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1 Find the

age of the point (2, ~1) under each sequence of transformations
a a translation of 3 units in the positive direction of the x-axis followed by a dilation of
factor 2 from the x-ax
b a reflection in the x-axis followed by a di
 adilation of factor 3 from the x-axis followed by a translation of 1 u
positive direction of the x-axis and 2 units in the negative direction of the y-axis.

2 Find the equation of the image of the graph of y
sequences of transformations have been applied:

a a translation of 2 units in the positive direction of the x-axis followed by a dilation of
factor 3 from the x-ax

b a translation of 3 units in the negative direction of the x-

in the -ax

© areflection in the x-axis followed by a di

d areflection in the x-axis followed by a di

@ a dilation of factor 2 from the x-axis followed by a translation of 2 uni
positive direction of the x-axis and 3 units in the negative direction of the y-axis.

& when each of the following

s followed by a reflection

3 Repeat Question 2 fory = -

'
4 Repeat Question 2 for y = x3.
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5 Find the equation of the image of the graph of y = x* when each of the following
sequences of transformations have been applied:
a a translation of 2 units in the positive direction of the x-axis followed by a dilation of
factor 3 from the y-axis
b a dilation of factor 3 from the y-axis followed by a translation of 2 units in the
‘positive direction of the x-axis.
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& Find the cquation of the image of the graph of y = — when cach of the following
sequences of transformations have been applied:
= a translaion of 2 units in the positive dircction of the x-axis followed by a reflection
in the y-axis
b areflection in the y-axis followed by a translation of 2 units i the positive direction
of the reaxis.

7 Find the equation of the image of the graph of y = 2(x ~ 2)2 + 3 when each of the
following sequences of transformations have been applied:
a a translation of 2 units in the negative direction of the x-axis and 3 units in the
negative direction of the y-axis
b a reflection in the x-axis followed by a translation of 3 units in the positive direction
of the y-axi
© areflection in the y-axis followed by a dilation of factor 3 from the y-axis.

2
8 Find the cquation of the image ofth graph of y = —— + 5 when cach ofth following
sequences of transformations have been applied:

a a translation of 2 units in the negative direction of the x-axis followed by dilation of
factor 3 from the y-axis

b a dilation of factor 3 from the y-axis followed by a translation of 2 uni
negative direction of the x-axis.

the
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9 The graph of y = * is transformed by:
= a translation of a units in the positive dircction of the x-axis
u followed by a dilation of factor k from the x-

a If the image of the graph passes through the points (1, 1) and (2, 4, find the possible
values of aand k.

b If the image of the graph passes through the points (1. 1) and (2,2), find the possible
values of aand k.
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Exercise 7D

1 For each of the following, find a sequence of transformations that takes:
a the graphof y = ¥ to the graph of

Py=2x-17+3 —x+ 1?42 y=Qr+1)P-2
hdneg;-aphnly=£mmcgnphnl
2 S,
s i
© the graph of y = VX 10 the graph of
iy=VE+3+2 =23

2 & Finda sequenge of transformations that takes the graph of

graphofy = —.
b Find a sequence of ransformations that takes the graph of y = (3x-+ 2 + 53 to the
raphofy = .
 Find a sequence of transformations that takes the graph of y = ~3(3x + 1 + 7 to the
raphofy = .

d Find a sequence of transformations that takes the graph of y = 2V&— x to the graph
ofy = .

@ Find a sequence of transformations that takes the graph of y = 23— ¥ + 3 to the
graphof y = —yT+6.
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Find a rule for a transformation that takes the graph of y = 2x + 7 to the graph
ofy=3x+2.

Find a rule for a transformation that takes the graph of y =
ofy=

~ltothe gra

Gt

Find a rule for a transformation that takes the graph of y = (x + 2)? + 4 to the gray
ofy = (Gx-27 -5,

Find a rule for a transformation that takes the graph of y = 2v3 — x to the graph
of y =5Vx—6.

