Objectives

» Tounderstand the rules for manipulating exponential expressions.

» To define exponential functions and to sketch their graphs.

» Tosolve exponential equations.

» Toevaluate logarithmic expressions.

» Touse the logarithm laws to simplify expressions.

# Tosolve equations using logarithmic methods.

» Tosketch graphs of functions of the form y = log, x and simple transformations of this.

» Tounderstand and use a range of exponential models.

The function f{x) = ka', where k s a non-zero constant and the base g 15 a positive real
nurmber other than 1, 15 called an exponential function.

Consider the following example of an exponential function. Assume that a particular
biological orgamsm reproduces by dividing every minuie. The following table shows the

population, P. after n one-minute mtervals (assuming that all organisms are still alive).

s o |1 [ 21 3 4| 5] a6 a
= IE 4 | 8 | 16| 32 | 64 | 2=

I

Thus P defines a function which has the rule P = 27, an exponential function.

In this chapter, the work on (unctions in this course 15 continued. Many of the concepts
introduced in Chapter 5 — such as domain, range, transformations and inverse functions — are

used in the context of exponential and loganthmic functions,

In the final section, we investigate some of the many applications of exponential functions.
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13A The index laws 425

The expression a® is called a power, where a is a non-zero number called the base and
n 18 a number called the exponent or index. The plural of index is indices. In this section,

we concentriate on indices that are integers.

We note that, if 15 positive, then 07 = (. But if n 15 negative or zero, then (% 15 undefined.

Index law 1: Multiplying powers

Index law 1

To multiply two powers with the same base, add the indices.

am X g =g

I m and n are positive inlegers,

then g =AM Nd
e LTS

and a'=axax---%d
H!Il:IfIE

dm wat = laxax--cxna)¥laxa X---%a)

am Lonns

=agXax---xd

[am+m) e

= g™

Simplify each of the followimng:
a 2dx21? b 2y xx'y

=,
=g
S

—

Solution
a Al % 2l2 L 25+[1

_ 915

b Iy xaly=r %%y xy

= _]_"'_1_' A

e Hx 2:+2 = 2.|+|+1

A i

i

d 320 xda'l
=3xdxa xa xb xk

= 12a°b°

a1 lerms

o 7ty d 3a°b X da’'b’

Explanation

When multiplying powers with the same base,
add the indices.

In purt b, the indices of the base-x powers are added,
and the indices of the base-y powers are added.
Note that y = y'.

Inparte, weuse x+x+ 2= 2x+ 2.

In part d, the indices of the base-a powers are added,
the indices of the base-b powers are added, and the
Factors thal are numerals are multiplied together,
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426 Chapter 13: Exponential functions and logarithms

AT : R

Using the TI-Nspire

Paris b, © and d can be simplified as shown:

the TI-Mspire will simiplify automatically. S & d

b il e X p
¥ t .92 Ay _ 222

(For part ¢, note that 4 - 4* = 2- . 27 =275} ¥, gl i

Mote: When using I.il to enter indices, you =B = [P R 18058
need 1o use cither = or ¥ Lo retum o

A |
the baseline.
e : ™

Using the Casio ClassPad

To enter a power: O Edit Actlon Interactive

m First enter the base of the power. i ] e } F:::{Fl"l'!t?i o I_"-l_ |_' E

m Tap on the power template (2] found in the e 2 |

(Math1 ] keyboard and then enter the index. L

m Tuap the stylus to the right of the expression o 3axb?xia?xp?

return the cursor to the baseline. 12:a%8
1]

MNote: Alicrnatively, you can enter indices using the .
button [ 4 | on the hard keyboard. You must : — _"-f'
enclose the index i brackets if it consists of i conid | Line | =S Rl ”—[ -

Mathd [ F=
more than a single digit or variable. BRI e[ 1 Doagh] ¥

. J

Index law 2: Dividing powers

Index law 2
To divide two powers with the same base, subtract the indices.
acd =g

If m and n are positive integers with m > n, then

i borims
- . oa @AXAX--Xa
e ——
£ 20 2 === 2 ]
o7 LCEins
=aXaX---Ra {by cancelling)
{im—m) lerms
® Example 2
Simplify each of the following:
xy? b i s 16a’h x 4a'b’
a —= —_ e ——————
22 fer Sab
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13A The index laws 427

Solution Explanation

When dividing powers with the same

-1‘,3
x
L —2}3—2

)
s , base, subtract the indices,
— _I'__"'
2 : In part &, the indices of the base-x
b b x b = ladasl-2x powers are subtracted, and the indices
b Jeet of the base-y powers are subtracted.
- In parts b and . both index law 1 and
16a°h x 4a"b’ _16x4  sa s index law 2 are used. In part e, the
Bab 8 factors that are numerals are grouped
= 8B together and simplified.

The zero index and negative integer indices
Define 2? = 1 for a # 0, and defing g™ = ﬁ for a + 0.

Index laws 1 and 2 also hold for negative indices m, n. For example:

2! 2xrx2x2 L
Vxg2__—_ """ (e 22
22 2 %2

2_’! %21 = e B — = ; — 2—"‘ {i.!!_ z—l—!}

1
P =x_=1=2" (ie. 2°7)

2,3
The reciprocal of a fraction such as 3 s 3 For fractions, the mdex —1 means “the

reciprocal of . For example:
2t 3
5) =3
When mising a fraction to other negative indices, take the reciprocal firsl. Por example:
B -6r-5
i 5 25

©) EmTD

Evaluate cach of the following:

% 3 -3
— Jex o
s . (z) o (4)
Solution
32 1 13 43 433 64
=3 e = = — j" = = = = " —
A (s) 64 » (zJ = =16 e (4) (3) 77
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428 Chapter 13: Exponential functions and logarithms

Index law 3: Raising the power
Consider the Tfollowing:
1'25]: = 2.1- W 211- = 23+3 -3 2& = 23}1"_:‘
(@3 = 4% ) 47 x 47 x4} = 43333 _ g12 _ g3
(@ = xdxa % = T = g0 = 5

In general, (a™)" = a™ ",
Index law 3
o ragse 4 power (o another power, multiply the indices.

(@) =d™™
This rule holds for all integers m and n.

I exampic 4

Simplify each of the following:

14
a (@) b ((—] ] e (B x)!
2
Solution Explanation
a (@) =a"” Index law 3 is used.
1 -3 2 1 —iy
b [(—} ] =(5) ==& Fue part b, the following calculation is
2 2,
probably preferable;
(A =@P=8=6
c (Prx) =Fxb?=5 In part €, index law 1 is also used.

Index laws 4 and 5: Products and quotients

Index law &4
(ab)" = 4"h"

If mis a positive integer, then

{ab)" = (ab) % (ab) % -~ % (ah)

R LA

=faxXax---Xa)X(bxbx---xb)
A liss o Lerimns

=a"h"
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13A The index laws 429

Index law 5
HEE
bl b

If m 3% a positive integer, then

(5) -

XEX“'XE
b b

e

TI%

L€

(=) Example b
Simplily cach of the following:

-guahz £l
a (2225 x (Bab')> b (W] = (ab™ o
Solution Explanation
a (260" x(3ab") = 80" x 3% 6™ In parta. index law 4 is used, and then
a1
8a'b laws 3 and | and the fact that 372 = —.
== g
2a%2 | 8a’h 1
b (J = ] (ab e = = ® In part b, index law 5 1s used. Dividing
ahel atbied T glhisd e j
R by a fraction alwuys means multiply by
- M:’ the reciprocal of that fraction.
&

Working with a negative base

The power (—a)" can be written as (—1 % a)" = (—=1)"(a)". We nole that:

® Ifmis even, then (—1)" = L.
B Il nis odd, then (=1 = —1.

Hence, il a 1s 4 positive number, then the number {—a)" is positive when n is even and
negative when nis odd.

|"$~T] Example 6
Simplily cach of the following:

a = b (—5a) ¢ (—2a) % 3a’
Solution
a (-3 =81 b (=Saf =-1254 e (—2a) x3a" = —8a” x 3a’
= Mg’
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430 Chapter 13: Exponential functions and logarithms

Using prime decomposition
Bases that are composite numbers are ofien best lactorised into pomes before further
calculations ane undertaken.

Simplify the following, expressing the answers in posilive-index form:

. 3 xetx1272 T3 3
" —2n =y P
a 12"x18 b =22 o
Solution Explanation
a I2x18 =3 x2 (3 x2)™ The prime decomposition of 12 is
P e
= J W 3T T 12=22x3
= 3—.1r| ) 1“ : : o :
= The prime decomposition of 18 s
1
=T 18=2x3
ST S ERAGA e e Each number in this question can be
b - = — = 311 — :-:HE‘E 2 cxpressed using powers of 2 and 3.
32 4 92 Index law 4 is used in each of the
T parts, For example:
= 3!& 12_3 = {22 }"{3}_3
= _ =60 Je <
3 xﬁ“_{j xll}xﬂt ¥ 2m) _ by 3D
8" x 3» 2330
i A
= T ooe
320
-(3)
-~
Summary 13A

® The expression a® is called a power, where @ 15 & non-zero number called the base and
nis a number called the exponent or index.

m Index laws The following resulis hold for all non-zero numbers a and b and all

integers m and n:
1 4™ % a® = g™" 2 gt =gt 3 (@™ = g™
ayt
m For every non-zero number a and positive inleger n;
s = tu“"zlamlL=ﬂ"
a a

m (P =0, 1f nis a positive integer, and 0" 15 undefined.
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13A 13A The index laws 431

