Objectives \
To use numerical methods to estimate the area under the graph of a function. “H\E:\

To be able to calculate definite integrals.

To use the definite integral to find the exact area under the graph of a function.
To integrate polynomial functions, exponential functions and circular functions.

To use integration to determine areas under curves.

vVVvyVvyVvyyvyy

To use integration to solve problems.

We have used the derivative to find the gradients of tangents to curves, and in turn this has
been used in graph sketching. The derivative has also been used to define instantaneous rate
of change and to solve problems involving motion in a straight line.

It comes as a surprise that a related idea can be used to determine areas. In this chapter
we define an area function A for a given function f on an interval [a, b], and show that
the derivative of the area function is the original function f. Hence, you can go from the
function f to its area function by a process which can loosely be described as ‘undoing’
the derivative. This result is so important that it carries the title fundamental theorem
of calculus.

The result was developed over many centuries: a method for determining areas described in
the last section of this chapter is due to Archimedes. The final result was brought together
by both Leibniz and Newton in the seventeenth century. The wonder of it is that the two
seemingly distinct ideas — calculation of areas and calculation of gradients — were shown to
be so closely related.
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478 Chapter 11: Integration

m Estimating the area under a graph

Consider the graph of a function f. We want to find the area under the graph. For now we’ll
assume that the graph y = f(x) is always above the x-axis, and we will estimate the area
between the graph y = f(x) and the x-axis. We set left and right endpoints and estimate the
area between those endpoints.

Below is the graph of f(x) = 9 — 0.1x>. We consider three methods for determining the area
under this graph between x = 2 and x = 5. The trapezium rule is mentioned in the Study
Design.

The left-endpoint method

We first find an approximation for the area under the graph between x = 2 and x = 5 by
dividing the region into rectangles as illustrated. The width of each rectangle is 0.5.

Areas of rectangles: y
® R =05x f(2.0) = 0.5 8.60 = 4.30 A
B R, =05xf(25)=05x838=4.19 8_\<<< Ax)=9-0.1x2
® R; = 05X f(3.0) = 0.5x8.10 = 4.05 TN
m R =05%f(35) =05%x778=389 0] \
B Rs =0.5%f(4.0)=0.5%x7.40=3.70 N
’ Fa0 4 Ry| Ro| R | Ry| Rs| Rg
B Re=05%f(4.5)=0.5%x6.98 =3.49 5
The sum of the areas of the rectangles
is 23.62 square units. This is called the [9) 1 2 3 4 5 6 7 Y

left-endpoint estimate for the area under
the graph.

The left-endpoint estimate will be larger than the actual area for a graph that is decreasing
over the interval, and smaller than the actual area for a graph that is increasing.

The right-endpoint method

Areas of rectangles: y

m R =05xf(25)=0.5x838=4.19 A

m Ry=05%f(3.0)=05x810=405 g _\>>>>f§) =9-0.1x2

B R;=05x%f(3.5)=05x%x7.78=3.89 =~

® Ry =0.5x%f(4.0)=0.5x%x7.40=3.70 61 \

B Rs =0.5X% f(4.5)=05%x698 =3.49 4 - Ry | Ry| R;| Ry| Rs| Re

B R =0.5x%f(5.0)=0.5%x6.50=3.25 7]

The sum of the areas of the rectangles is . . e
22.67 square units. 0] 1 2 3 4 5 6 7

This is called the right-endpoint estimate for the area under the graph.
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11A Estimating the area under a graph 479

For f decreasing over [a, b]: left-endpoint estimate > true area > right-endpoint estimate
For f increasing over [a, b]: left-endpoint estimate < true area < right-endpoint estimate

The trapezium rule

For this method we work with trapeziums instead of rectangles.

The area of a trapezium is %(a + b)h, where a and b are the lengths of the two parallel sides
and £ is their distance apart.

