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1 Without dividing, find the remainder when the first polynomial i divided by the second:

a2 3x+l a1 b -3 +dx- 1, x42
€26 -2 +3x4 1, x-2 d 0 -2r+3 a1

e X 42r-5 x-2 £20 4324302 142
£ 6-5x+02 10, 2x+3 B0 -3 +dx 1, 2c+ 1

1088 274 - 1, x4 1

2 Find the value of a for each of the followin;

b+~ 2ax + a* has remainder 8 when divided by x—2
© '~ 3 + ax + 5 has remainder 17 when divided by x 3
d 242+ ax + 8 has remainder 0 when divided by x —

3 Without dividing, show that the first polynomial is exactly divisible by the second
polynom
ax-P@+x-1x-1 b X438 -x-3, x
© 20 -3~ 11x+6, x+2 d 20 - 132+ 27x- 18, 2x-3

4 Find the value of m if the frst polynomial is exactly divisible by the second:
a @ -4dsxem x-3 b 26 =32 —(m+ 1)x-30, x-5
e —(m+ D -x+30, x+3
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5 Factorise each of the following:

a2deR-2r-1 b +3 43041
© 6132+ 1356 d £ -20x+20
e 2 +30 -1 fo-Pox+l

£ 40 +3-38 hd4d +4d - 11x-6
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10

11

Find the remainder when (1 + x)* is divided by x + 2.

Use the rational-root theorem to help factorise each of the following cubic polynomials:
a 2072 +16x- 15 b 20 -3 +8r+5
© 20 -3¢ 12c-5 d20-2-8:-3

Factorise each of the following:

b 464
© 2781 d 64— 125
e 1-125¢ 84270
£ 64m’ — 270 h 275 + 80
Factorise each of the following:
ar+-x+2 b 30 -7 +4
c P-4+x+6 d 6+ 172 —dx-3

Find the values of a and b and factorise the polynomial P(x) = x* +ax’ — x+ b, given
that P(x) is divisible by x~ 1 and x +3.

a Show that x— a is a factor of x* — &, for any constant a and any natural number .

b Find conditions (if any) on  that are required in order that:
x+aisafactorof ¥ +a"

i x+ais a factor of ¥ — ",
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12 The polynomial P(x) has a remainder of 2 when divided by x — I and a remainder of 3
when divided by x ~ 2. The remainder when P(x) is divided by (x — 1)(x ~ 2)is ax + b,
. P(x) can be written as P(x) = (x = 1(x = 20(3) + ax + b
a Find the values of a and b.
b i Giventhat P(x) is a cubic polynomial with coeflicient of x* being 1, and
Solution of the equation P(x) = 0, find P(x).
ii Show that the equation P(x) = 0 has no other real solutions.
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1 Solve each of the following:

a (x=Dx+2x—-4)=0 b (- 4x-6)=0

e Q- DE-33r+2) =0 d x(x+3)2x-5) =0
2 Solve each of the following:

ax-22-8x=0 b £ +22 - 11x=0

e X' -3 -40x=0 d X422 -16x=0
3 Use grouping to solve each of the following:

ax-drx-1=0 b+ 4l =0

e =53 - 10x+50 =0 d & —ad —16x+16a =0
4 Solve each of the following:

a @~ 19r+30=0 b 30 -4 - 13r-6=0

e P-x-2r+2 d 50+ 1222 - 36x - I

e 68 -5 -2r+1=0 £20-32-29x-30=0
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Solve each of the following for x:
a el -2x+36=0 b 6X+13 4=
e -P-2-12 4204324 7x46=0
e - -5 f o+ -11x-3
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‘cquations for x:

b 2x-1) =32 o820
1
o 100= <
7 Factorise each of the following cubic expressions using your CAS calculator:
a 20 - 224 - 250x + 2574 b 204274 + 52033

© 20 -9 - 242+ 1089 d 26 + 512 + 3043 - 165
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Exercise 6E

1 Using the method of horizontal and vertical translations, sketch the graph of each of the
following:
ay=(+2’-1 by=(-1-1 ©y=(x+3P+2
dy=(-2°+5 e y=(+2’-5

2 Sketch the graphs of the following functions:

ay=2043 b y=2x-3+2 c3y=x"-5
dy=3-2 ey=0G-2" fy=-2x+D+1
Ey=z(x-3+2
3 Sketch the graph of each of the following:
by=2 e y=2-2i+1
e y=-2u-}+2 YRS BPY
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4 Find the inverse function of each of the following functions:
a fW=20+3 b f =34 o f=2i+ 1741
: \ ;
df@0=2c433-2 e f=-2x-1I+4 f f()=2x+2)T
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1 Sketch the graph for each of the following and draw a sign diagram. Label your sketch
‘graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.)
ay=ax-D-3)
© y=@x-Dx-2)x+3)