=) I

1 Foreach of the following, wse the stated rule to give an eguivalent expression

simplest form:

atxs b 2xJxat x4 Index law 1
x 41"
c ;" d i";j Index law 2
e (a) f (2% Index law 3
g (o) h (%) Index law 4 (also use law 3 for h)
i r! 1
i [—) i (—,) Index law 5 (also use law 3 Tor j)
¥ ¥
Examplel 2 Simplify cach of the following:
a ¥ x3" b &y xa'y? g FxH 32 d Sa'h’ x 6a’h’
Bxample2. 3 Simplify cach of the following;
oy b= x pre Ba'h x 3a’ b’
2y B Bath?
Example3 & Evaluate cach of the following:
2 153 5
exmampled 5 Simplify cach of the following:
'3
3 ] ik ¥ LT
a (K b ((3} ) e (B x (b
Examplas| 8 Simplify cach of the following:
4333 4,2 sa*hy’ -1 .3
a (3a'h'Y x (4ab") b | 555 #@h o)
ab-r
Examples 7  Simplify cach of the following:
a (-2 b (—3a) ¢ (—2a)f %3a?
Example7 8  Simplify the following:
6 5 122 22 x84 2323 5% x 107
e X272 © grxsn
8 Simplify the following:
a Pt b 2 x4% x§2
e 3'x9!x27 d (¢'p) x(gp’)
e ab? x(Fy f (207 = 49
g mptx (miny x(pty h 22&'F x (2a7'p7)2
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432 Chapter 13: Exponential functions and logarithms

10 Simplify the following:
- _tj_v‘s b 16 b % da' b (—2ov) x 2:_12_1;}5
o Sab Sy

11 Simplify each of the following, expressing your answer in pos

13A

(=307 4ty
(2xyy

itive-index form:

(xy)

Pyt x APy 2P b 3 (ab-2y
T v B0 yZ 2xy "z X abh ")
a m'np X(mnp) b g W
abr et a P x o
o s o ® 3 x pinx e
12 Simplify each of the following:
. R ﬂn+| En—t e gln—_‘r
a 34“ = ‘;2" = 2?3" b —-—:'ﬁ-:— c W
e 228 3 G2 2528 3¢ 541 6 x4t
Al » §2n+i Jrsl
6 x 9 " Ty get ; Ex P x3’
271 % 8ok 160 271 9% 27 =81
13  Simplily and evaluate:
(8% . 1257 §14=273
2 ey 352 T

Rational indices
1
Let a be a positive real number and let n € M. Then an is defined w

be thie nth oot of a.

1 1
That is, a= is the positive number whose nth power is a. We can also write this as an = fa.

i
For example; 92 = 3, since 32 = 9.

|
We deline 0 = 0, lor cach natural number i, since 0F = ().
1

If s odd, then we can also define an when a is negative. 11 g is negative and n is odd,
i 1

define ar to be the number whose nth power is a. For example: (—8)3 = =2, as (-2)* = —8.

In all three cases we can wnte:
1 . Ly

an =Va with (ﬂ-r} =4

Uising this notation for sguare roots:

Va == at

. : " . a = m
Further, the expression a® can be defined for rational indices, i.e. when x = —, where m and n

are integers, by defining

Fri [ni]“

To employ this definition we will always first write the fractional power in simplest form.
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13B Rational indices 433

©
Evaluate:
| 1 5 2
a (—64)F b 972 c 162 d 6473
Solution
1 g% % %
a (—64): = -4 bO0Zie—=_—-=_
o3 VO 3
3 1.5 T
c 167 = (162) =(VI6) =4° = 1024
2
dErs=—ta o= 1-_$:I_‘ﬁ
= v 1 2 2
i (o) (30
MNote: In the previous section, we staled the index laws {or m and n inlegers:
1 a"xd"=g"™" 2 4" 4" =a™™" 2 ") =a™
Thest laws are applicable lor all rational indices:
1 af Kﬂf_r:' = u“EJf:_I' 2 u!'?z +a_E —'af_ﬁ 3 (a%}; = af_){;
Simplify:
1 :
1 ) 4
o N b (d ()
161 *
Solution Explanation
1 o 1 i
i 3 %23 11 !
a? “‘Exﬁ;}”‘j_ L V6= ¥Ax V3 =33 x23 and V3 = 2i
167 (16%)
1 1 1 |
333X 5 27 % 23
fod
_34x2 A 9%
24 -
4 E
34 3a
L e
24 4 2
1 4 | .'l"" ] .
b (xy)? K(Ts] = HyEx 12 -.-:2 =x'xyt
25
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434 Chapter 13: Exponential functions and logarithms 13E

IFSum mary 13B

® Let @ be a positive real number and let n e B 'I‘I'm:m:!EI 15 defined o be the ath root
of a. That 1s, i'.'[% 15 the positive number whose pth power 18 a.
= Dcﬁm:u% =), for cach n e M.
& Ifnis odd, then we can define ﬂ'Et when a s negative. I g is negative and n s odd,
define r..r;l to be the number whose ath power is a.
m In all three cases we can wrile:
a% =+4a with (ﬂ':‘)ﬂ =0
® The index laws can be extended 1o rational indices:
mom m

n
Bl
P

i a m . Mo
1 gi Xagr=a4

2 av —af =gt r 3 (fH

2z [ B

Bamples 1 Evaluate cach of the following:

2 3 i 2
m 1253 b 2433 c R173 d 643
1
143 i R 4
e [-ﬂj f 3273 g 12573 h 325
|
4 4 El 2713
i 1003 i 10 (00 k 81 I | —
: ’ ! ! [125}
3
_8)3 n 12573 o (=323 [i}_i
e R P {39
Exampled 2 Simplify:
1
a Valb = Vab® b Ia‘*iﬂ"x(ﬁ)z
: |
3 3 I i
c 'Tq-'f—_._‘ d 25 :"!:4_1 xlﬁ_:
i x 152
_13}.-1 . _1-31-}.}, 2 a— ; . %
e (3_1}1_.{) T( = ) f [\l"c?] x{\f;}
3 Simplify cach of the following;
a (2x—1)Vaxr—1 b (x—1P2Vx-1
e (Z+DVE+1 d (x—1P V-1
e I+ x—1 fFiSE+ Ve 41
=
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13C Graphs of exponential functions 435

@ Graphs of exponential functions

Two lypes of graphs of exponential functions will be examined.

Graphofy = a*whena > 1
EGIN Example 10
Plot the graph of y = 2° and examine the able of values for =3 < y < 3. A caleulator can

be used.

Saolution ¥
' =l =3 | =2 [ =t 0| 1|2][3 f
| y=2¢| & |1 E'i1|2'i4'a _

[ NN

3 21 b 2 =3

We can make the following observations about graphs of the form v = af wherea = 1:
® As the magmiude of the negative r-values becomes larger and larger, the y-values get
closer and closer Lo 2ero, bul never reach zero. That is, the graph of y = a* approaches
the x-axis from above, The x-uxis is said 1o be an asymplote.
We can write: As x — —oo, v — %,
This is read:  As x approaches negative infinity, v approaches () from the positive side.
m As the r-values increase, the y-values increase.
® The y-axis intercept is at (0, 1)
® The domain of the function is B and the range of the function is B¥.

[CJl Example 11
Plot the graph of y = 10" and examine the table of values for —1 = x < 1. A caleulator can
be used 1w obtaim approXimate values.

Solution ¥
B -1 | -n5 (o] 05 | o y=tox
y=10° | 01 | ~0316 | 1 | =316 | 10 -y
m The x-axis is an asympiolie. %’_
® The y-axis intercept s at (0, 1). %:
m A the r-valoes merease, the y-values increase. _-'j-;
m For a given value of x, this rate of increase fory = 10" e =X
¥ i . -1 035 05 1
is greater thun that for y = 2%
ISBEN 973-1-009-11045-7 & Michael Evans et al 2022 Cambridge University Press
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436 Chapter 13: Exponential functions and logarithms

Note that, for any numbers a and b greater than 1, there is a positive number k with a* = b.
This can be seen from the graphs of y = 2% and y = 10, Using a calculator to solve 24 = 10
gives k = 33219 ____ Hence 10¢ = (237289 and therefore the graph of ¥ = 10* can be

. ) ; A I 1
obtained from the graph of vy = 2* by a dilation of factor - =

e from the y-axis.

All graphs of the form vy = a*, where a = 1, are related to each other by dilations from
the y-axis. (This will be discussed again luter in the chapter.)

Graphofy =a*"when0<a <1

Il examoic 12

Plot the graph of y = (3)° and examine the table of values for —3 < x < 3. A calculator can
be used.

Solution
Note that y = {%}‘ =

—_—
I3
F)

| x| 3| 2| =110
ly=@¥ | 8 | 4 | 2 |1

[
= -
oo

3-2-101 1 2 3

We can make the following observations about graphs of the form v = a® where (0 < g < 1:

B The x-axis 1% an asympiote. As the r-values increase, the graph approaches the x-axis from
above. This is wrtten: As £ — oo, v — 0F,

B The v-axis intercept is at (0, 1)

® The domain of the function is B and the range of the function is B7.

Graphs of y = a”* in general
In general: ¥

1

In both cases a > 1 and 0 < a < 1, we can write y = a* as y = b, where b = —. The graph of
a

v =h"" is oblained from the graph of ¥ = &* by a reflection in the y-axis.

Thus; for example, the graph of y = {ﬁj‘ is obtained from the graph of y = 2° by a reflection
in the y-axis, and vice versa. Using function notation: Let f(x) = 2* and gix) = l%]'_ Then
g0 = (3 =@ =27 = fi-n)

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



13C Graphs of exponential functions 437

Plot the graph of ¥ = 2* on a CAS caleulator and hence find (correct to three decimal

places):

a the value of y when x = 2.1

b the value of xwheny = 9.