Find a rule for a transformation that takes the graph of y
ofy = -5\E+6

VI~ + 3 10 the gra

By equating coefficients, find a and b such that 2. — 1222 + 24x — 13 = 2(x~ a)’
forall xR

Hence, describe a sequence of transformations that takes the graph of y = ° to th
graph of y = 2 — 12:4% + 24x 13,
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Exercise 7E

1

A transformation is defined by the rule (x,y) — (3x,~2y). Find the equation of the
image of the graph of y = x* + x + 2 under this transformation.

A transformation is defined by the rule (x,y) — (4x,~2y). Find the equation of the
image of the graph of y = x* + 2x under this transformation.

A transformation is defined by the rule (x.y) — (2, ~3x). Find the image of the straight
line with equation y = 2x + 3 under this transformation.

A transformation is defined by the rule (x,y) — (4y,~2x). Find the image of the straight
line with equation y = ~2x+ 4 under this transformation.

2046

For each of the following, find the image of the straight line with equation y
under the transformation with the given rule:

a (0y) = (2= Dx+2)

b ()= (-2y-1,x+2)

© (6y) = (-2x-23y+2)

Find a sequence of transformations that takes the graph of the quadratic function
with rule fi(x) = 2 + 4x + 1210 the graph of the quadratic function with rule
o) =38 +6x+5.

Find a sequence of transformations that takes the graph of the quadratic function
with rule fi(x) =~ + 6x-+ 8 10 the graph of the quadratic function with rule
folx) =20 £8x+5.
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10

11

a The transformation with rule (x,y) — (3x = 1,y +2) is applied to the graph

Determine the equation of the image.

b Describe a sequence of transformations that takes the graph of y = i;mmegnph
+6

ofy= 55

Let /() = 2.

a Write the equation for the graph of y = ~5/(2x + 3).

b Give a sequence of transformations that takes the graph of y = £(x) to the graph
5f2x+3).

ofy

Letg(x)

=
a Write the equation for the graph of y = ~2g(x — 3) + 4.
b Give a sequence of transformations that takes the graph of y = g(x) to the graph

of y=-2g(x~3)+4.

A transformation of the plane with rule (x.y) — (ax + h,by + k) maps (2.5) = (-3.6)
and (3,6) = (-4,7)

a Find the values of a, b, b and k.

b Find the image of the graph of y = +* under this transformation.
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12

13

14

15

A transformation of the plane with rule (x,y) — (ax + h, by + k) maps (1.3) = (~2,-3)
and (2.4) > (-3,11).
a Find the values of a, b, b and k.

b Find the image of the graph of y = * + 2x under this transformation.

A transformation of the plane with rule (x.y) — (ax + h,by + k) maps (1,-2) = (-4,5)
and (3.4) > (18.5).

a Find the values of a, b, b and k.

b Find the image of the graph of y = x* under this transformation.

The graph of y = x* is transformed by a dilation of factor a from the y-axis followed by
a translation of a units in the negative direction of the x-axis, where a > 0. The original
‘raph and its image intersect at the point (~1, 1),

a Find the value of a

b Find the coordinates of the second point of intersection of the two graphs.

The graph of y = x” is translated by a units in the positive direction of the x-axis and
@ units in the positive direction of the y-axis, where a > 0. The line y = x is tangent to
the image.

a Find the value of a

b Find the coordinates of the point where the line y = x touches the image.
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16

17

18

19

The graph of y = V is reflected in the y-axis and then dilated by a factor of a from the
y-axis, where @ > 0. The line x-+y = 1 is tangent to the image.

a Find the value of a

b Find the coordinates of the point where the line x + y = 1 touches the image.

a Given that the graph of y = /(x) has x-axis intercepts at (-4, 0) and (2,0), find the
xeaxis intercepts of the graph of y = 3/(x— 4).

b Given that the graph of y = g(x) has x-axis intercepts at (=3,0) and (6, 0), find the
xeaxis intercepts of the graph of y = 2g(3x).

© Given that the graph of y = (x) has x-axis intercepts at (~2,0) and (8, 0), find the
xeaxis intercepts of the graph of y = 3(2(x — 4)).