— D+ D +2)
~D(x-2)x-3)

2 Sketch the graph for each of the following and draw a sign diagram. Label your sketch
‘graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.)
ay=r-9 b y=x-42-3c+18
cy=—r++i-3 dy=30-42 136
e y=6r-52-2x+1 fy=20-92+47x46
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Sketch the graph for each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determine coordinates
of rning points.)

ay=(-hx-2? by=
© y=20x+17(x-3) dy

e y=4r-82+5x-1 fy=x-52+7x-3

Sketeh the graph for each of the following and draw a sign diagram. Label your sketch
‘raph showing the points of intersection with the axes. (Do not determine coordinates
of wing points.) Use your caleulator to help sketch each of them.

@ y=(x-1)+1) (Note: There is noturning point or ‘flat point’ of this cubic.)

b y=(+2)(x~4) (Note: There are two turning points.)

Sketeh the graph for each of the following, using a CAS calculator to find the

coordinates of axis intercepts and local maximun and local minimum values:
4 122 +37x- 15 b y=—dc+19x-15
—4x 082 + 1985~ 18 dy=20+4 1124 15x

o y=20+6 fy=20+6246

Show that the graph of f, where f(x) = * ~ 2 = 5x ~ 3, cuts the x-axis at one point and
touches it at another. Find the values of x at these points.
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1 Using the method of horizontal and vertical translations, sketch the graph of each of the
following:

ay=(+2'-1 b y=(-1'-1 ©y=(x+3+2
dy=(-2'+5 ey=(+2'-5
2 Sketch the graphs of the following functions:
ay=2r'+3 b y=2x-3)'+2 #-16
dy=16-2 ey=0-9' 2x+ D41
3 Solve each of the following equations for x:
a ' -27x=0 b (2-x-2)(2-2-15)=0
© ¥ e8r=0 d 2 -62=0
e X -92=0 F81-x=0
£ X162 = h 70+ 122 =0
P -0r 4202 =0 J@-92-9=0

K (r-4)+ 2048

=0 T4 +20-8) =0
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intercepts and coordinates of turning points. (Values of coordinates of turning points to g
be given correct to two decimal places.)

21250

ay
©y=2+2ix

o y=x-252

gy=r-812 hy=d 70+ 122
i y=d 00+ 202 Jy= (21602 -25)

ky

(x=2)(x + 21+ 10) 1y
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State whether cach of the following polynomials is even or odd:

a f=5x-32 b g =7xl £ +2x

© h(x)=x'-32+2 d om(x) =25 -4

a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 2.

b Solve the equation f(x) = g(x). © Solve the inequality £(x) < g(x).
a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 9+

b Solve the equation f(x) = g(x). © Solve the inequality £(x) < g(x).

On the one set of axes sketch the graphs of f(x) = x* and g(x)
Solve the equation /(x) = g(x). © Solve the inequality f(x) < g(x).

The graph of a quartic function can have zero, one, two, three or four x-axis intercepts.
For each of the following, find the number of x-axis intercepts of the graph:
ago=x'+2 b g0 =2 -2+ ¢ g)=x-2+1)
d g0 =(@-H-1) e gy=2-4) fg=x'+2




image20.png
Exercise 6J

1 A square sheet of cardboard has edges of length 20 em.

Four equal squares of edge length x cm are cut out of

the comers and the sides are tumed up to form an open 50 gy

rectangular box.

a Find the length of each edge of the base of the box l
in terms of x. !

b Find the volume, V enr’, of the box in terms of x.

 Find the volume of the box when x = 5

d Find the values of x for which the volume is 500 cm’.

~—20m—s

2 A rectangular sheet of metal measuring 10 cm 12 cm s T o
10 be used to construct an open rectangular tray. The tray A
‘be constructed by cutting out four equal squares from 10} w
the corners of the sheet as shown in the diagram. v
a If the cdge of cach cut-out square is xcm, express ¢ prm pp—

and win terms of x.

‘Wite down a rule for the volume, V cm’, of the open tray in terms of x.

Use a CAS calculator to help draw the graph of V against x for suitable values of x.
Find the value of V when x = 1

Find the values of x for which V = 50.

