithm using pseudocode Lo caleulate the exact probability that:
a the sum of the three numbers is 15
b the sum of the three numbers is at least 10
¢ the product of the three numbers is 24
d the sum of the three numbers is a multple of 3.

8 Two sels A and 8B are both equal to {0, 1,2, 9} One digit is randomly selected from
set A and one digit 1s randomly selected from set 8. Describe an algonithm to calculate
the exact probability that:

a the sum of the two digits 1s greater than 3 and less than 6
b the difference between the two digils 1s less than 3
¢ the digit from set A plus twice the digit from set B is greater than 24,
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Chapter summary

® Probability 1s a numencal measure of the chance of a particular event occurring and may

be determined expeamentally or by symmetry.

Whatever method 15 used 1o determine the probability, the following rules will hold:

s 0= Pr{A) =1 forall evenls A C e

= Prz) =1

s Pri@)=0

s PriA") = 1 — PriA), where A' 15 the complement of A

s PriAU B) = Pr(A) + Pri B} — Pr{A N B), the addition rule.

® Probabilities associated with combined events are sometimes able to be caleulaled more
casily from a probability table.

B Two events A and 8 are mutually exclusive if AN B = @

® Il events A and B are motually exelusive, then PriA N B) = 0 and PriA U B) = Pr{A)+ Pri #).

= 'The conditional probability of event A occurring, given that event B has already

occurred, 15

=) e

PriA N B)
PriB)
siving  Pr{A N B) = Pr{A | B) x Pri ) {the multiplication rule)

PriA | B = if Prifi} + ()

® The probabilities associated with mult-stage experiments can be calculated by
constructing an appropriale tree diagram and multiplving along the relevant branches
(from the multiplication rule).
# The law of total probability states that, in the case of two events A and B,
Pr(A) = Pr(A| B) Pr(B) + Pr{A | &) Pr(8')
® Two cvenis A and 8 are independent if
Pr{A| B) = Pr(A)

s0 whether or nol B has occurred has no effect on the probability of A occeurring.
E Events A and B are independent if and only if Pr(A N B) = Pr(A) x PriB).

Technology-free questions

1 Two sin-sided dice are rolled. Find the probatality thai:
a the sum of the values of the uppermost faces is 7 b the sumisnot 7.

2 A whole number between 1 and 300 (inclusive) 1s chosen at random. Find the
probabilily that the number is:
a divisible by 3 b divisible by 4 ¢ divisible by 3 or by 4.
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3 A drawer contains 30 red socks and 20 blue socks.
a If a sock is chosen at random, its colour noted, the sock replaced and a second sock
withdrawn, what is the probability that both socks are red?
b If replacement doesn’t take place, what is the probability that both socks are red?

&  Box A contains live picces of paper numbered 1, 3, 5,7, 9.
Box B contains three pieces of paper numbered 1, 4, 9.
Ome piece of paper is removed at random from each box. Find the probability that the
two numbers oblained have a sum that is divisible by 3,

5 A three-digit number is formed by wrranging the digits 1, 5 and 6 in 4 random order.
a List the sample space.
b Find the probability of getting a number larger than 400,
& What is the probability that an even number is obtained?

B A letter is chosen at random lfrom the word STATISTICIAN.
2 What is the probability that it is a vowel?
b What is the probability that it1s a 17

7 lvan and Joe are chess players. In any game the probabilities of Ivan beatimg Joe,
Joe beating Ivan or the game resulting in a draw are 0.6, 0.1 or 0.3 respectively. They
play a series of three games. Caleulate the probability that:

a they win allernate games, with Ivan winning the first game
b the three games are drawn e exactly two of the games are drawn
d Jue docs nol win a game.

8 A die with two red faces and four blue faces is thrown three imes. Bach face is equally
likely to face upward. Find the probability of oblaining the following:
& three red faces
b g blue on the Grst, a red on the second and 4 blue on the third
& exactly one red face d al least two blue faces

8 IPrA)=06and Pr#) = (L5, can A and B be mutually exclusive? Why or why not?

10 Events A and B are such that PriA) = 0.6, Pr(B) = 0.5 and PriA’ 0 B) = 0.4, Construct a
probabilily table and use it o find:
a PrAn B) b PriA’ n &) e PriAUR)

11 In Minh’s class 18 students study mathematics, 14 study music, and 7 study both
mathematics and music.
a Given that a student in his class studies mathematics, what is the probability that they
also study music?
b Given that a student in his class studies music, what is the probability that they also
study mathematies?
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12 A group of exceutives is classified according to body weight and incidence of
hypertension. The proportion of the various categonies 15 as shown,
- Overweight  Normal weight — Underweight

' Hypertensive 0.10 0.08 0.02
| Not hypertensive 0.15 (.45 0.20

a What 1s the probability that a person selected at random from this group will have
hypertension?

b A person, selected at random from this group, is found to be overweight. What is the
prubability that this person is also hypertensive?