Areas of trapeziums: ‘J:

m T = %[ £(2.0) + f(2.5)] x 0.5 = 4.24375 . T /(=9 012

m T = 1[f(2.5) + f(3.0)] X 0.5 = 4.11875 ™

m T3 = 1[f(3.0) + £(3.5)] x 0.5 = 3.96875 6

m Ty = 3[f(3.5) + f(4.0)] x 0.5 = 3.79375 41 T\ BB TR

m Ts5 = 1[f(4.0) + f(4.5)] X 0.5 = 3.59375 5]

m T = 1[f(4.5) + f(5.0)] x 0.5 = 3.36875 o

The sum of the areas is 23.0875 square units. 0 2 3 4 5 6 7
This is called the trapezium estimate for the area under the graph.

We can see that the trapezium estimate for this example can also be calculated as
1
5[f(2) +2f(2.5)+2f3)+2f(3.5) +2f(4)+2f(4.5)+ f(S)] x 0.5

It is clear that, if narrower strips are chosen, we obtain an estimate that is closer to the true
value. This is time-consuming to do by hand, but a computer program or spreadsheet makes
the process quite manageable. A discussion of the algorithms for the trapezium estimate is
undertaken in the Algorithms and pseudocode section of Chapter 12.

The trapezium estimate is the average of the left-endpoint and right-endpoint estimates.

Find the sum of the areas of the shaded y
trapeziums to approximate the area A
under the graph of 30 -

f(x) = (x=2)(x+2)(x—1)>+10

between x = 0 and x = 3.

10'(—\
t > X
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480 Chapter 11: Integration

Solution
We use the trapezium rule with trapeziums of width 0.5:

Area = %[f(O) +2£(0.5) + 2£(1) + 2f(1.5) + 2£(2) + 2f(2.5) + f(3)] x 0.5

1
=Z(6+2><9.0625+2><10+2><9.5625+2><10+2><15.0625+30)

= 35.84375

If f is a continuous function such that f(x) is positive for all x in the interval [a, b], and if the
interval [a, b] is partitioned into arbitrarily small subintervals, then the area under the curve
between x = a and x = b can be defined by this limiting process.

The diagram on the right shows ¥
rectangles formed from a partition. A

The rectangles can be of varying
width, but in the limit the

width of all the rectangles must —
approach zero.

Y
=

The definite integral

Suppose that f is continuous function on a closed interval [a, b] and that f(x) is positive for
all x in this interval. Then the area under the graph of y = f(x) from x = a to x = b is called
the definite integral of f(x) from x = a to x = b, and is denoted by

[ Fo) dx
The function f is called the integrand, and a and b are the lower and upper limits of the
integral.

By using summation notation (discussed in Appendix B), this limiting process can be
expressed as

b i - .
J; f dx = lim Zl O b
where the interval [a, b] is partitioned into n subintervals, with the ith subinterval of
length dx; and containing x;, and 6x = max{dx; : i = 1,2,...,n}.

The trapezium rule can be used to obtain an approximation for the definite integral. For
Example 1 we can describe this approximation. for the definite integral as

: 1
/(: f(x)dx = 7 [f(O) +2£(0.5) +2f(1)+2f(1.5) +2f(2) +2f(2.5) + f(3)]

and in general

—a

b
[ 700 dx = T2 [F0) + 2 ) + 2£0) 4 -+ 2f (i) + )]

ISBN 978-1-009-11049-5 © Michael Evans et al 2023 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



11A Estimating the area under a graph 481

For a linear function or a piecewise-defined function with linear components, the area under
the graph may be found using geometric techniques.

Evaluate each of the following by using an area formula:
a [fx-ldx b [@-Ddx+ [ (1-0dx ¢ [‘x+ldx

Solution

1
—xX2%x?2 A
2

a Area of triangle

2 square units

Therefore /13 x—1dx=2 > X

b Area = A1+ Ay y
=2+ -x2x2
2
= 4 square units Ay Ay
3 1 > X
Thereforefl (x-1) dx+f_1(1—x) dx =4 1 o 1 3
¢ The required region is a trapezium. /
1 Y
Areazlex(2+3) A

5 .
= 5 square units

Therefore /12 x+1dx= % / 0 1 2

Y
=

In all of our examples we have considered areas of regions above the x-axis. In Section 11E
we will consider regions below the x-axis. The convention is that these areas will have a
negative sign assigned to them. The trapezium rule can be used in these situations too and
you will find some questions in the review section of this chapter to illustrate the use of this
convention and its use in approximating definite integrals.