Find the maximum volume of the box and the value of x for which this occurs.
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3 The outside surface arca of an open box is 75 cm?. The base is a square with each edge
xem. Let h cm be the height of the box.

a Find the surface area of the box in terms of x and .
b Hence, find  in terms of .
© Find V in terms of xif V em?
d Find V when:

Px=2  @ix=5 i x=8
‘e Giventhat V = 59 when x = 4, find the other value of x for which V = 59.

the volume of the box.
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4 Inan upright triangular prism, the triangular base has sides of length 5x cm, 12x cm
and 13x cm. The height of the prism is s cm. The sum of the lengths of all ofits edges
is 180 cm.

a Find in terms of x.

b Find V in terms of x, where V em’ is the volume of the prism.
© Find V when x = 3.

d Find the values of x for which V = 1200.

5 The diagram shows a conical heap of gravel. The slant height of the heap is 8 m, the
radius of the base x m, and the height s m.
a Express xin terms of h.
b Construct a function which expresses V. the volume
of the heap in ', in terms of h.
© Use a CAS calculator to help draw the graph of V
againsth.
State the domain for the function.
Find the value of V when h =
Find the values of  for which V' = 150.
Find the maximum volume of the cone and the
corresponding value of h.

® w0 e
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6 The diagram shows a rectangular prism with a square cross-section.
Measurements are in centimetres.
a If the sum of the dimensions, length plus widih plus height, i

s 160 cm, express the height, . in terms of x. i

b Write down an expression for the volume, V cm’, of the

prism in terms of x. il

State the domain. v
Use a CAS calculator (o help draw the graph of V againstx.  ~ ©

Find the value(s) of x for which V = 50 000.

Find the maximum volume of the prism.

~0 a6
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1 Use a spreadsheet with the bisection method to find approximate solutions for each of
en and the desired accuracy is stated.

2 decimal places
b ¥+x-3=0 .3 3 decimal places
© ©-5r+42=20 .2 3 decimal places
d°-22420-5=0 23] 3 decimal places

©2¢-3242r-6=0 [-2-1]  2decimal places

2 The equation —x’ + 3x +6 = 0 has one real solution, which lies in the interval [2, 3]
Using pseudocode, write an algorithm to find this solution correct to within 0.001.

3 Let f(x) = ~x* — 3x+6. The equation f(x) = 0 has only one real solution.
a Find f(1) and f(2). Hence give an interval that contains the solution.

b Use the bisection method to determine an approximate solution o f(x) = 0, correct
to two decimal places.
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4 Show the results of the first three passes of the while loop when the pseudocode
algorithm in Example 39 is adapted for each of the following equations. The initial
values of the variables are given.
a20+62+3=0 Initial values: a = 4, m = =35, b=—3
b 27 +6+3x+5=0  Initial values: a=-3, m=-25,
€62 +62+3x+1=0 Initial values: a=~1, m=~05, b=0
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Technology-free questions

1 Sketch the graph of each of the following:
ay=(x-1y-2 by=Q-1P+1

-3 e 3+

427 -3 h 3(x+2)°

b 2x- 1)+ 1
o y=-3r+1
h 2x+2)*
3 Solve each of the following equations for x:
a 2043l =146 b 2(5-20=4 o X +dxs12=72

4 a Use the factor theorem to show that 2x~3 and x-+2 are factors of 6.° + 5x~ 17x—6.
Find the other factor.
b Solve the equation 2 ~ 3% ~ 11x+6
© Solve the equation * + x>~ 11x~3
how that 3x — 1 is a factor of 3.7 + 2x° ~ 193 +6.
Find the factors of 3 + 2. ~ 19x+6.

5 Letf() = ¢ ke + 2ke—k— 1.
a Show that f(x)is divisible by x~ 1.
b Factorise f(x).

6 Find the values of a and b for which x> + ax? — 10x + b is divisible by x2 + x — 12.
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7 Draw a sign diagram for cach of the following and hence sketch the graph:
ay=(E+IB-Ox+4) b y=(-2(+3)a-4)
cy=6r+132-4 dy=x+L-2r+36

8 Without actually dividing, find the remainder when the first polynomial is divided by
the second:

a P edR-Sr+l x+6 b 20 -3+ 2 +d, x-2
€ 38 +20+4, 3x—1
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Find the rule of the cubic for which the graph ¥
is shown.