 TTE ;
Using the TI-Nspire
Plot the graph of y = 2+,

type 2.1 [enter}.

the point.

decimal places).

b =

tool.

decimal places).

Intersection.

2 m lo goto the puint with r-coordinate 2.1,
use (menu| > Trace > Graph Trace and

To find the value of x for which y = 9, plot
the graph of ¥ = 9 on the same screen and
use (menu| > Geometry > Points & Lines >
Intersection Point(s).

® Press (ese) to exil the Intersection Point(s)

When y =9, x = 3,170 {correct 1o three

m Press [enter) 1o pasie the coordinates Lo

® Press (ese to exil the Graph Trace Lool.
When = 2.1, v = 4.287 (correel to thred

(z1,4.2871)

nf=z

g

[2lx)=2

(11809.9)

Mote: Alternatively, find the inlersection point using | manu| > Analyze Graph >

eraph icon 221,

— .
Using the Casio ClassPad
In E enter 2° in yl. Tick the box and select the

a Tap in the graph window, select Analysis > G-Solve
= x-Cal/y-Cal = y-Cal and enler x = 2.1,

ISBM 973-1-009-11045-7
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438 Chapter 13: Exponential functions and logarithms

b Sclect Analysis = G-Solve > x-Cal/y-Cal > x-Cal o Edit Zoom Anglysls &
and enter y = 4. e B IILH]{':E[G[EIPF[
wi=i x| ‘Sheet) |Sheet2 [Bheet] |Sheatd [Sheets, |
Lof--3 %o f | Myi=gXx —'nl
Hv?!ﬂ -—-...
Iyl
BB Clya:0
TETTS el r:iiim LIy
=11, TE;BSIH [ves) LLUH
._..1.1.".:-"
12"
When y = 9, x = 3.170 baea 1111
{correct to three decimal places).

Mofe: An alternative method for part b is o EREEERRYEEEE
enter ¥2 = 9 and use Analysis > G-Solve > RN EEREL NEE™ EJE_.:
Intersection, as shown on the nghi. =3, 163025 _.|F3-

i LIE
. J

Transformations of exponential graphs
The technigues for transformations that were introduced in carlier chapters are now applied o
the graphs of exponential funclions,

G Example 14

Sketch the graphs ol each of the following pairs of functions. Por the second [unction in
cach pair, state the equation of the asymplote, the y-axis intercept and the range. (The
x-axis intercepts need not be given. )

a [E=R f(0=2umdg: R R gx)=2"+3

b fRoR flx)=3andg: R o> R, g(x) =2x3"+1

e (R fix)=Fandg: RS R plx)=-3"+2

Solution Explanation

a ¥y =3 The graph of y = 2* + 3 is obtained
by transforming the graph of v = 2%

by & translation &f 3 units in the

positive direction of the y-axis.

The asymplote of ¥y = 2" ix the

line with equation y = 0, which

15 transformed o the line with

T— T

il equation v = 3.
Graph of g{x) =27+ 3:
m The asympiote has equation y = 3.
The y-axis intercept is g{0) =20 + 3= 4,
m The range of the function g is (3, o).
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13C Graphs of exponential functions 439

b ¥ The graphof y =2 x 3" + 1 s

A obtained by transforming the graph
of ¥ = 3* by a dilation of factor 2
frovm the x-axis, followed by a
translation of 1 unit in the positive
direction of the y-axis,

The asymptote of ¥ = 3" is the line
a1 y =0, which 1s trunsformed 1o the
line v = 1.

0

Graphof g(x) =2 x 3%+ 1:

® The asymplote has equation y = 1.

m The y-axis intercept is g(0) = 2x 3%+ 1 =3,

m The range of the function gis (1, co).
e v The graph of v = —3* + 2 is
A e obtained by transforming the graph
e of ¥ = 3 by a reflection in the

x-axis, followed by a translation of
y=2 2 units in the positive direction of

““““ the y-axis.

The asymptote of ¥ = 3" is the line
¥ =), which is trunsformed to the
y="3+2 line y =2

Graph of g(x) = 3"+ 2

# The asymplote has equation y = 2.

m The y-axis intercept is g{() = 3" +2 = 1.
m The rmange of the funclion g is (—oo, 2).

& Example 15
Sketch the graph of each of the following;

ay=2x3 b y=3* e y=—32+4

Solution Explanation
The graph of y = 2 x 37 i obtained
from the graph of y = 3* by a dilation

of factor 2 from the =-axis.

Both graphs have a horizontal asymplote
with equation y = (.
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440 Chapter 13: Exponential functions and logarithms

b Bt The graph of y = 32 is obtained from the
A graph of y = 3* by a dilation of factor 1
y=3 from the y-axis. (See the note below.)
y=3 Both graphs have 4 horizontal asymplote
(E' 3) : (1.3) with equation y = (),
E— il : -
-1= = ﬂ ﬂ i -r

The graph of y = =372 + 4 is oblained

from the graph of ¥ = 3F by the sequence

of trinsformations:

m dilation of factor 1 from the v-axis

m reflection in the v-axis

m reflection in the y-axis

m translation of 4 units in the positive
direction of the y-axis.

The asymptote of ¥ = 3% 15 the line y = (),
which 15 ranstormed to the line y = 4.

Note: In the notation introduced in Chapter 7. wrile the translormation for part b as
ir,v)— [%.t,)'}. Then descrnibe the transformation as @’ = éx and ¥ = y, and hence
x=2x and y = ¥ The graph of y = 3* is mapped (o the graph of ' = 3.

"'rsummiu"_v‘lr 13C

# Graphs of exponential functions: ¥ ¥

A A
y=a*a=1 / y=a%0<a<]|
|
-

=

m In both cases a > 1 and ) < @ < 1, the graph of ¥ = a* has the following propertics:

s The r-axis is an asymplole. o The y-axis interceplis 1.
s The y-values are always positive. o There is no r-axis intereept.

m  All graphs of the form y = a®, where a > 1, are related o cach other by dilations from
the y-axis. Similarly, all graphs of the form y = o, where 0 < a'< 1, ane related o cach
other by dilations from the y-axis.

m Leta> 1.0f f(x) = o and g{x) = (1)", then g{x) = f(—x) and so the graph of y = g(x)
is the reflection in the y-axis of the graph of y = f{x).
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1

Examplald 3

Exampla 14 5

Examplals B

Using a caleulator, plot the graphs of the following and comment on the similantes and
differences between them:

ay=18§ b y=24¢ c y=049* d y=05*

Using a caleulator, plot the graphs of the following and comment on the similartes and
differences between them:

ay=2x% b y=53x3 c y=-2x3" d y=-3x3"

Plot the graph of y = 2 on a CAS caleulator and hence find (correet W three decimal
places):

a the value of v when o= 3.1 b the value of x when y = 14,

Plot the graph of ¥ = 10" ona CAS calculator and hence find the solution of the
equation 10" = 6,

Sketch the graphs of the following functions. For each function, give the equation of the
asymptote, the y-axis intercepl and the range. (The x-axis inlercepts need nol be given.)
a [TRoR f(x)=3x2"+2 b f{RoSER f(x)=3x25—3

¢ [R—=E fix)y=-—3"-2 d fE—=R flxp=—2x3"+2

Sketch the graph of each of the following:

a y=3" b y=351 e y=(1)y+2 d j=-2¥%43

Solving exponential equations and inequalities

Solution of equations
Omne method without using a caleulator is o express both sides of the equation as powers with

the same base and then eqguate the indices (since g = a* implies x = y, forany a € B¥ 4 {1]).

.'--‘-'.
.t

Find the value of x Tor which:

a 4t =256 b 31 =81 o 554 _ 95kl
Solution
a 4°=1256 b 3! =8 c §oed . agal
4 = 41 31_1 = 3.; = {51}—:+1
2 x=4 nox=1=4 =% e
=5 L 2x—4="13x+4
dx =8
x=2
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442 Chapter 13: Exponential functions and logarithms

In the next example, an exponential equation is solved by first solving a quadratic equation.

RCHN Example 17

Solve:

a ¥=12x3"-27

Solution

a We have (3°) = 12 x 3% - 27.
Leta = 3%, The equation becomes

b 3 =27-6x3

b We have (3*F =27 —6x 3"

Let a = 3%, The equation becomes

a =12a—27 a =27—6a
a’ —12a+27 =) a’ +6a—27 =10
la—3Ha—-91 =10 fa+Ya—3) =1
Therefore Thercfore
a—3=0 or a-9=10 a=-9 or a=3
a=3 or a="9 Hence 3*=-9 or 3'=3
Hence 3'=3' or 3*=37 There is only one solution, x = 1, since
and so x='1 0r =12 3* = () for all values of x.
T .
Using the TI-Nspire )
Use [menu| > Algebra > Solve to solve the 1
equation. win{'f':-l} 3% _a9) r=1 oraw2
|
- . ™
Using the Casio ClassPad
m Go o the % sereen and turn on the Keyboard. @ Edit Action interacilva
m Enter the equation 0% = 12 x 3¢ — 27, L[ be [l [T T
s Highlight the equation using the stylus and sclect solvel 8%=12-3%-27,x) [+ ]
Interactive > Equation/Inequality > solve. " [xml, xm2}
m Tap on oK 10 obtain the solution. {Note that the
default vanable s x.)
e >

The caleulator can be used W oblain approximale answers as shown in the following example.
For the eguation 3 = 10 we can find an exact solution, but logarithms are involved in the
tinal answer. Loganthms are discussed in the following section.
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13D Solving exponential equations and inequalities 443