A calculus method for determining areas will be introduced in Section 11E.
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482 Chapter 11: Integration 11A

Summary 11A
Divide the interval [a, b] on the x-axis into n y
equal subintervals [xo, x1], [x1, X2], [x2, x3], A

.o, [X4-1, x,,] as illustrated.

Estimates for the area under the graph of
y = f(x) between x = a and x = b:

o Xo=d X1 Xy X3 b=x

m Left-endpoint method

b —
Ly = 2= [f0) + fGer) + -+ + fx0)
m Right-endpoint method

b—
LFa) + fa) 4o+ f)]

n
m Trapezium rule

b —
T, = Ta [£x0) + 2f (a0 + 2f(2) + -+ + 2 Cine1) + f)|

Rov=

These methods are not limited to situations in which the graph is either increasing or
decreasing for the whole interval. They may be used to determine the area under the curve
for any continuous function on an interval [a, b].

m Exact area
Let f be a continuous function on a closed interval [a, b] such that f(x) is positive for
all x € [a, b]. The exact area under the graph of y = f(x) from x = a to x = b is called
the definite integral of f(x) from x = a to x = b, and is denoted by /a b f(x) dx.

We use the trapezium rule in all of the questions of this exercise

Example1 1 Find the sum of the areas of the shaded trapeziums y
to approximate the area under the curve
y = 2x? + 3x between x = 0 and x = 4.

X
2 A part of the graph of y = | is y
X
shown. Use the trapezium rule to 1
approximate the area of the shaded 1
region. 0.75¢
0.5¢
0.25¢
0 1 2 3 P
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11A 11A Estimating the area under a graph 483

3 Use the trapezium rule to approximate the area of y
the shaded region. A

0]

4  Using the trapezium rule calculate an approximation to the area under the graph of
y = x(3 — x) between x = 0 and x = 3 using strips of width:
a 05 b 0.2

5 A table of values is given for the rule y = f(x).

X 0 1 2 3 4 5 6 7 8 9 10
y 3 3.5 37 | 38 | 39 | 39 | 40 | 40 | 3.7 | 33 | 29

Using the trapezium rule estimate the area enclosed by the graph of y = f(x), the lines
x = 0and x = 10, and the x-axis.

1
6 The graph is that of y = T
X

that the area of the shaded region is g

Apply the trapezium rule with strips of 1
width 0.25, and hence find an approximate

value for 7.
O 1

It is known y

7 Use the trapezium rule to find an approximate value for the area under the graph of:

a y = 2"Dbetween x = 0 and x = 2, using intervals of width 0.5

b y= between x = 0 and x = 0.9, using intervals of width 0.1.

1—x?
8 An engineer takes soundings at intervals of 3 metres across a river 30 metres wide to
obtain the data in the following table. Use the trapezoidal rule to find an approximate
value for the area of the cross-section of the river’s channel.

Distance from bankinmetres | O | 3 | 6 | 9 | 12 | 15 | 18 | 21 | 24 | 27 | 30
Depth of soundinginmetres | 1 |2 (3|4 | 5| 5| 6| 4| 4| 2| 2

Example2 9 Evaluate each of the following by using an area formula:

a [[x-2dx b [(@-0de+ [x-2dx ¢ [2x+ldx
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484 Chapter 11: Integration

@ Antidifferentiation: indefinite integrals

Later in this chapter, we will see how to find the exact area under a graph using the technique
of ‘undoing’ the derivative. In this section, we formalise the idea of ‘undoing’ a derivative.

The derivative of x> with respect to x is 2x. Conversely, given that an unknown expression
has derivative 2x, it is clear that the unknown expression could be x>. The process of finding
a function from its derivative is called antidifferentiation.

Now consider the functions f(x) = x*> + 1 and g(x) = x*> - 7.

