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12 Simplify each of the following:

2 Xyt 3ot x gt
- - 2xt Fixors
a 34 x 9 x 27 b o
g Zxot 257 x5! § 80 x4
=) ° Tsma For
6 x9' R 8x2x3
E xExie B TErT
13 Simplify and evaluate:
a8 b 125 814227
@ 5 =
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Exercise 138

1 Evaluate each of the followiny

3 i 1 :
a 1253 b 23} o 81 d 643
.
1F 3 2 "
L 4 = H
e (x) £ £ 15 h 32
.
4 o 3
i 10003 j 10000 K 81i I (%)T
3
f i . .
m (-8)3 n s o (3)F » (%) H
2
1y
(L
b @ be(b,,)

3 Simplify each of the following:

a Qx-1V-1 b (x—1?Vx—1
e (R4nVEAT d (- ) VT
o —L_.viTT £ 52+ DYEETT
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Exercise 13C

1 Usinga caleulator, plot the graphs of the following and comment on the similarities and
differences between them:
ay=18 by=24 © y=09 d y=05*

2 Using a caleulator, plot the graphs of the following and comment on the similarities and
differences between them:
ay=2x3 by=5x3 ey

2% dy=-5x3"

3 Plot the graph of y = 2* on a CAS calculator and hence find (correct to three decimal

a the value of y when x = 3.1 b the value of x wheny = 14.

4 Plot the graph of y = 10° on a CAS calculator and hence find the solution of the
equation 10° = 6.
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5 Sketch the graphs of the following functions. For each function, give the equation of the
intercept and the range. (The x-axis intercepts need not be given.)
3x2742 b fiROR f()=3x2"-3
c fiRSR fla)=-3"-2 d fiRSR f()=-2x3"+2

6 Sketch the graph of cach of the following:
o b y=53

1r+2 dy=-2%42
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Exercise 13D

1 Solve for x in each of the following:

a =27 b4 =64 c 49t =7
d16=8 e 125 =5 f5°=625
£ 16°=256 sl [ERE

2 Solve for n in each of the following:

a 5x25! = 125 b 3=

2
dgm=1 e 3"x9 =27
g reogn h g = g7

k 25" = 5% 390625

a2-ixa=n b 3l x0r =243 & @Ix3P=27x3E
4 Solvefors:
a 42%) =802 -4 b 8(2*)- 102 +2=0

© 3x2¥-182)+24=0 d 9" -4(3)+3=0
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5 Usea caleulator 1o solve each of the following, correct to two decimal places: E
a2=5 b4 =6 c10°=18 d10°=56
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6 Solve for x in each of the following:
a 7549 b8 >2 c25°<5 d 3 <8l
e 9 <43 a6l g 32<81
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Exercise 13E

1 Without using a caleulator, evaluate the following:

a log, 128 b log, 81 < log 125 d log,,0.1
2 Use the stated rule for each of the following to give an equivalent expression in simplest
form:
a log, 10 +log,a b log,,5 +log,,2 Law1
© log,9~log, 4 d log, 10~ log, 5 Law2
e log,(a’) £ log,y(8%) Law3
1 1
& log(g) b log(5¢ Lawd
3 Without using a caleulator, evaluate each of the following:
a log, 27
1
© e 15)
e log,(x') £ log,0.125
£ log,, 10000 b log,,0.000 001
i “3log 125  —dlog,e2
K 2log,9 1 —dlog,e4
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4 Without using a calculator, simplify each of the following:

a Llog,, 16 +2log,, 5

© log, 128 + log, 45 ~ log, 5
© log,(5) ~ log, Vb

& xlog, 8 +log,(8')

b log, 16+ log, 8
d log, 32~ log,27
£ 2log,a+log @)
h 3log,a~log, va




image15.png
Solve for x:

alog9=x

© loggx=-3
@ log,g 2+ log, 5 + log, x— log,o 3 = 2
£ log,64=2

i log,(x+2)~log, 2= 1

= $log,36 - 2log, 3
logy2x-3)=3
log, 001

T aar

Solve each of the following for x:
a lﬂg,(é)—fl b log,2x—1)=3

© log,(x+2)—log,6= 1 d log,3x+4) + log, 16
e log,(r* =3x—1)=0 £ log,(* —3x+1) =

1002y

Iflog, x = aand log,yy = ¢, express. lng,,,( = terms of a and ¢.