) Example 18
Solve 3* = 10 correct Lo two decimal places.
" S = .
Using the TI-Nspire
Pres i e o obtain the smswer sss 7
decimal number. :ﬂva{&-"-lu;} o ml10)
The solution is x = 1.43 (comect to two decimal infs}
places). nwl:s.‘-m.g} ¥=1.43008
[
. v,
" 5
Using the Casio ClassPad
To answer the guestion as required, you may need Lo & Edit Actlon Interactive
highlight the answer and tap 23] to convert from the 'ﬂi_[‘f ']_m]_fm{f_‘#['l*-l“ I ¥ I:
exact solution to a decimal approdimation. silvel5%u10, %) o
The solution 15 x = 1.43 (cormeet to two decimal {F%{%%H]
places). enlve(5%=10, x)
{x=1.4306TES58)
0
N, S
Solution of inequalities
The following two propertics are useful when solving inegualities:
ma' > ¢ x>y, whenae(l, o)
B a >a e o<y, whenae(0 1)
BCJN Example 19
Solve for x in each of the following:
I
a lg'=2 T s e e
16
Solution
a 2% > 2! b 2t 20
£ dx> & —3x+1<-4
1 — =
B et w 3x<-5
4 5
= > =
=3
Mote: A CAS calculator can be used o help ‘visualise” the inequality. For Example 19a,
plot the graphs of y = 16 and v = 2, and then find the point of intesection,
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444 Chapter 13: Exponential functions and logarithms

13D

IFSum mary 13D

m One method for solving an exponential equation, without using a caleulator, is first o

express both sides of the equation as powers with the same base and then to equate the
indices (since a* = o implies ¥ = v, for any basea e BT [1])

Forexample: 2°'=8 & 27 =2 & x41=3 & =2

appropriate property:
o a'>a¥ & x>y, whenae(l, =)
o a'>u" o x<y, whenae (D 1)

m To solve an exponential ineguality, first proceed as for an equation and then use the

Forcxample: 2°'>8 & 2*'>22 & x+1>3 & x>2

=4l Exercise 13D

EBample1s 1  Solve for xin cach of the following:

a =27 b 4 =064 c 4 =7

d 16°=8 e 125* =3 f 5" =625

-k —X 1 = —1 1

E 16° =256 hs‘-l-m IS_E

Solve for min cach of the following:

a 5" x25% = 125 b = o

-2

d ;;:—n =] @ Yol =27 f 2lepg?n2_1§

g zn—ﬁ = Rl—n h (}?n.lﬂ-_:l- =, 2'?!!—2 i 4n+l HJ‘I:—-_'

J 32 o ghed k 25 = 5 x 390 625 | 154560

S

2048
Solve the following exponential equations:
|

a 25! kgt =32 b 32! k9 =243 e QIx¥P=21x32
Exampla 17 Solve for o

a 4(2*) = 8(2°) -4 b B(2™) - 10(2)+2 =0

€ Ix2* 1829 +24=0 d ¢ —4(35)+3=0
Example 18 Use a calculutor o solve each of the following, correct to two decimal places; E

a 2*=3 b 4°=6 c 0= 18 d 10 =356
Example 19 Solve for xin cach of the following:

a 7°>49 b B =2 e 25 <5 d 3! < 8]

e 9%+ <243 f 42 04 g 3 2<8l
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13E Logarithms 445

Logarithms

Consider the statement
27 =8
This may be wrilten in an alternative [orm:
log, 8 =3
which is read as ‘the logarithm of 8 to the base 2 is equal 1w 3°,

Fora € BY \ {1}, the logarithm function with base a is defined as follows:
a‘* =y iscquivalentto log y=x

Mote: Since ¢ is positive, the expression log, v is only defined when y is positive,

The loganthm function with base g 15 the inverse of the exponential funcoon with base a. We
will discuss this in Section 13G.

Further examples:

® 3 =9 is equivalent o log, 9 =2

= 10" = 10000 is equivalent o log,, 10 000 = 4

i

m a" =1 isequivalent o log, 1 =0

GO Exampio 20,

Without the aid of a caleulator, evaluate the following:

a log, 32 b log; 81
Solution
a let log,32=1x b Let log, 8l =x
Then 2*=33 Then 3 =81
252 23 =1
Therefore x = 5, giving log, 32 = 5. Therefore x = 4, giving log, §1 = 4.

Note: To find log, 32, we ask “What power of 2 gives 327
To find log, 81, we ask “What power of 3 gives 817

Laws of logarithms
The mdex laws can be used to establish rules for computations with logarithms. For each
imdex law, there is a comresponding logarithm law.

Law 1: Logarithm of a product
The loganthm of a prodoct s the sum of their logarthms:
log, (mn) = log, m+log_ n
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448 Chapter 13: Exponential functions and logarithms

Proof Letlog, m = xand log, n = y, where m and n are positive real numbers. Then g = m
and & = n. and therefore

mn=a' xa =a™ (using index law 1)
Hence log,(mn) = x+ v = log, m + log, n.

For example:

logp 200 + log g 5 = logp(200 x 3)
— lugm 1O
=13
Law 2: Logarithm of a quotient

The logarithm of a quotient s the difference of their logarithms:

]ugd{g) = log,m—log, n

Proof Letlog, m = xand log n = y, where m and s are positive real numbers. Then as
before a® = m and o' = n, and therefore

it .
E =l oy (using index law 2)
n

m
Hence Iugn(—-) =x—y=log, m—log, n
1/
For examiple:

log, 32 —log, 8 = IUH:(E}.;%]

= log, 4
=3

Law 3: Logarithm of a power

log,(m®) = plog, m

Proof Leilog, m = x. Then a* = m, and therefore

m" = (g =a' (using index law 3)

Hence log,(im") = xp = plog, m.

For example: log, 32 = log,(2°) = 5.

Law &: Logarithm of

log,(m™) = —log,m

Proof Use loganthm law 3 with p = —1

For example: Iugul:i ) = Iugufj—‘t} = —log, 2.
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13E Logarithms 447

Law s

log, 1 =0 and lop,a=1

|

Proof Since a" = 1, we have log, | = (0L Sincea' = a, we have log,a = 1.

We can use the logarithm laws to simplify expressions involving loganthms of the same base.
|T| Example 21
Without using a caleulator; simplify the following:
[

Solution

6 : G2
2og;p 3 + log, 16— 2 h*H:m(E) = 10g;4(3%) + log;, 16 — h*H:m(E)

36
=logp 9+ log, 16 — Iug“,[ﬁ)
25
= lr.rg]”[‘:l x 163 l_ﬁ)

= log 100
5

©
Solve each of the following équations for x
a logsx=3 b log:(2x+1)=2
¢ loga(2x+ 1 —log(x—11=4 d logyix—1)+logsix+ 1) =1
Solution
alogix=3 & x=5 =125 b log(Zx+1)=2 ¢ 2x+1=5
L2x+1 =25
2r=24
el
e logy(Zx+ 1) —logix—1)=4 d log,(x—1)+logfx+1) =1
fugz( I+ J —4 loga[(x—1)x+ D] =1
x—1 logs (x> — 1) = 1
- 2I+!__24 _l.'l—].—'j
= =1k
Z; I =16(x—1
£ =1 But the original expression is nol delined
17 =14x for x = —2, and therefore x = 2.
) 17
ST
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448 Chapter 13: Exponential functions and logarithms

13E

IFSum mary 13E
m Fora e B* Y\ [1], the logarithm function base a is defined as follows:
at =y isequivalentto log,y=x
m The expression log, v is defined for all positive real numbers y.
m To evaluate log, y ask the question: *“What power of a gives y?'
m Laws of logarithms
1 log (mn)=log, m+log. n

3 log,(m") = plog,m
5 log,1 =0und log,a=1

g lugd{m_i] = —log, m

2 1ugd(E) = log, m—log, n

2=

1 Withoul using a caleulator, evaluate the following:
b logy &1

Exampla 20

a log, 128 ¢ logs 125

d Iﬂg 1 01

2  Use the stated rule for each of the following Lo give an equivalent expression in simplest

form:
a log, 10+ logya b log,, 5+ log,,2 Law 1
¢ log:9—log: 4 d log, 10— log,5 Law 2
e logyla’) f logs(8Y) Law 3

| 1
E Il]Ej[ E) h Iugj(ﬁ ) Law 4
3 Without using a calculator, evaluate cach of the following:
a log 27 b logs 625
1 14

c |“Eﬂ[ﬁ) d Iu;_q{a)
e log (x") f log, 0.125
E log,, 10000 h log,, 0.000 001

i —3log, 125 i dlog, 2

k 2log, 9 I 4log,. 4

Bamplezr & Withouot using a calculator, ssmphify cach of the following:

ISBM 575-1-009-11045-7

a z', logy, 16+ 2log,, 5 b log, 16 +log, 8§

€ log, 128 +log, 45 — log, 5
e log, (b)) —log, Vb
g xlog, 8 + log, (8"

& Michael Evans et al 2022

d log, 32 —log, 27
f 2log, a+log (a')
h %lugﬂu—luguﬁ'ﬁ
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Example 23
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13F Using logarithms to solve exponential equations and inequalities 449

Solve for x:

a log,9=1x b log,c=3

¢ log.x=-3 d log,x=log,,;4+log,,2

e log,2+log,3+log x—log,3=2 F log,,x=1log,36—2log,3
g log 64=2 h log(2x—3)=73

i logy(x+2)—log,2=1 j log 001 =-2

Solve each ol the following for x:

a Iugu[é}——z b log,(2x—1)=3
c logyr+2)—log,6 =1 d logdr+d)+loggl6=5
e logy(x —3x—1)=0 f logy(x*—3x+1)=0

=

100"y 2y :
If log x = a and log, v = ¢, express Iugm[———_z-'-—) in terms of a and ¢
¥

3

Prove that [ug][,(ﬁ.) - lugm( L_b] —logu(be) = 0.