Let f(x) = . The line y = 3 ~ 2 touches the graph of y = (x) a the point (1, 1).

Consider the transformation with rule (x,) — (3x +2,3y).

a Find the equation of the image of the line y = 3x — 2 under this transformation.

b Find the equation of the image of the graph of y = £(x) under this transformation.

© Give the coordinates of the point where the image of the line y = 3x — 2 touches the
image of the graph of y = f(x).

1

Let f: R\ (3] = R f(n) =

a Find /.
b Find the translation that maps the graph of / to the graph of /'

5i-
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20 For the transformations considered in this book, two different points in the plane

will map to two different image points. More formally, we say that a transformation
2 = B is one-to-one if (x1,y1) # (x2,y2) implies T(x1, 1) # Tx2.32).
Now consider a linear transformation

TiRP B T(ny) = (ax+bycx+dy)
where a,b,c,d € R. Prove that T is one-to-one if and only if ad  be # .

Hint: Prove that if T is not one-to-one, then ad — be = 0. Then prove that if ad — be
then T is not one-to-one. (Note that ‘7" is not one-to-one’ means that there exist
(x1,31). (x2,y2) € R? such that (x1,y1) # (x2,y2) and T'(x1, y1) = Tx2,y2).)
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21 Ifalinear transformation 7 is one-to-one, then it has an inverse transformation

THR SR T @) = @w) if TEw) = ()

For example, if 7(3,4) = (6.2). then T7(6.2) = (3.4).

a LetT: B2 — B T(x.y) = (2x + 3, ~4y). Find 7"

b LetT: B — B T(xy) = 3= x—4y). Find 7!

© LetT: R — R.T(xy) = (}x+3,~2y +5). Find T~
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Technology-free questions

1 Find the image of the point (~1,3) under each of the following transformations:
a dilation of factor 4 from the x-axis
b dilation of factor 3 from the y-axis
© reflection in the x-axis
d reflection in the y-axis.
e reflection in the line y = x

2 Sketch the graph of each of the following, labelling asymptotes and axis intercepts:

ay=ls3 by x'z

1
W= 542
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Sketeh the graph of each of the following, stating the equations of asymptotes, the axis
intercepts and the range of each function:
1 3 1

ay=g+l by=3 cy





image19.png
4 Consider the transformation of the plane consisting of a dilation of factor 2 from the
x-axis followed by a translation of 2 units in the positive direction of the x-axis and
3 units in the positive direction of the y-axis
a Find the rule for this transformation in the form (x.) = (¥'.y').
b Hence find xand y in terms of " and y’ respectively.

5 For each of the following, find a sequence of transformations that takes:
a the graph of y = ¥ 1o the graph of

iy=3x+1)2+2 iiy=-2x+27+3 y=0Bx+12-1
b the graph of y = ~ to the graph of

. 4 " 1

R Yme 2
© the graph of y = VX o the graph of

iy=Vvi-d+2 il y=2vIx y=-2vVi+3

& Consider the transformation of the plane consisting of a reflection in the x-axis followed
by a dilation of factor 3 from the y-axis and then by a translation of 2 units in the
negative direction of the x-axis and 3 units i the positive direction of the y-axis.

a Find the rule for this transformation in the form (x.) = (¥'.y').
b Hence find x and y in terms of x’ and y” respectively.
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7 Letf:R\[3) >R f() = % Wite the equation for the graph of each of the
following:

ay=fex-1) by

f@ex)+3 € y=fx-4)+5

Multiple-choice questions

1 The point P(1,7) is translated 3 units in the positive direction of the y-axis and then
reflected in the x-axis. The coordinates of the final image of P are

ALY B(-L-7) € (L-1) D7) E (L0
2 The point P(4,~3) lies on the graph of a function /. The graph of / is translated 4 units

in the positive direction of the y-axis and then reflected in the y-axis. The coordinates of
the final image of P are

A @3 B (-4-1) € (4-7) D (41D E (4.-7)
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3 Atransformation of the planc is defined by (x,y) — (3x = Ly +2). If (a,5) = (8.8).
then
Aa=3b=6 Ba=-3b=-6 Ca=7.b=6
Da=6b=3 Ea=23b=10

4 A transformation of the plane is defined by (x.y) — (3x — 12y +2). If (a.b) — (@.b).

Ca=-1b=2
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5 The square shown is subject to successive transformations.
The first transformation has rule (x. ) — (~x..) and the
second transformation has rule (x,5) — (<y, ~2x + ).