o () b (2 -bai -0

o)t ()20}

log, k. find k.
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10 Solve cach of the following equations for x:
a log,o(2 ~2x+8) = 2og;g x b log,(5) ~log (3= 20 = 1
© 3logg(r—1) = log;e 8 d 10g,,(20) ~ logy(x— ) =2
© 2log, 5 +log(x + 1) = 1 +log,o(2x+7)
1+ 2log,(x + 1) = log,g2x + 1) +log (55 + 8)
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Exercise 13F

1 Solve each of the following equations correct to two decimal places: E
4

a2=7 b 2=04 c 3
d4=3 e27=6 f03 =

2 Solve each of the following equations correct to two decimal places:
a sl=90 © 02 =06
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3 Solve for x. Give values correct to two decimal places if necessary. E
a8 b 3<5 c03>4  d3'<T e 047503

4 For each of the following, sketch the graph of y = /(x), giving the equation of the
asymptote and the axis intercepts:

2-4 b ()

X144 e fl)

x3-6 © f()=3x10°-5
3x246 £ f)=5x2-6
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Exercise 13G

1 Sketch the graph of each of the following. Give the maximal domain, the equation of
the asymptote and the axis intercepts.
a y=log(x—4) by =log(x+3)
© y=log 2y d y=log(r+2)

£ y=logs(-20)

b y=—log(-22)

b y=3loggx
d y=2log(0)

3 Find the rule for the inverse function of each of the following:
a f=3+2 b f(x) = logs(x—3)
© f)=4x3+2 d f=5-2

o )= log,(x) £ £ = logs(5
& flx)=logy(x+3) h f(x)=5x3"-2
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4 Usea calculator 10 solve each of the following equations correct to two decimal places: g
a2i=x

b log,(x)+x=0
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5 Usea calculator o plot the graphs of y = log,(x*) and y = 2log,, x for x € 10, 10],
10,
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6 On the same set of axes, plot the graphs of y = log,o(VX) and y =  log x for
x (0,10

7 Use a caleulator to plot the graphs of y

1010(23) + log;o(3x) and y = logio(6:%).
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1 A population of 1000 E. coli bacteria doubles every 15 minutes. B
a Determine the formula for the number of bacteria at time ¢ minutes.
b How long will it take for the population to reach 10 000? (Give your answer to the
nearest minute.)

2 The half-life of plutonium-239 is 24 000 years. If 10 grams are present now, how long
will it take until only 10% of the original sample remains? (Give your answer to the
nearest year)

3 Carbon-14 s a radioactive substance with a half-lfe of 5730 years. Itis used to
determine the age of ancient objects. A Babylonian cloth fragment now has 40% of the
carbon-14 that it contained originally. How old is the fragment of cloth?

4 The pressure, P, in the Earth’s atmosphere decreases exponentially as you rise above the
surface. The pressure in millibars at a height of h kilometres is given approximately by
the function P(h) = 1000 x 1000542

a Find the pressure at a height of 5 km. (Give your answer to the nearest millibar)
b Find the height at which the pressure is 400 millibars. (Give your answer to the
nearest metre.)

5 Abiological culture contains 500 000 bacteria at 12 p.m. on Sunday. The culture
increases by 10% every hour. At what time will the culture exceed 4 million bacteria?
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& Whena liquid is placed into a refrigerator, its temperature 7°C at time  minutes is
given by the formula T = 7104 The temperature is initially 100°C and drops to 40°C
in 5 minutes. Find the temperature of the liquid after 15 minutes.

7 lodine-131 is a radioactive isotope used in the treatment of the thyroid gland. It decays
S0 that, after 1 days, 1 unit of the isotope is reduced to 0.9174' units. How many days
does it take for the amount o fall to less than 0.2 units?