Iy

Ir Iugu(g.) + luga[%] —21;:&[%) = log, k. find k.

Solve cach of the following equations for

a logglx® — 25+ 8) = 2logg x b log5x)—logpid—2x) =1
¢ Jloglx—1) = log;, 8 d log,(20x)— logx—8) =2
e 2oz 5 +loggle+ 1) =1+ log(2x+7)
f1+2log(x+1)=log,,(2x+ 1)+ log,,(5x+ 8)

@ Using logarithms to solve exponential equations
and inequalities

If a € ¥\ {1}, then the statements a* = b and log, b = x are equivalent. This defining

property of logarnthins may be used in the solution of exponential equations.

©
Solve for xif 25 =11.
Solution
We immediately see that © = logs 11,
This can be evaluated with a calculator:
x=log, 11 = 3.45943
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450 Chapter 13: Exponential functions and logarithms

Mote: We will show an altemative method for solving Example 23 because it illustrates the
relationship between loeanthms of different bases. Take logg, of both sides of the
equation 2° = 11. Then

log,,(2°) = log,, 11
xlog,, 2 = log,, 11
log,, 11

F’
log,, 2

We have shown that

log, 11

fogp 2

In general, il a, b and ¢ are positive numbers witha # 1 and b # 1, then
log, ¢

 log,a

log, ¢

(&) Example 24

Solve 321 =028

Solution
2x—1 =log,28
2x=1+log; 28

1+logs; 28
—_

X =

=2.017 {to three decimal places)

RGN Example 25
Solve the inequality 0.7 = 0.3
Solution
Taking log,,, of both sides:

log,,(0.7%) = log,, 0.3
xlog,, 0.7 = log;, 0.3

[ 0.3
ut L b {direction of inequality reversed sinee logy, 0.7 < 0)
log,, (1.7
x=3.376 {to three decimal places)

Altermnatively, we can solve the inequality 0.7° = 0.3 directly as follows:

Note that 0 < 0.7 < 1 and thus; as x decreases, ¥ = 0.7* increases. Therefore the inequality
holds for x < logg 5 0.3,
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Exponential graphs revisited
In Section 13C we graphed exponential lunctions, but often we could not find the x-axis
intercepl. Now that we have defined logarithms this can be done.

[©]

Sketch the eraph of f(x) = 2 x 10" — 4, giving the equation of the asymplote and the axis

inlereepls,

Solution

B Asx— —oo, y — —47_ The equation of the ¥
horizontal asymptote is y = —4. A

m The graph crosses the y-axis when x = (),
and so the y-axis intercept 1s given by
fly=2x100 —4=2-4=-2

m The graph crosses the x-axis when f(x) = (: 0 logp(2)
2x10°—-4=10 e
Ikl =4 | y=—4
10F =2

x = log,, 2 = 0.3010

{carrect to four decimal places)

'erummary 13F

8 facs B\ |1]and x € B, then the statements a® = b and log, b = xare equivalent. Ths
defining property ol logarithms may be used in the solution of exponential cquations

and inequalites.

For example:

s 2'=5 ¢ x=log,5 s 225 & x=log,5

o (03 =5 & x=log,;5 o (0325 & x<log,5

a The x-axis inlereepts of exponential graphs can now be found.

2 [)) I

Bample23 1  Solve cach of the following equations correct to two decimal places: E
a2="7 b 2*=04 c 3" =14
d 4%=3 e 27" =8 f D3 =2

Example2al 2 Solve cach of the following equations correct W iwo decimal places:
a 5'=90 b 3*l=10 e 02 =06
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Bmmple2s. 3 Solve for x. Give values correct to two decimal places if necessary. E
a 2*>8§ b 3* <5 e 03 >4 d 3='<7 e 04* <03

Example2s. % [or cach of the following, skeich the graph of y = f{x), ziving the eguation of the
asymptote and the axis intercepts:
a f(gg=2"—-4 b fixy=2x3"—6 ¢ flx}=3x10"-5
d f{iry=-2x10"+4 e flx)=—3x2'+6 f fix)=5x2"-6

sk{c) Graphs of logarithm functions

Graphofy = log, xwhena > 1

We look at the graphs of y = logs xand v = log;; x. We note that log; x = log; 2 x logs x,
and hence the graph of y = log,,, x is the image of the gruph of y = log, x under a dilation
from the x-axis of factor log, 2 = 030140,

More generally, all graphs of the form v = log, x, where a > 1, are related tocach other by
dilations from the x-axis,

y =logsx
A table of values for ¥ = log, xis given below, and the graphs of v = 2% and v = log, x are

drawn on the one st of axes.

d
B
o6

x % % 1

[
[F]

y=logsx | -2 | -1 0 1

Notes:

m The point (1, 2) is on the graph of v = 2% and the point (2, 1) is on the graph of y = log, x.
m The point (2, 4) is on the graph of y = 2% and the point (4,2) is on the graph of y = log, x.
m The graph of ¥y = log, x 15 the reflection of the graph of ¥ = 2% in the line y = x.
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= log;g X

136 Graphs of logarithm functions 453

A table of values for y = log,, x is given below (the values are correct o two decimal places).
Lise your calculator o check these values.

y=log;;x -1

x (k1

1

2 3

0

=030 | =048 | =060 :n_?u|

| :[I 4 Domain=R", Range=FR

In general

Propertics of y = a*_ a > 1

domain = B

range = B

a® =1

gy — —oo, yp — (1
v = [ is an asymplole

The graph of y = loggx is the
reflection in the line y = x of
the graph of y = 10~

Properties of y = log, x, a> 1 i_‘p =gt

= domain = B¥ F==

| range =R l y =log, x
mlog, 1l =10 _____,...-m x
moasx— (", y— - 0|1

® x = ) is an asymptole

Graphofy = log, xwhen0O <a <1
Consider ¥ = log  x. We observe the following:

So we have log) x = —log; x.

Il:gi.l.’:y 2] I%}"'—_r

e T¥=gx

e logsx=—y

@ y=—logsx

£
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Transformations of logarithm graphs
Transformations can be applied W the graphs of logarithm (unctions. This is shown in the
following example.

©

Sketch the graph of cach of the following. Give the maximal domain, the equation of the
asymptote and the axis intercepls,

a f(x) = log,(x—3) b f(x) = log(x+2) ¢ fix) = log,(3x)
d fix) =—logs(x) e fix)=logi—x)
Solution Explanation
a f(x)=log,{x—3) The graph of v = log, x is translated 3 units
in the positive direction of the x-axis.
5
A Maximal domain: For f{x) = log,(x—3)

= be defined. weneed x — 3= (), Le. x> 30

//’- Asymptote: As x— 37, y — —oo.
-

i i i sl B

> B

B The maximal domain is (3, oo).

m Equation of asymptote is x = 3.

B r-axis infercept: log,(x—3) =0
impliecs x —3=2" je. x=4,

b fix)=log,(x+2) The graph of y = log, x is translated 2 units
in the negative direction of the x-axis,

3
1 Maximal domain: For f{x) = logs{x + 2) o
be defined, weneed x+2 > 0,1e. x> -2,

I

|

i ’i.!’__,.-—-""' Asymplote: As x — -2,y — —oa,
W

|

I

.(Ll 0 £ i

The maximal domain 1s (=2, oo},

[ ]
m PEguation of asymplote is x = —2.
m y-axis intercept: f(0) = log,(2) = 1.
B r-axis intercepl: log(x+2) =0
implics x+2=2" je. x=-1.
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e filx) = log:(3x) The graph of y = log; x is dilated by a
Factor of % from the y-uxis,
y ;
A Maximal domain: For f(x) = log,(3x) 1o be

defined, weneed 3x = (0, 1e. x = 0.

/—- Asymplote: Asx — 0", y — —oo,

(] fi

x=10

B The maximal domain is (0, oo),

m lguation of asympiole 15 x = ().

B r-axis intercept; log,(3x) =1

implies 3x = 2%, jc. x = jl
d f(x) = —log,(x) The graph of y = log, x is reflected in
the raxis:

A Muximal domain: For f{x) = —log.(x) o
be defined, we need x = ().

Asympiole: As xr— 07, y — oo,

B The maximal domain is ((), co).
m Equation of asymptote is x = (.
B r-axis intereept: —loga(x) =0

implies x = 2% = 1.

e [f(x)=log,(—x) The graph of y = log, x is reflected in
the y-axis.
¥
A Maximal domain: For f{x) = logs{—x) to

be defined, weneed —x = 0, Le. x < (L

\ 9 Asymplote: Asx — 7,y — —oo,
[ o

® The maximal domain is (—ea, ().

m Eguation of asymptote is x = (.

B r-axis intercept: logs(—x) =0
implies —x =2 i x=—1.
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Inverses

The mverse of a one-lo-one function was introduced in Secthion 5G.

m Theinverseof f: B — B, f{x) = 2%is the function [ : B S B, 2 = logy =
m The inverse of £+ R — B, f(x) = 10° is the function - B* S B f~(x) = log;y ©.

Leta = B* A\ (1) The function with rule y = log, x. for x > 0, is the inverse of the function

withriley =a, forxe B

m log (a*)= xforall x

Find the inverse of:
a fix)=10™
Solution
a Lety =107~
Interchanging xand y mves:
x=10%
2y = logjpx
y= :E log,, x

Thus f~'(x} = 11 lowm;y x.