©0,-4)

Find a cubic function whose graph touches the x-axis at x = 4, passes through the
origin and has a value of 10 when x = 5.
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11 Let f(x) = 2x" +ax’ — bx + 3. When f(x) is divided by x — 2 the remainder is 15 and
fmy=o.
a Caleulate the values of a and b. b Find the other two linear factors of f(x)

12 Solve each of the following inequali
a (x=3x+4)<0 b ~(+3)a+ =220
e X -dP+x<-6

s for x:

13 For each of the following, find a sequence of transformations that takes the graph of
= to the graph of:
ay=2x-11+3 by=

(x+1)°+2 cy=Qx+1)-2
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Multiple-choice questions
1 IfP(x) = x* + 327 + x - 3, then P(~2) equals

Al B -1 © 25 D3 E -5

2 Ifa>b>cand P(x) = (x—aP(x = b)(x~c), then P(x) <0 for x €
A(-a) B (-wb)  C(-w0) D (eb) E (ha)

3 The image of the graph of y = x* under a dilation of factor 2 from the y-axis followed
by a reflection in the y-axis and then a translation of 4 units in the negative direction of

4 The equation x* + 5x - 10 = 0 has only one solution. This solution lies between
A 2and-1 B -land0 € Oand1 D land2 E 2and8

5 LetP(y) = x* +ax® - 4. 1f P(V2) = O and P(=V2) = 0, the value of a is
A0 B2 c -2 D -3 E3
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Let P(0) = 2+ ax® + bx— 9. If P(1) = 0 and P(=3) = 0, the values of a and b are
Aa=1b=-3 Ba=-1.b=3 Ca=5b=3
Da=-5b=-3 Ea=0.b=0

Ifax’ + 2 + 5 is exactly divisible by x -+ 1, the value of a s
Al B7 c -1 03 E-7

‘When the polynomial P(x) = «* + 2. ~ Sx+d is divided by x 2, the remainder s 10.
The value of d is
A0 B4 c-10 D4 E3

The diagram shows part of the graph of a v
polynomial function.

A possible equation for the rule of the function is
B y=(x—al(x-b) € y=—(x+bPx-a)
E y=(x+bla-x





image32.png
10 The graph of y = f(x)

shown on the right.

y
‘Which one of the following could be the graph of A
- f?
2
A ¥ B 7
A
2 2
-2
-2 0 2 -2 2
-2 -2
c v o ¥ E y
A
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Extended-response questions

1 The volume of a cylinder is given by V = xr2h. Itis given that h + r = 6.
a Write V(r)interms of r.
b State the values that r can have.
© Find V3).
d Find the values of r for which V(r) = 27x.
e Use your CAS calculator to find the maximum possible volume of the cylinder.
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2 There is a proposal to provide a quicker, more cfficient and more environmentally
friendly system of inner-city public transport by using electric taxis. The proposal
necessitates the installation of power sources at various locations s the taxis can only
be driven for a limited time before requiring recharging.

The graph shows the speed v mys that the taxi will v

‘maintain if it i driven at constant speed in sucha (W)

way that it uses all its energy up in 1 seconds. 2

The curve is a section of a parabola which touches

the r-axis at £ = 900. When 1 = 0, v = 25.

a Constructa rule for v in terms of 1

b If 5 metres is the distance that a taxi can travel
before running out of electrical energy, write
down a rule connecting s and 1.

© Use a CAS calculator to help draw the graph of s against 1.

d Originally the power sources were to be located at 2 km intervals.
However there is a further proposal to place them at 3.5 km intervals.
Is this new distance feasible?

@ With the power sources at 2 km intervals, use your graph to determine approximately
both the maximum and minimum speeds recommended for drivers. Explain your
answer.

900 1 (seconds)
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3 Itis found that the shape of a branch of a cucalyptus tree can be modelled by a cubic:
function. The coordinates of several points on the branch are (0, 15.8), (10, 14.5),
(15,15.6), (20, 15).

a The rule for the function is of the
form y = ax® + b + cx + d. Find the
values of a, b, ¢ and d.

b Find the coordinates of the point on
the branch that is:

¥

closest 1o the ground 20m ——>
furthest from the ground.
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4 The figure shows part of a cubic graph that represents the relationship between the
engine speed, R x 1000 rpm, and the throtle setting, x mm from the closed position, for
anew engine. It can be seen from the graph that the engine has a *flat spot” where an

increase in x has very litle effect on K.

a Develop a cubic expression (pe 1000

for R in terms of x of the form
R=ax—hy +k. 10
b Find a if when the graph is
extended it passes through
the origin. o 5 Throne seting (mm)

© Ina proposed modification to the design, the *flat spot’ will oceur when x = 7 mm.
‘The speed of the engine in this case will be 12 000 rpm when x
Assuming that a cubic model still applies and that R = 0 when
expression for R as a function of x.
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5 Anet for making a cardboard box with overlapping flaps is shown in the figure. The
dotted lines represent cuts and the solid lines represent lines along which the cardboard
i folded.

e [T | o Tw
h Left Back Right Front
5 c Bottom | Bottom | Bottom  |Bottom

a If£=35cm, w =20 cm and h = 23 cm, calculate the area of the net.
b If the area of the netis to remain constant at the value caleulated in part a and £ = h,
write down an expression for V., the volume of the box in cm’, as a function of £.