8 The populations (in millions), p and g, of two neighbouring American states, P and Q.
overa period of 50 years from 1950 are modelled by functions p = 1.2 2°% and
g = 1.7 x 20% where t is the number of years since 1950.

a Plot the graphs of both functions using a calculator.
b Find when the population of state P is:

i equal to the population of state Q

i twice the population of state Q.
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9 Five kilograms of sugar is gradually dissolved in a vat of water. After f hours, the g
amount S kg of undissolved sugar remaining is given by § = 5x 107
a Calculate k given that S = 3.2 when 1 = 2.
b At what time will there be 1 kg of sugar remaining?
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10 A b of ice-cream is taken out of a freezer, which is kept at ~15°C. The temperature,
T°C, of the ice-cream at time £ minutes is given by
T =-40x(0.98) +25
a Determine the limiting value of 7 as £ — co. What does this value represent?
b Determine the value of 1 for which 7 = 0.

© Sketch the graph of T against 1.
d Comment on this model.

11 An object is falling such that its speed, V mys, at time f seconds is given by
V=801 -37%)
a Determine the limiting speed, V., mys, as t — co.
b When does the object have speed 40 m/s?
© Sketch the graph of V against 1.

12 A company begins an advertising campaign for a new perfume. The percentage, p(1)%.
of the target market that buys the perfume after ¢ days of the advertising campaign s
‘modelled by

() = 100(
a Whats the limiting value of p(1) as £ — o?

b How many days does the advertising campaign need to run o have 75% of the target
market buy the perfume?
© Sketch the graph of p(r) against 1.

=30, gz
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13 Each of the following pairs of points is known to lie on a curve y = @ x b*, where a > 0
and b > 0. Find the values of a and b in each case.

2 WIwd@187) b @ Dand(s.g) e (1.2)ana (.

|5~l')

14 The number of bacteria, N, in a culture increases exponentially with time according to
the rule N = a x b/, where time ¢ is measured in hours. When observation started, there
were 1000 bacteria, and five hours later there were 10 000 bacteria.

a Find the values of a and b.

b Find, to the nearest minute, when there were 5000 bacteria.

© Find, t0 the nearest minute, when the number of bacteria fist exceeds 1000 000.
d How many bacteria would there be 12 hours after the first obscrvation?
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15 Find a and k such that the graph of y = al0* passes through the points (2,6)
and (5,20).

16 Find an exponential model of the form y = ab* to it the following data:

[x[o]2] 4 5 10
oy 1505 [ 017 [ 009 [ 000

17 Find an exponential model of the form p = abf o fit the following data:

[tfo] 24T s 8
e |25 [ase [83 [ 1512 [ 2756
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18 A sheet of paper 0.2 mm thick is cut in half, and one piece is stacked on top of the other.
@ If this process is repeated, complete the following table:

Cuts,n | Sheets Total thickness, T (mm)
0 1 02
1 2 04
2 4 08
3 8
10

b Write down a formula which shows the relationship between T and n.
© Draw a graph of T against n for n < 10,
d What would be the total thickness, . after 30 cuts?

19 In the initial period of ts lfe a particular species of ree grows in the manner described
by the rule d = dg10™, where d i the diameter (in cm) of the tree 1 years after the
beginning of this period. The diameter is 52 cm after 1 year, and 80 cm after 3 years.
Calculate the values of the constants do and .
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Technology-free questions

1 Simplify each of the following, expressing your answer with positive index:
b
o

a2

b 2x
£ 10 = 1010

ot
e
8@7

£ Qo
6!

3a
2 Use logarithms to solve each of the following equations:
c10°=2

ab*
(ab?)*
m'n
[y
a'+d
@

d10°=36
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Evaluate each of the following:

a logy4 b log,27 © log, 64 d mh(

For cach of the following, give an cquivalent expression in simplest form:

a log,r+log,y blogrtlog(x+3) ¢ log,(20) - log,(3y)
1

d 3log,4-log,8 e lng;(g)  logy () + 4 logs(x)

Solve cach of the following equations for x:

a2iz16 b 3%

aziag PES R

Solve for x:

a 167 =64 b g =32 © 27°=81 d25°=5
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7 Solve for x:
a log,x=2 b log,

c log, 16=4 d logy(x—1)=2
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11

Evaluate each of the following:

a log,64 b logig(107) © log,@) d log,1
e log, 27 § logze) £ 10200001 b log, 16
Express cach of the following as asingle logarithm:

2 logiy2+ logo3 b log4+2log,y3 - logi6
© 2logga-logeb 4 2ogga-3-log, 25

© log,gx+logyyy = logg x f 2logga+3logb-log,e
Solve cach of the following for x:

a 3@ -29)=0 b @ -8 -1=0

o 2o2vizg 4 2 _12x2432=0
Sketch the graph of:

ay-2x2 by--3x2 o yosx2

ey=2-1 fy=242

Sketeh the graph of each of the following:

a y=log(x+2) b y=logy@-x) o y=—logy2x)
Solve for x:

a logy(x—2) +logy(x—4) = 3 b loga(x+ 1)+ loga(x— 1) = 4
© logy x = 1~ logag(x — 0.4)

Solve for x:
a 2% _6x27+8=0 b 2x3 a3 120
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17

19

Solve the equation log, x + 10g,4(2x) - log,g(x + 1) = 0.

Given3* =4

. show that 2 = ——
Fss

Evaluate 2log, 12 + 3log, 5 ~log, 15 ~ log, 150.
a Given that log, 7 + log, k = 0, find k.

b Given that 4 log, 3 + 2log, 2 ~ log, 144 = 2, find g.
Solve:

a 2x4%1 = 16% fora b log,(?)

+log,(y+5) fory
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Multiple-choice questions

1 804 =
A2 B2 c 2 D 2t

2 The expression (sz’;)! oz simplifies o
2 2 2
A B3 © 2a%° L

3 The function f: R — &, f(x) =3 x 2"~ 1 has range
AR BR\(-1] € (lLe) D (L)
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4 The function f: R* — R, f(x) = log,(3x) has an inverse function f~!. The rule for £~
s given by

A =2 B =3 o fiw=3
b fiw=2t £ i =ton(})
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Iflog,q(x~2) = 3log,o(20) =

logg. then y is equal to

a3 1 o & o+ g2
2 2 %2 = =

“The solution of the cquation 5 x 25 = 10 i x cquals

a ; B é c %lnhm o ;hgzs E %xz5

‘The cquation of the asymptote of y = 3logy(53) + 2is

Ax=0 Bx=2 ©x=3 D x=5 Ey=2

‘Which one of the following functions has a graph with a vertical asymptote with
equation x = b?

A y=log(x-h) By=—0 Cy=——p

Dy=2+b Ey=2b
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9 Which of the following graphs could be the graph of the function (x) = 2% + b, where
aand b are positive?
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Extended-response questions

1 Research s being carried out to investigate the durability of paints of different
thicknesses. The automatic machine shown in the diagram is proposed for producing a
coat of paint of a particular thickness.

“Thick layer “Thin layer
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“The paint is spread over a plate and a blade sweeps over the plate reducing the thickness

of the paint. The process involves the blade moving at three different spees.

2 Operating a the initial setting, the blade reduces the paint thickness (o one-cighth
of the original thickness. This happens n times. What fraction of the paint thickness
remains? Express this as a power of §.

b The blade is then reset so that it removes three-quarters of the remaining paint. This
happens n — 1 imes. At the end of this second stage, express the remaining thickness
asa powerof §

& The third phase of the process involves the blade being reset to remove half of the
remaining paint. This happens n — 3 times. At what value of n would the machine
‘have to be set to reduce a film of paint 8192 units thick to 1 unit thick?
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2 Ahermit has little opportunity to replenish supplies of tea and so, to cke out supplics for
as long as possible, he dries out the tea leaves after use and then stores the dried tea in
an airtight box. He estimates that after each re-use of the leaves the amount of tannin
in the used tea will be half the previous amount. He also estimates that the amount of
caffeine in the used tea will be one-quarter of the previous amount.

The information on the label of the tea packet states that the tea contains 729 mg of

caffeine and 128 mg of tannin.

a Write down expressions for the amount of caffeine when the tea leaves are re-used
for the first, second, third and nth times.

b Do the same for the amount of tannin remaining.

© Find the number of times he can re-use the tea leaves if a ‘tea’ containing more than
three times as much tannin as caffeine is undrinkable.