©

(

m "% = x for all positive values of x

b g(x) = log,,(2x)

b Lety = log,,(2x).

Interchanging x and y gives;
x = log{2y)
1 =2y
F= ZI' * 10

Thus g~'(x) = —} x 107

Find the rule for the inverse function of each of the following and state the domain of f~':

a fix) =logy(x—2)

Solution
a Letv= log.{x—2)
Interchanging x and y mves:

x=log,(y—2)

Pr=yp-12
y=2+2
s =242

The domainof f~'is B

ISBM 575-1-009-11045-7

& Michael Evans et al 2022

b fixl=5x2*+3

b lety=5x2"+1.

Interchanging x and y gives;
x=5x2"+3
x—3 _ gy
3
—3%
ol

= = Iug._,[:IT_])

The domain of £~ is (3, ca).
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We observed in Section 13C that all graphs of the form y = a", where a > 1, are related
to cach other by dilations from the y-axis. This can be estabhshed by using the fact that
't = yforall x> 0.

For example, il v = 2* then

y =2 = (10"En)r = jolEali

Therefore the graph of y = 2% 15 the image of the graph of ¥ = 10" under a dilation of

factor from the y-axis.

log,, 2

fSummary 136

Leta e B\ {1}, The functions f: B = R, f(x)=a"and g: B* — B, glx) = log, x arc
inverse functions. That is, g = .

m log, (a")= cforall x

m g%t = x forall positive values of x

Bmmpie2? 1 Sketch the gruph of cach of the following, Give the maximal domain, the equation of
the asymplole and the axis mlercepls.
a y=logy(x—4) b ¥=log,(x+3)
c v = log,(2x) d y=log,(x+2)
a'—luf} fyv=1 —2x)
¥= '-’a:rz( 3 y=log{—x
E y=—2log,,x h y=—log,(—2x)
i y=log,l JE_:I
Bampla2e. 2 Determine the inverse of cach of the following:
a y=100% b y=3log,,x
c y=10* d y=2log,,3x)
Bampla2s 3 Find the rule for the inverse function of cach of the following:
a f(x)=3"+2 b fix) = log,(x—3)
¢ flx)=4x3"+2 d fix)=5-2
e [f(x)=log,(3x) f fix)= ]“g-}_{%)
g f(x) = log,x+3) h fix)=5x3"-2
ISBM §75-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
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13G

&  Use a calculator w solve cach of the following equations correet o two decimal places: E

al?=x

b log,(x+x=0

5  Use a caleulator w plot the graphs of ¥ = log, (%) and y = 2log,, x for x € [—-10,10],

x#i)

8 On the same set of axes, plot the graphs of y = log,(y/x) and y = 13 log,, x for

x e (0, 10].

7 Useacaleulator o plot the graphs of ¥ = log, (2x) + log,,(3x) and y = log,,(67).

Exponential models and applications

In this section wie begin by looking at several situations that can be modetled by exponential
functions, and then discuss an example where data 1s fitted by an exponential function.

Exponential growth and decay

In the following, we consider a variable A that is subjeet to exponential change.

Let A be the quantity at time £ Then
A=Aph

where Ay 15 the mitial guantity and b is a positive constant.

If b = 1. the model represents growth: If b < 1, the model represents decay:
® growth of cells m radivactve decay
m population growth m cooling of materials

B continuously compounded nterest

Cell growth

Suppose a particular type of bacteria cell divides into two new cells every T, minutes. Let
Nyg be the initial number of cells of this type. Then after £ minutes the number of cells, N, is

given by the formula

£
N = Ng2Ts

where Tp 15 called the generation time. Here we are only dealing with the type of
reproduction where the cell divides in two. For most known bacleria that can be cultured,

generdtion tmes range from aboul 15 minutes w1 hour.

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022
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What is the senerution time of a bacterial population that increases from 5000 cells 1o
100 000 cells in four hours of growth?

Solution
In this example, Ny = 5000 and & = 100 000 when ¢ = 240,
200
Hence 100000 = 50000 x 2 1o
3:1'!!
20=2"Tn
Ihus 7 = = 55.53 (correct to two decimal places).
log, 20

The generation wme 15 approximately 53,53 minutes.

Radioactive decay

Radivactive materials decay so that the amount of radioactive material, A, present at time 1 {in
vears) 15 given by the formula

A=Az
where Ay is the initial amount and & 15 a positive constant that depends on the type off
material. A radwcactive substance 1s often descnbed in terms of s half-life, whach 1s the ime
required [or half the material to decay.
Example 31

After 100 years, 4 saumple of redium-226 has decayed o 64.7% of its onginal mass. Find
the half-hife of radium-226.

Solution
We use the formula A = Ap2™. When t = 1000, A = 0.6474;;. Thus
0.647A, = Ay 1000k

D647 =271
— 1000k = log, 0.647
—log, 0.647
= TR 7T L 0.000628
1000
To find the half-life. we consider when A = _.l,.ﬂ.u:
J"'ll.tl_h = %AII
=1
—kt = LUHzi%J
—kt = —1
I = 1591.95
= 2 =2 L

The half-life of radium-226 is approximmately 1592 years.
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FPopulation growth
It is sometimes possible o model population growth through exponential models.

@ Example 32
There are approximately ten Umes as many red kangaroos as grey Kangaroos 0 a cerlain
area. Il the population of grey kangaroos increases al a rate of 11% per annum while that
of the red kangaroos decreases at 5% per annum, find how many years must elapse befon:
the proportions are reversed, assuming the same rates continue o apply.
Solution
Let Gy be the population of grey kangaroos at the start
Then the number of grey kangaroos after o years 15 G = Gg(1.11)", and the number of red
kangaroos alter o years 1s £ = 10G(0.95)"
When the proportions are reversed:
G = 10K
Gol1.11)* = 10 % 10G(0.95)
(1.11)* = 105y

Taking log,, of both sides:
log,((1.11)7) = log,,( 100(0.95)")
mlog, 111 = log; 100 + n log,, 0.95

fl Iugm I_I = 2 +n Iugm l}.‘JS
2

= =206
"= omg 111 —lag, 0.95

1Le. the proporions of the kangaroo populations will be reversed afier 30 years:

Limiting values of exponential functions
Consider the exponential function f{x) = 3 —27%, \
We can see from the graph that, as x increases, the 3
value of fix) gets closer and closer Lo 3. -

In general, for an exponential function f, if there is a /
real nwmber £ sach that, as x — oo, f(x) — £, then we / 0

say that £ is the limiting value of .

There are many applications of exponential functions where the lmiting value is signilicant.
For example, il an object is dropped in a liquid, then a possible formula for its specd, v mfs,
al ime ¢+ seconds could be

v =0.5(1 =371

It is easily seen that, as ¢ — oo, v — 0.5, The object’s speed gradually approaches 0.5 mys, but

does not ever reach 0.5 myfs.
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(&)

e Example 33

An ice pack is taken out of 4 freczer, which is kept at —207C, The emperature. T°C, of the
ice pack al time § minules s given by

T = 50 % (0.98) + 30

a Determine the limiting value of T as f — oo, What does this value represent?
b Determine the value of ¢ for which T = ().

e Sketch the graph of T against £ d Comment on this model.
Solution
a Asit— oo, we have b 50x(098) +30=0
0.98 — 0 0.98" = 0.6
T —-30 r= 25285

The limiting value of T is 30, The temperature of the ice pack 1s (0°C

The outside temperature is 30°C. after approximately 25 minutes.
c T d According to the model, the ice pack

Eﬂ“ approaches but never reaches the outside

temperature. The temperature of the jce
pack passes 29.9°C after about 5 hours.
You would probably consider that it has
reached outside lemperature by this stage.

Determining exponential rules
We have looked at determining rules for functions in Chapters 2 o 6. We look at one very
useful case for exponential lunctions.

G Exampie 34
The points (1, 6) and (5, 96) are known to lie on the curve v = a x B, where a > U and
b = (). Find the values of a and b:
Solution
We can write
axh' =6 (1)
axbh’ =96 (2)
Dividing equation (2) by equation (1) gives ' = 16, Thus b = lﬁﬁl =2, and substituting
inlo equation (1) gives a = 3.
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f Using the Casio ClassPad

m Define f(x) =axb'.

m Solve the simultancous equations (1) = 6 and
fi5) = 96 lor e = 0 and b > () as shown.

F : E
Using the TI-Nspire o
m Define f(x) = ax b, 1.
m Solve for a > U and & > ) using the Detine flche- 5% Done
sunulianeous equations template with .
F1) = 6 and f{5) = 96 as shown. '““‘{{‘:r_}.u LopH>0mma b0
a=2and bud
~

0 Edit Action intermcthe
[ [mafsm] ] [ [

Deline | {ac)=axb™

done
II’HJ-B
[(5)=88|g4 b
{ {a=-3, b=-2), (2=3,b=2}}
L o/
Fitting data

As an example, we consider the inerease in weight of Somu, an orangutan bormn at the Eastern
Plains Zoo. The following table shows Somu’s weight Tor the first 6 months,

Monthem | 0 | 1

g | 4

s | s |6

Weight (kg), w | 1.65 | 1.7

22 | 3.0

37 | 42 | 48

These data values are plotted on the same set of axes as the graph of the exponential functon

w= 16512 0<m<6,

wike) A . .
Graph showing Somu’s

weight increase

"

34
Graph of

2 w=1.65(1.2)m

I - Mote: It is appropriate in this case

to form a continuous line.

=

0 F F 3 4 5

If: m (months)

We can see from the graph that the exponential model w = 1.65(1.2)" approximaies the
actual weight pain, and would be a useful model w predict weight paing for any futore
orangulan births at the oo, This model describes a growth rate of 209% per month for the first

& months.