Which one of the following graphs shows the image of the
square after these two transformations?

_

1 .1
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© The graph of y = g(x) is obtained by reflecting the graph of y = f(x) in the x-axis. The
relationship between / and g s given by

A f)= 500 B ()= g © f(@)=g-x)
1
L] E ()= 200
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7 The translation that maps the graph of y =  to the graph of y = (x ~ 5)° = 2 can be
described by
A (x)) = (-2y+5) B ()= (x+2,5+5)
€ (1) - (x-2y-5) D (5y) = (x+5y-2)
E (x) = (-5y-2)

8 The translation that maps the graph of y = (x+ 2)? +8 t0 the graph of y = x* can be
described by
A ()= (x-8y+2) B (x3) = (x+2.5+8)
C (1) = (x-2y+8) D (1y) = (x+2,y-8)
E (xy) = (-2y-8)
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9 The graph of y = VX is reflected in the y-axis and then translated by 2 units in the
positive direction of the x-axis and 3 units in the positive dircction of the y-axis. The
image i the graph of
Ay=yF-2-3 B y=yF3-3 € y=ViTI-3
Dy=yiT3+3 Ey=VTri3s3
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10 The graph ofy = — i reflected in the x-axis and then dilated by a fuctor of 2 from

the x-axis. The image is the graph of
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41 The graph of the relation )7 = x is transformed by a dilation of factor 2 from the x-axis
followed by a dilation of factor % from the y-axis. The equation of the image is

Al=x  By=Ix X D=8 E 4=

12 Consider a transformation of the plane with a rule of the form (x,) — (ax + h. by + ),
where a,b € N and h k € R. Suppose that (1,2) — (3,m) and (m.3) = (5.6) under this
transformation, for some m € R Then the largest possible value of a+ b+ h + kis

Al B3 cs D11 E 13
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Extended-response questions

1 Letf@=2
a Find the value of k such that the line y = x is tangent (o the graph of y = £(x) + k.
b Find the value of h such that the line y = x is tangent to the graph of y = f(x — h).

2 a The graph of f(x) = x* is translated to the graph of y
values of hif f(1+ )= 8.
b The graph of f(x) =  is transformed to the graph of y = f(ax). Find the possible
values of aif the graph of y = f(ax) passes through the point with coordinates (1, 8).
© The quadratic with equation y = ax® + bx has vertex with coordinates (1,8). Find the
values of a and b

(x-+ h). Find the possible

3 A quadratic function ¢ has rule g(x) = x* +4x~ 6
a Find the value of k for which the equation g(x) + k = 0 has one solution.
b Find the values of  for which the equation g(x — h) = 0 has:

two positive solutions

il two negative solutions
one positive and one negative solution.
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4 a Find the rule for the image of the parabola y? = 4x reflected in the line y = .

b The point A(4, 4) lies on the parabola y? = 4x. Find the equation of the line which
‘passes through A(4,4) and B(1,0) and then find the coordinates of the point C where
this line meets the parabola again.

© Describe the image AC” of the line segment AC reflected in the line y = x.

d lustrate the two parabolas and the line segments AC and AC” on the one set of axes.
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Find the dilation from the x-axis which takes the curve y = ¥° to the parabola with its
Vertex at the origin that passes through the point (45, 9).

b State a rule which reflects this dilated parabola in the x-axis.

State a rule which takes the reflected parabola of part b to a parabola with x-axis
intercepts (0,0) and (90,0) and vertex (45,9).
State a rule which takes the curve y = #2 to the parabola defined in part c.
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& A cubic function f has rule f(x) = (x = 3)(x + 4)(x - 5).