3 Anew type of red synthetic carpet was produced in two batches. The first batch had
a brightness of 15 units and the second batch 20 units. After a period of time it was
discovered that the first batch was losing its brightness at the rate of 5% per year while
the second was losing brightness at the rate of 6% per year.

a Write down expressions for the brightness of each batch after n years.

b A person bought some carpet from the first batch when it was a year old and some
new carpet from the second batch. How long would it be before the brightness of the
1wo carpets was the same?
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4 = The value of shares in Company X increased linearly over a two-year period
according 1o the model x = 0.8 + 0,17, where ¢ is the number of months from the
beginning of January 2019 and Sxis the value of the shares at time 1.

= The value of shares in Company Y increased over the same period of time according
10 the model y = 10091/, where Sy s the value of these shares at time  months.

= The value of shares in Company Z increased over the same period according (0 the
model 2 = 1.710g,o(5(t + 1)), where Sz is the value of the shares at time ¢ months.

Use a caleulator to sketch the graphs of the three functions on the one sereen.

a Find the values of the shares in each of the three companies at the end of June 2019.

b Find the values of the shares in the three companies at the end of September 2020,

& During which months were shares in Company X more valuable than shares in
‘Company Y?

d For how long and during which months were the shares in Company X the most
valuable?
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5 Inan African game park, it was estimated that there were approximately 700 wildebeest
and that their population was increasing at the rate of 3% per year. At the same time, in
the park there were approximately 1850 zebras and their population was decreasing at
the rate of 4% per year. Use a calculator to plot the graphs of both functions.

a After how many years were there more wildebeest than zebras in the park?
b Itis also estimated that there were 1000 antelope and their numbers were increasing
by 50 per year. After how many years were there more antelope than zebras?

6 Students conducting a science experiment on cooling rates measure the temperature of a
beaker of liquid over a period of time. The following measurements were taken.

| Time (minutes) 3 6 | 9| 12 [ 15|18 21
| Temperature ('C) | 715 | 59 | 49 | 455 | 34 | 28 | 235

a Find an exponential model o fit the data collected.
b Use this model to estimate:
i the initial temperature of the liquid i the temperature of the liquid at
Itis suspected that one of the temperature readings was incorrect.
© Re-calculate the model to ft the data, omitting the incorrect reading,
d Use the new model to estimate
i the initial temperature of the liquid i the temperature of the liquid at 1 = 12,
@ If the room temperature is 15°C, find the approximate time at which the cooling of
the liquid ceased.
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7 The graph of y = ab* passes through the points (1, 1) and (2.5).
a Find the values of a and b.
b Leth

Take logarithms of both sides (base 10) to find an expression for z in terms of x.

il Find the values of k and a such that the graph of y = a10* passes through the
points (1. 1) and 2,5).

8 a Find an exponential model of the form y = a - b* to fit the following data:

x[o[2] 4] 5] 10
BEHEEIED

b Express the model you have found in part a in the form y = a10%.
© Hence find an expression for x in terms of y.
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Exercise 13A

1 For each of the following, use the stated rule to give an equivalent expression in

simplest form:
a@xd b2xrxrxd  Indexlawl
o :; a %s Index law 2
e (@) f (2 Index law 3
£ () h @Y Index law 4 (also use law 3 for h)
S S -
i (;) i (,1) Index law S (also use law 3 for j)
2 Simplify each of the following:
a 3x32 b Py o 3x32 4 sa x6a’ht
3 Simplify each of the following:
oy . B x et 8a’h x 3a*
25 A

4 Evaluate each of the following:

o o () X
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Simplify each of the following:

3 2 )
a b ((i)z) o B x ()
Simplify each of the following:

sa'b*\
- e
a (3a'b’) x @a’b'y b (abzrz + @by
Simplify each of the following:
a (-2° b (-3a) © (-2a)° x3a7?
Simplify the following:
27 X8 x 32 s x 10
-

= e Txa? © T
Simplify the following:
a X xxtxad b 2 x4’ x§?
o 3 x9x27 d @) x(ap')

e @b x @by
& mp x ') x ()

£ @) x @y
h 2@ x a7 b
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10 Simplify the following:
LR 1kt (20Px2) ARy
7 8ab 8(xy) 2oy ()
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11

Simplify cach of the following, expressing your answer in positive-index form:
Py x 2y 2R @b x (@b
i x ()
a mwp x (mipy b P © T
@bt @ x b xel

d

o X bixe
=l FIXPAxan