We can use a CAS caleulator Lo At an exponential model to data values.
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& Michael Evans et al 2022

Cambridge University Press

Photocopying is resincied under law and this malenal must not be fransfemred to another party.



13H Exponential models and applications 463

| ® Example 35
The table below shows the increase in wetght of Somu, an orangutan born at the Eastern
Plains Zoo. Using a CAS calculator. find an exponential function to model Somu's weight
Months, m 0 1 2 3 4 5 3]
Weight (kg), w 165 L7 | 22| 30 | 37 | 42 | 48
F E = '\
Using the TI-Nspire
m Enter the data either in a Caleulator 1.
application as lists or in 4 Lists & Spreadsheet Am Hw - ) 3
application as shown. =
i 2 22
4 3 3
< a4 37
€ g A3
o[ sl .
- \I_H' L] L
m [nsert a Calculator page and use (menu) > Exponsntial Regrassion
Statistics == Stat Calculations > Exponential Lst: [ [+]
Regression. Complete as shown: ¢ st [ v
» Use(tab] to move between ficlds. Gt it i 3|
s Use the selection tool | £ | to open a field. e :T : . :
- atedory Lisk L]
Then use the arrows & und ¥ W choose the 1 : ol
incily Estygone
correct entry, and sclect this entry using
the selection wol | £ 1 N conce
This now zives the values ol g and b, and the m
function has been stored as 1. R T SR
Henee the exponential function ‘Tie"  "Esponental Regression”
“FegBgn” “a-b x”™
w=1.55(1.22)" n 155299
" L1845
can be wsed o model Somua's weight. " 0072403
i 0,986 104
The curve can be shown in a Graphs ENETER] 3
application together with the scatter plot " e
{[menu| > Graph Type > Scaiter Plot) g
using an appropriate window ([ menu) > o
Window,/Zoom ). e = )
—
Mote: Alternatively. the scatter plot and h— erl)=p 553 (1.3185)"
regression curve can be oblained using '
the Data & Statistics application. I T 4
A
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IR ;
Using the Casio ClassPad

= In Statistics enter the data in list] and

list? as shown.

m Select the graph icon JE and ensure that you set
the graph type to Scatter and the lists to list] and
list2. Tap Set.

m Tap L to view the scatier plot.

m Seclect Cale = Regression > abExponential Reg.
Tap ok o conlirm the sellings,
s Hence the exponential lunction

w=135(122)"
can be used o model Somu’s weizht.

b

8 Tap ok o view the graph of the regression curve.

@ Edit Cale SatGraph «

~

MECDRRRD G

[ [Fise 1

=
st2 fist3 | ¥

1
2
1
4
3
i
1
]
q

et Statraphs

Tefalefsisfr(nla]

Drmw:
Type:
ALlsu
YList:
Fregi

A R B — 2

il

©mn off
Tist! 0
list2 [r
1 BE

I’PSummEl.l'“_r," 13H

and b is a positive constant.

= continuousty compounded interest
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There are many situations in which a virying quantity can be modelled by an exponential
function. LetA be the guantity at time 1. Then A = Agh’, where Ag 15 the imtial guantity

Ir 6 = 1, the model represents growth: IfE < 1, the mode! represents decay:
= prowth of cells m radivactive decay
a population growth = cooling of materials
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=) I

Bample3o;, 1 A populabon of 100 E. coli bactena doubles every 15 minutes. E
a Determing the formula for the number of bacteria at time £ minutes.
b How long will it take [or the population (o reach 10 0007 (Give your answer Lo the
nearest minole )

Example31) 2 The half-life of plutonium-23% 15 24 000 years. IT 10 grams are present now, how long
will it tuke until only 105 of the original sample remains? (Give your answer Lo the

NEArcsl year )

3 Carbon-14 is a radicactive substance with a half-life of 5730 years. [t 1s used o
determine the age of ancient objects. A Babylonian cloth fragment now has 40% of the
carbon-14 that it contamed originally. How old 18 the fragment of cloth?

4 'The pressure, P, in the Earth’s atmosphere decreases exponentially as you rise above the
surface. The pressure in millibars at a height of & kilometres 15 given approximately by
the function P(h) = 1000 x 105428
a Find the pressure at a height of 5 km. (Give your answer o the nearest millibar. )
b Find the height at which the pressure is 400 millibars. (Give your answer W the
nearest metre. )

5 A bwological culture contains SO0 OO0 bactera at 12 pan. on Sunday. The culture
increases by 10% every hour, At what time will the culiure exceed 4 million bacteria?

8 When a liguid is placed into a refrigerator, its temperature 7°C at time ¢ monutes is
given by the formula T = 73107, The temperature is initially 100°C and drops to 40°C
in 5 minutes. Find the lemperature of the liguid after 15 minutes.

7 lodine-131 is a radioactive isolope used in the treatment of the thyroid gland. [t decays
so that, after r days, 1 umit of the isotope is reduced to 0.9174° anits. How many days
does it take for the amount to fall to less than 0.2 units?

eample3z’ B The populations {in mullions), p and g, of two neighbouring American states, P and
over a period ol 50 years from 1950 are modelled by functions p = 1.2 % 2% gng
g = 1.7x 2" where ¢ is the number of years since 1950,
a Plot the graphs of both lunctions using a calculator.
b Find when the population of state P is:
i cqual to the population of state )
ii twice the population of state Q.
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8 Five kilograms of sugar is gradually dissolved in a vat of water. Aflter ¢ hours, the E
amount § kg of undissolved sugar remaining is given by § = 3 x 1074,
a Culculate & given that § = 3.2 when t = 2.
b At what time will there be 1 kg of sugar remaining?

Bxampie 33, 10 A b of ice-cream is laken out of a freceer, which is kept at —157C. The lemperature,
7°C, of the ice-vream at time § minutes is given by

T = —40 % (0.98) + 25

a Determine the limiting value of T as ¢ — oo, What doces this value represent?
b Determine the value of ¢ for which 77 = (.

¢ Skeich the graph of 7" against +.

d Comment on this model.

11 Anp object s falling such that its speed, V myfs, at tme ¢ seconds 15 given by
V= Hml - 3_“'lll]

a Determine the limiting speed, Vi, myfs, a8 1 — oo,
b When does the object have specd 40 m/s?
¢ Sketch the graph of V against ¢

12 A company begins an advertising campaign for a new perfume. The percentage, plr)S,
of the target market that buys the perdume after ¢ days of the adverising campaign is
modelled by

pir) = 100(1 =375, 1>
a What is the limiting value of p{f) as ¢t — ca?
b How many days does the advertising campaizn need to run to have 75% of the target
market buy the perfume?
¢ Sketch the graph of pl1) against 1.

Bmmple3a 13 Each of the following pairs of points 1s known to lic on a curve v = a X b*, where a > 0
and b = (). Find the values of g and b 1n each case.
1 5v6

(1.2) and (5. 27)

1

a (1,15)and (4, 1875) b f!.llanﬂ[j,ﬁj ?}-
14 The number of bactena, N, ina culture increases exponentially with tme according o E

the rule N = a % B, where time ! is measured in hours. When observation started, there

were T bacternia, and five hours later there were 10 000 bacteria.

a Find the values of @ and b,

b Find, to the nearest minuie, when there were 5000 bacienia.

& Find, to the nearest minute, when the number of bactena first exceeds 1 OO0 00K,

d How many bacteria would there be 12 hours after the st observation?

ISBM 973-1-009-11045-7 & Michael Evans ef al 2022 Cambridge University Press
Photocopying is resincied under law and this malenal must not be fransfemred to another party.



13H 13H Exponential models and applications 487

15 Find a and k such that the graph of v = al0** passes through the points (2, 6)

and (3, 20).
Bmmpta3s’ 16 DFind an exponential model of the form v = ab® 1o it the following data: E
0 2 4 S 10

Ly | 15| 05| 017 | 0.09 | 0.006

17 Find an exponential model of the form p = ab’ to fit the following data:

2 o 2 4| s %
Bl 25 [ 456 | 23 [ 1512 | 756

18 A sheet of paper 0.2 mm thick is cut in half, and one piece is stacked on top of the other.
a If this process is repeated, complete the following table:

Cuts, n | Sheets | Total thickness, T (mm)
0 l 0.2
1 2 (.4
2 4 (.8
3 R
10)

b Write down a formula which shows the relationship between T and n.
© Draw a graph of T against n form < 10,
d What would be the wtal thickness, T, after 30 cuts?