13  Given an experiment such that PriA) = 0.3, Pr(B) = (L6 and Pr(A n &) = 0.2, find;
a PriAuRm b PiA'n i) e PriA|® d Pe(B|A)

14  For a finite sample space, explain the implication of cach of the following in terms of
the relationship between events A and B:

a PriA|8) =1 b PrA|B)=0 c PriA|B) = Pr(A)

Multiple-choice questions

1 If the probability of Chrs sconng 30 or more marks in the exam is (1.7, then the
probability he scores less than 50 marks is
A B 0.3 c 04 D07 E (R

2 A spinner s coloured red, vellow, blue and green. When spun the probability that it
lands on red is 0.1, yellow is 0.2 and blue is 0.4, What is the probability that it lands
on green?

A (1 B 02 c 03 D 04 E 05

3 Phallip 1s making a sign, and has cut the letters of the word THEATRETTE out of wood
and placed them in his toolbox. I a letter is selected at random from the toolbox, then
the probability that itisa T s

A - 3 1 1

A - R Cc - D — E
3 1t} 3 f

& OF a group of 25 people in a restaurant, three chose a vegetarian meal, five chose lish,
ten chose beel and the rest chose chicken for their main course. What is the probability
that a randomly chosen diner chose chicken?
A i B i c l D E l

23 25 25 8

5 A sguiare has side length of 4 metres. Inside the square is a cirele of radius 1.5 metres. If
i dart thrown at the square 15 equally likely 10 land at any point inside the square, then
the probability that it will land outside the circle is closest 1o
A (0442 B 0.295 C 0.558 D 0.250 E 0375

L | el

L b

BM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
otecopying is resfnicted under law and this malenal must not be transferred o another party.




Chapter 9 review 359

B Anexperiment consists of tossing a com and then rolling a farr six-sided die. What is
the probability of observing a head and a “six™?
1 1 1 1 7

= i e *B b

7 If A and B are events such that PriA) = 035, PriA N #) = 0,18 and Pr{#) = (.38, then
Pr{A U B)is equal to
A 073 B 0133 C 0.15 D 021 E (.55

8 IfAand B are events such that Pr{A) = 047, Pr(B) = 028 and 8 C A, then PriA u 8) 1s
equal to
A 047 B 075 C D62 D 013 E 0

8  In lmogen’s class 15 students play tennis, 14 play basketball and 7 play both. The
probability that a randomly chosen student plays basketball, miven that they play

tenmis, s
14 7 7 15 1
855 ol 7 € 3 ® 3 "
3 4 " i
10  If for two events A and B, Pr(A) = 7 Prild) = 3 and PriA N 8) = Th then PriA | B) 1s
equal Lo
Al a2 s 2 2 2L g2
b 14 fd 32 3

The following information relates to Questions 1] and 12,

The probability that Miller goes to the gym on Monday is (L6, If he goes to the gym on
Monday, then the probability that be will go again on Toesday 1s 0.7, If he doesn’t go to the
gyt on Monday, then the probability that Miller will go on Tuesday is only 0.4,

11  The probability that Miller zoes (o the gym on both Monday and Tuesday is
A (.36 B (.24 T (42 D 016 E (.28

12 The probability that Miller goes to the gym on Toesday is
A 058 B (42 C 0.6 D (.84 E 032

13 I A and 8 are independent events such that PriA) = (0,35 and Pr(#) = (.46, then
Pr{A U B) is equal to
A (810 B 0649 c (0.161
D 0110 E cannot be determined

14  The primary cooling unit in a nuclear power plant has a reliability of 0,95, There is also
a back-up cooling unit to substitute for the primary unit when it fails. The reliability of
the: back-up unit is 0.85. The cooling system of the plant is considered reliable if either
one of the systems is working, Assuming that the two systems are independent, the
reliability of the cooling system of the power plant is:

A 095 B 085 C 08075 D 09925 E 10
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Extended-response questions

1 A group of 200 people were guestioned about their exercise habits. In this group:
m 42 people regularly jog
= 30 people regularly cyele
m cight people both regularly jog and regularly cyele.

a Construct a Venn diagram which illustrates this situation,
b Find the number of people who either jog or eyele but not both.
© A person s chosen at random from this group:
i Find the probability that they ¢ither jog or cyele but not both.

ii Find the probability that they neither jog nor cyvele.

iii If the person does not jog, find the probability that they cycle.

iv Are the events ‘regulary jogs” and ‘regularly cycles” independent? Justify your

HNSWET,

2  To have a stage production ready for opening night there are three tasks which miust be
done and, as the same team are involved in each task, these must be done in sequence.
The following probabilites are estimated for the duration of the activities:

| Task 6days  Tdays  Sdays
Build scenery 0.3 0.3 0.4
Paint scenery 0.6 0.3 0.1

- Print programs 04 0.4 0.2

& What is the shortest possible total time that the three tasks could ake?

b What 15 the probability that the three tasks are completed in the shortest tme
possible?