© Itis known that the equation /(x) + k = 0 has a solution x = 0. Find the value of k
and solve the equation f(x) +k = 0.

d The equation f(x ~ k) = 0 has a solution x = 0. Find the possible values of /.

e Find the values of h such that f(x — h) = 0 has only one positive solution.
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a Find the image of the point with coordinates (2, 6) under a reflection in the
line x =3,
b Find the rule for the following sequence of transformations:
= a translation of 3 units in the negative direction of the x-axis
= followed by a reflection in the y-axis
= followed by a translation of 3 units in the positive direction of the x-axis.
© Hence, give the rule for the transformation of reflection in the line x = 3.
d i Givea sequence of three transformations which would determine a reflection in
the line x = m. (For convenience, assume that m > 0.)
Give the rule for the transformation of reflection in the line x = m.
Give a sequence of three transformations which would determine a reflection in
the line y = n. (For convenience, assume that n > 0.)
Give the rule for the transformation of reflection in the line y
# Find the image of each of the following curves under a reflection in the line x =

y=x  ivy=(x-3?
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8 a The point A3, 1) is rotated about the origin by y
90° anticlockwise. Find the coordinates of A’, &
the image of A.
i State the gradient of the line OA.
il State the gradient of the line OA”. 46, 1)
© Now consider a point A(p.q).
i State the gradient of the line OA. x
i The point A(p. g) is rotated about the origin by
90° anticlockwise. Find the coordinates of A",
the image of A.
d Find the rule for the transformation of rotation about the origin by 90° anticlockwise.
@ Find the image of each of the following curves under this transformation:

ES

b
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1 Find the image of the point (~3,4) after a mapping of  translation:
the negative direction

@ of 2 units in the positive direction of the x-axis and 3 uni
of the y-axi

b of 2 units in the negative direction of the x-axis and 4 units in the positive direction
of the y-axi

© of 3 units in the negative direction of the x-axis and 2 units in the negative direction
of the y-axis

d defined by the rule (x,y) > (x = 4,y +5)

@ defined by the rule (x,) — (x= 2,y = 1).

2 For each of the following, describe the translation that maps the first point to the second
pois
a (-L5)w0(-68) b 2.4)108.~11) © (4-5)0(8.12)

3 In each of the following, find the rule for the image of the graph of y = /(x) under the
given translation:

& £()= - under a translation 2 unts i the positive dircction of the x-axis and 1 unit

in the négative direction of the y-axis
i

b f(x) =  under a translation 4 units i the positive dircetion of the x-axis and

3 units in the positive direction of the y-axis

© f(x) = * under a translation 2 units in the negative direction of the x-axis and
3 units in the negative direction of the y-axis

d f(x) = * under a translation 4 units in the positive direction of the x-
in the negative direction of the y-axi

@ f(x) = ¥ under a translation 2 units in the positive direction of the x-axis and I unit
in the negative direction of the y-axi

and 2 units
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1
Fory = f(x) = ~, sketch the graph of each of the following, labelling asymplotes and
axis intercepts:

fa-1 b
fo-3 e

= f@ et o y=fx+3)
= flesn)

Fory = f(x) = 2, sketch the graph of cach of the following, labelling axis intercepts:

=1
-3

Fory = f(x) = 2, sketch the graph of cach of the following, labelling axis intercepts:
flx-D+2 by=fx-3)+1
dy=flxs-3 e y+2=fxtl)
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1 Find the image of the point (-2, ~3) after:
a a reflection in the x-axis b areflection in the y-axis
© adilation of factor 4 from the x-axis  d a dilation of factor 4 from the y-axis.

2 Write down the equation of the image obained when the graph of each of the functions
below is transformed by:
i adilation of factor } from the y-axis
a dilation of factor § from the x-axis
v a reflection in the x-axis

i a dilation of factor 5 from the y-axis
a dilation of factor 4 from the x-axis
areflection in the y-axis.

1

by== ey=1 dy=vi
3 Sketch the graph of each of the following:
ay=3vi ny=,; ey=? ey=Vir f