19 In the il pedod of its life a particular species of tree grows in the manner described
by the rule d = oy 10™, where o is the diameter (in cm) of the tree ¢ years alter the
beginning of this period. The diameter 15 52 cm after | year, and 80 cm after 3 years,
Catculate the values of the constants oy and m.
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Chapter summary

® Index laws
o To multiply two powers with the same base, add the indices: o™ x g® = g™
= To divide two powers with the same base, subtract the indices: g™ + ¢ = g™™"
e To raise a power W another power, muoltiply the indices: (&™) = o™
® Rational indices:
ﬂ:_'- ={fa and ifa ={ail:lm

m Graphs of exponential funclions: ¥

=) e

y=a%,a>|

—

s ForaeR™\ {1}
ifa*=a', thenx=y
B Fora e R* \ {1k
g’ =y isequivalentlo  log,v=x

® Laws of logarithms _
1 log (mn)=log m+log n 2 Iugn{E] = log, m—log n
n

3 log, (m") = plog, m 4 |ugu{m_T] =—log,m

5 log, 1 =Dand log,a=1

Technology-free questions

1 Simplify cach of the following, expressing your answer with positive index:

a a—ﬁ b E [ —mjnd d —ﬂﬂbﬂ
&2 pio o (ah?)!
a 7 12 -t
4 _ﬁf_ ¢ 10a g Bla' )y y m "
az 6’ (2ay’ (mn 2%
. . (207 fa! a* +a®
o
| (g 7 ' Sa~! . a2 ' at
2 Use logarithms to solve cach of the following equations:
a2=7 b 2=7 c =2 d =36
e 10°=110 £ 10F = 1010 g 2 =100 h 2:=0.1
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3 Evaluate cach of the following:

a log,4 b log,27 c log, 64 d Iugz(%)
&  For each of the following, give an eguivalent expression in simplest Torm:
a log x+log, v b log,x+log,(x+3) € log,(2x) — log, (3y)
d 3log, 4 —log, & e Ingj(é) £ logy(x?) + 4 log,(x)
5 Solve cach of the following equations for
a 2!'=18 b 3¥2=77 e 2*=8
1 . 1
x32 _ 2 I8 _ Paxl _
d ¥ = 3 e 3 1 F5 3
B Solve for x:
a 16 =64 b BF =732 e 21 =81 d 25 =5
7 Solve for x
a log,x=2 b log,x=13 e log 1l6=4 d logx—1)=2
8 Evaluate cach of the following:
a log, 64 b log,,(107) e log,(a®) d log, 1
1
e log27 f mg,(g) g log;,0.001 B log, 16
8  LExpress cach of the following as a single loganthm;
a Iﬂg]“2-+lﬂgm3 b lugm4+2h}g,[.3—|ugmﬁ
L ] Elﬂginﬂ'—lﬂglub d Eiﬂgmu—3—|ugml"!
a Iugm I+ lﬂgm}' == i{]}_!'.m X f2 jﬂgm,ﬂ +3 I{]g“, b= lﬂg]“ s

10  Solve cach of the [ollowing for x:
a 3I3¥*-2N=0 b (2 —RB)y2'-1)=10
e 72 -2 =0 d 2*_12%2*4+32=0
11 Sketch the graph of:
a y=2x2 b y=-13x2* c y=5xr2"
d y=2"+1 a y=2"-1 £ y=2"+2
12  Skeich the graph of cach of the following:
a y=logy(x+2) b y=logy(4—x) € y=—logy(Zx)
13 Solve for x
a log,(x—2)+logy{x—4)=3 b log,(x+ 1) +log{x—1)=4
€ log,ax=1—log,(x—04)
14 Solve for o
a2 _6x2°+8=0 b 2x32* 43 _1=0
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15 Solve the equation log,, c+ log,,(2x) — log,,(x+ 1) = 0.
18 Given 3* = 47 = 125, show that = ——.
x+y

17  Evaluate 2 log, 12 + 3 log, 5 — logs 15 — log, 150,

18 =a Giventhat log, 7+ log k=0, find k.
b Given u:uldtnqu +2I|.1g,,i,.‘-l—lug,|r 144 = 2, find ¢.

18 Solve:
a 2x4* - 16 fora b log,(’) = 4+ log,y+5) fary

Multiple-choice questions

1 Brizdxi=

A 2 B 2 e 2 D 2¢! =
x®
2 Tisespsein -0l O e
L L4 —— T — smphites o
e Cab?P " 160 P
2 2a” 2 1
A — B — C 24°h° D — E ——
a’h® bt ab® 128ak
3 The function f: B — K, f{x) =3 x 2° — | has range
AR B EA-1} C (—1,00) D (1,00) E [l,00)
4 The function f: B* — R, fi{x) = log,(3x) has an inverse function f~'. The rule for /=
15 given by
i 9 i 4 1 2
A fMx)=2 B fx=3 Gf_[xfl:?
xL
D x)=23 E o= Iug:(%}
5 If IU‘H,m{I— 3}— 3 iugm.{hj =1- ll’.lg;u_'}",. ﬂ'ﬂ:‘n_‘}? Ihﬂ.]l.lll] (8]
802 s Hlx fix =2
A — B l+—— G —— D1+— E 1—
= +x—2 x=2 +x—_?. 8
8 The solution of the equation 5 x 23* = 10) is x equals
1 1 | 1 1
A S B < egluhm Dilug,zﬁ ng?
7 The equation of the asymptote of y = 3log,{5x) + 2 is
A x=0 B t=2 C x=3 D x=35 Ey=2

8 Which one of the following functions has a graph with a vertical asympiote with
equation x = b?
1 1

A y=log,{x—b B y= Cy=———bh
3 Eal } Y=k
D y=2+bh E y=2%
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Which of the following graphs could be the graph of the function fix) = 2** + b, where =
a and b are positive? %
A ¥ B ¥ c ¥ o
"/ ‘ ‘h ;
O W X ol G/ -1
D v E -
e
/ o o 0 S
The expression E?nihtrji + 'ﬁ% 15 egual 1o
6 6m* f 1
A — B — c 6m’h" D —— E
mh" kb m2ht 128mh*

Rescarch is being carried oul o investigate the durability of paints of different
thicknesses. The automatic machine shown in the diagram is proposed for producing a
coal of paint of a particular thickness.

Blade set to reduce

/ thickness

Thick layer Thin layer

The paint is spread over a plate and a blade sweeps over the plate reducing the thickness

of the painl The process mvolves the blade moving at three different speeds.

2 Operating at the initial setting, the blade reduces the paint thickness to one-cighth
of the original thackness, This happens n times. What fraction of the paint thickness
remains? Express this as a power of 4.

b The blade is then reset so that 1L removes three-gquarters of the remaining paint. This
happens n — 1 times. Al the end of this second stape, express the remaming thickness
as 4 power of 3.

© The third phase of the process involves the blade being reset W remove hall of the
remaining painl, This happens n— 3 tmes. At what value of n would the machine
have to be set to reduce a film of paint 8192 units thick to 1 umt thick?
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2 A hermit has little opportumity o replenish supplics of tea and so, o cke oul supplies for
as Jong as possible, he dries out the tea leaves after use and then stores the dried teain
an airtight box. He estimates that after cach re-use of the leaves the amount of tannin
in the used tea will be hall the previous amount. He also estimates that the amount of
caffeine in the used tea will be one-guarter of the previous amount.

The information on the label of the tea packet states that the tea contains 729 me of

caffeine and 128 my of tanmin.

a Wrile down expressions for the amount of caffeine when the tea leaves are re-used
for the lirst, second, third and mth times.

b Do the same for the amount of tannin remaining.

& Find the number of tmes he can re-use the tea leaves if a “lea” contaning more than
three times as much tannin as calfeine is undrinkable.

3 A ncew type of red synthetic carpet was produced in two batches. The first batch had

a brightness of 15 units and the second bateh 20 units. After a period of time il was

discovered that the first batch was losing its brighiness at the rate of 3% per year while

the second was losing brighiness al the rate of 6% per year.

& Wrile down expressions for the brighiness of cach batch after n years.

b A person bought some carpet from the first batch when it wis a year old and some
new carpel from the second batch. How long would it be before the brighiness of the
twi carpels was the same?

& m 'The value of shares in Company X increased lincarly over a two-year period E
according to the model x = 0.8 + (.17, where 1 1s the number of months from the
beginmng of January 2019 and 3x is the value of the shares at time 1.

m The value of shares in Company Y increased over the same period of time according
to the model v = 1000 where $v is the value of these shares at time ¢ months.

m The value of shares in Company 2 increased over the same period according (o the
model 2 = 1.7 logo(5( + 1)), where $z is the value of the shares at time ¢ months,

Use a calculitor to sketch the graphs of the three funclions on the one screen.

a Find the values of the shares in each of the three companies at the end of June 2019,

b Find the values of the shares in the three companies at the end of September 2020,

& Durng which months were shares in Company X more valuable than shares in

Company Y?
d For how long and during which months were the shares in Company X the most
valuable?
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5 Inan Africun game park, it was estimated that there were approximately 700 wildebeest
and that their population was increasing al the rate of 3% per year. At the same tme, in
the purk there were approximately 1850 zebrus and their population was decreasing al
the rate of 4% per year. Use a caleulator o plot the graphs of both funciions.

a Aller how many years were there more wildebeest than zebras in the park?
b It1s also estmated that there were 100 antelope and their numbers were increasing
by 50 per year. Alter how many years were there more antelope than zebras?

6  Students conducting a science experiment on cooling rates measure the lemperature of a
beaker of liguid over a period of tme. The following measurements were taken.

Time (minutes) | 3 f 9 12 | 15 | 18 | 21
| Temperature (°C) | 715 | 59 | 49 | 455 | 34 | 28 | 235

a Find an exponential mode! to it the data collected.
b Use this model to estimate:
i the imitial temperature of the liquid ii the wemperature of the liquid at r = 25.
It 1% suspected that one of the temperature readings was incorrect.
c Re-calculate the model to fit the data, omitting the incorrect reading,
d Lse the new model Lo estimate:
i the imitial temperature of the liguid il the temperature of the liguid at 1 = 12,
@ [If the room temperature 15 157°C, find the approximate tme al which the cooling of
the liguid ceased.

7  The graph of y = ab* passes through the points (1. 1) and (2, 5).
a Find the values of g and b.
b Letb* = 117,
i lake logarithms of both sides (base 10) to find an expression for z in terms of x
i Find the values of k and a such that the graph of y = al0F* passes through the
points (1, 1) and (2, 5).

8 a Find an exponential model of the form y = a - b to [it the following data:

o [2]| 4] 5] b |
2| 5| 13|20 | 200 |

Express the model you have found in part & in the form y = a0,

& Hence find an expression for x i terms of y.
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