© What is the probability that the building and painting of the scenery will together
Lake exactly 15 days?

d What is the probability that all three tasks will together take exactly 22 days!?

e What is the probability that the total time taken for the three tasks is 22 days, given
that the painting took 8 days?

f The manager decides o oul-source the panting of the programs Lo & separale
company, which guaraniees that they will be printed in 3 days. This leaves only
the building and painting of the scenery for the team. IF printing the programs and
building the scenery start on the same day:

i What is the shortest possible total tme that the three tasks could now take?
ii What is the probability that the three tasks are comipleted in the shortest bme
possible?
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Two bowls cach conlain cight picces of fruit. In bowl A there are lve oranges and three
apples; in bowl B there 15 one orange and seven apples.

For cach bowl, find the probability thal two pieces of fruit chosen at random will
both be apples. if the lirst prece of fruit s not replaced before the second piece of
fruit is chosen.

For cach bowl, find the probability that two pieces of fruit chosen at random wall
both be apples, when the first piece of [ruit is replaced before the second is chosen.
One bowl 15 chosen at random and from it two pieces of fruit are chosen at random
without replacement. I both picees of fruil are apples, find the probability that
bowl A was chosen.

One bowl is chosen at random and from it two pieces of Truit are chosen at random,
the first prece of fruit being replaced before the second 1s chosen. IF both pieces of
fruit are apples, lind the probability that bowl A was chosen.

Rachel 15 a keen runner. She s supposed o attend running triming five days per week,
Rachel finds that i she runs one day, the probability that she will run again the next day
is 2, and if she does not run one day, the probability that she will not run the next day
is 7. Supposc that Rachel runs on Monday:

a
b
c

What 1% the probability that she runs on Tuesday ?

What is the probability that she runs on Wednesday?

What 1s the probability that she runs on exactly two days out of Tuesday, Wednesday
and Thursday?

Given that Rachel ran on exactly two days out ol Tuesday, Wednesday and Thursday,
whal is the probability that she ran on two consecutive days?

Connor devises a game where darts are thrown at the .
bourd shown. The board is a square of side length 100 cm, / Y \

a

and each circle has a radios of 25 cm. Assume that every 2N

dart thrown at the board is equally likely to land in any

position and that no dart misses the board. \ J.-I
Suppose that Connor throws a durt at the board. " ~ 4

Determing the probability, comect to four decimal \ A /
places, that the dart lands on:

i green ii blue iii white.

Mow suppose that Connor throws two darts at the board. Determine the probability,
correct Lo four decimal places, that;

i both darts land on bluc ii one dart lands on blue and the other on green.
Connor allocates 20 points o white, 30 pomts Lo blue and 40 points W green.

i What 1s the probability that he scores 60 points with two throws?
it 6 he scores 60 points with two throws, whal is the probability that he hit green on
the first throw?
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B Lacey has two boxes, both of which contain pink lollies and green lollics.
a The first box contains 6 pink lollics and 6 green lollies.
i II Lacey selects one lolly from this box at random, what is the probability that it
is pink?
il If she selects two lollies from this box at random, without replacement, what 1s
the probability that they are both pink?
il If she selects two lollies from this box at random, without replacement, what is
the probability that the second one is pink?
b The second box also contains 6 pink lodlies. But Lacey does not know how many
reen lollies it containg. Suppose that the sccond box contains i lollics in otal.
i Lacey selects two lollies from the second box at random, withoul replacement.
Write down an expression for the probability that they are both pink.
it If the probability that Lacey selects two pink lollies from the second box is %
how many green lolhes are there in the second box?

7 Two machines in a factory produce electronic components.

m Machine A produces 400 components each day with an average of (1.5% [aulty.

m Machine B produces 600 components each day with an average of (0.75% faulty.

a Find the overall percentage of faulty components produced each day.

b A component is chosen at random {rom the combined daily output and found to be
faulty. Find the probability that the component was produced by Machine B. Give
your answer correct Lo two decimal places,

e I Machine B continues to produces 600 components cach day, how many should
be produced by Machine A 1o ensure that the probability of selecting a faulty
component from the combined daily output 1s less than (.6%7

8 'The probability that it raing on a particular day siven it rained the previous day is o, and
the probability that it rains on a particular day given it didn't rain the previous day s B.

1
Suppose that the probability of rain on Tuesday is =

& Show that the probability of rain the next day (Wednesday) 1s —;—[u +4f).

b Find the probability of rain two days later {Thursday) in terms ol ¢ and f.

¢ Find the values of a and i given that the probability of min on Wednesday is ; and
the probability of rain on Thursday is -:—;—
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