(The maximum volume of the box will occur when £ = ).
© Use a CAS calculator to help draw the graph of V against (.
d Find the value of £ when the volume of the box is:
14000 cm®
10 litres = 10000 cm®
e Find the maximum volume of the box and the value of  for which this occurs.
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& Areinforced box is made by cutting congruent squares of side length x cm from the ﬂ
four comers of a rectangular piece of cardboard that measures 48 cm by 96 cm. The
flaps are folded up.

a Find an expression for V., the volume of the box formed.
b Plota graph of V against x on your CAS calculator.
i What is the domain of the function V?

Using your CAS calculator, find the maximum volume of the box and the value
of x for which this occurs (approximate values required).

© Find the volume of the box when x = 10,
d Itis decided that 0 < x < 5. Find the maximum volume possible.
e If 5 < x < 15, what is the minimum volume of the box?
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1 LetP(x)=x' - 32"~ 2x + 1. Find:
a P() b Pl e PQ) d P-2)
2 LetP(x) =82 — 42>~ 2x + 1. Find:
ars) o)
3 LetP(x) = x* + 42>~ 2x + 6. Find:
a PO) b P(1) © PQ) d P-1) e Pa  PQa)

2421 =2x+c. ITP(1) = 6. find the value of c.

25— 52 +ax? + bx+ 10, 1f P(-1) = P(2) = 0, find the values of a and b.

© LetP(x) = x* =3¢ +ax’ + b + 24x =36, 1f P(3) = P(1) = 0, find the values of a
and b.
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Let f(x) = ¥ =22 + x, g(x) = 2~ 3xand h(x) = x* + x. Simplify each of the following:

a f)+5) b £+ ) © f(0-g(x)
d 3f(x) e f0gx) f g(0h(x)
& S+ 8+ hix) b f(h(x)

Expand each of the following products and collect like terms:

a (-2(2-2+3) b (-4-20+3) ¢ (-DP-3x-4)

d (=D biro e (Qes D —dr-3)

Itis known that x* = 7x% + 4x+ 12 = (x+ 1)(x* + bx + ¢) for all values of x. for suitable
values of b and c.

a Expand (x + 1)(x* + bx + ¢) and collect like terms.

b Find b and ¢ by equating coefficients.

© Hence write x' — 7% + 4x + 12 as a product of three linear factors

Let x* + 6x —2 = (x— b)? + . Find the values of b and ¢ so that this is true for all x.
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Exercise 6B

1 For each of the following, divide the polynomial by the accompanying linear

expression:
a e -2eed a1 b 2P+ -dre3 x4l
© 37 -4+ 2x+ 1, x+2 d2¢-32+x-2, x-3
2 For each of the following, divide the polynomial by the accompanying linear
expression:
aXede-d x+l b 20+ 170415, x+d
o Pad+2 143 d P32 46x -2

3 For each of the following, divide the polynomial by the accompanying linear expression
and hence show that the linear expression is a factor of the polynomial:
a X -2+3xe5 xtl b 20 +6x -~ 14x-24, x+4
e P-5C+18 x-3 d 30 -T2 -dr+12, 12

4 Find the quotient and remainder when the first polynomial is divided by the second:
a X423+l 142 b P32 +5r-4, x-5
€ 20— -3x-7, x+1 d 50 -3x+7, x—4
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For each of the following, divide the polynomial by the accompanying linear
expression:
a @ +6+8x+ 11, 2645 b 27 +5¢ —4x-5, 2x+1

For each of the following, divide the cubic polynomial by the linar polynomial:
a 2043232+ 15, 2x b ©-32+1 3x-1

w.nmﬁmnxn

a Write o Where P(3)is a quadratic

expression and a is a real number.

W‘nmfm?{n+%‘wmﬂxﬁsaqmﬂnﬁc

expression and a is a real number.

b Write

For each of the following, divide the polynomial P(x) by the polynomial D(x):
a P(x) =20 -6 —d4x+12, D(x)=* -2

b P =x ~62+x-8, D=2+1

© P(x) =26 — 627 —4x+ 54, D(x) =" -2

d P@) =220 -T2+ 7045, D)= 2+ 2c- 1

For each of the following, divide the polynomial P(x) by the polynomial D(x):
a P =2 -2 +Tx+2 D=2 +2x-1
b P()=2x' + 2+ 13x+ 10, D(x) =2 —x+4