We have f’(x) = 2x and g’(x) = 2x. So the two different functions have the same derivative

function.
Both x? + 1 and x? — 7 are said to be y
antiderivatives of 2x. y=x2+ 1y A
— 230
If two functions have the same derivative y=x"
y= 21"

function, then they differ by a constant. So the
graphs of the two functions can be obtained

from each other by translation parallel to

. -2 _
the y-axis. y=x2=T» !
1
The diagram shows several antiderivatives o (
\ :_1 /' : ,
of 2x. distance )(: i : //
. . 2 7 units N :v\// di
Each of the graphs is a translation of y = x " 7~ distance
7 .
parallel to the y-axis. so LY 7 units

Notation

The general antiderivative of 2x is x% + ¢, where ¢ is an arbitrary real number. We use the
notation of Leibniz to state this with symbols:

/2xdx=x2+c

This is read as ‘the general antiderivative of 2x with respect to x is equal to x> + ¢’ or as
‘the indefinite integral of 2x with respect to x is x> + ¢’.

To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise
this we could write:

/2xdx:{f(x):f’(x):2x}:{x2+c:c€R}

This set notation is not commonly used, but it should be clearly understood that there is not a
unique antiderivative for a given function. We will not use this set notation, but it is advisable
to keep it in mind when considering further results.The reason why the symbol is the same as
that used for the definite integral in Section 11A will become evident in Section 11E.

In general:

If F’(x) = f(x), then / f(x) dx = F(x) + ¢, where c is an arbitrary real number.
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11B Antidifferentiation: indefinite integrals 485

The antiderivative of x" wherer # -1
‘We know that:

f(x) = x> implies f’(x) = 3x° f(x) = x® implies f'(x) = 8x’
3 31
f(x) = x2 implies f'(x) = %2 f(x) = x™* implies f'(x) = —4x™>
Reversing this process gives:
f 3x2dx=x>+c where c is an arbitrary constant
f 8x"dx=xd+c where ¢ is an arbitrary constant
31 3
/ ExZ dx=x2+c where c is an arbitrary constant
f —4xdx=x*+c  where cis an arbitrary constant
We also have:
/xzdx=lx3+c /x%dx=gx%+c fx_de=—lx_4+c
3 3 4
Generalising, it is seen that:
xr+1
"dx = +c, € -1
[« dx ——+c, reQ\{-1

Note: This result can only be applied for suitable values of x for a given value of r.
For example, if r = %, then x € R* is a suitable restriction. If r = —2, we can take
x € R\ {0}, and if r = 3, we can take x € R.

We also record the following results, which follow immediately from the corresponding
results for differentiation:

Sum [ £ +g(x) dx = [ f(x) dx+ [ g(x) dx
Difference [ f(x) - g(x) dx = [ f(x) dx - [ g(x) dx
Multiple [ kf(x) dx =k [ f(x) dx, where k is a real number

Find the general antiderivative (indefinite integral) of each of the following:

a 3x° b 3x2+4x2+3
Solution
a /3x5 dx b /3x2+4x*2+3dx
=3/x5dx =3/x2dx+4fx*2dx+3/1dx
3><X6+ 3x3+4x‘1+3x+
= —_ [ _ —_ @
6 ¢ 3 0 1 1
6 4
:x_+c =xX——+3x+c¢
2 X
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486 Chapter 11: Integration

Find y in terms of x if:

dy 1 dy
- =— b —=3
dx x? dx e
Solution
1 N 1
a/;dx:fx dx bf3\/}dx:3fx23dx
-1 2
X 2
= t¢ =3><%+c
2
=1l 3
y=—+=+c¢c y=2x2 +c
X

Given extra information, we can find a unique antiderivative.

It is known that f’(x) = x° + 4x% and £(0) = 0. Find f(x).

Solution
4 43
/x3+4x2dx=xz+i+c
o 3
=—+—+
J(x) 2 c

4 4 3
As £(0) = 0, we have ¢ = 0. Hence f(x) = — + —~_.

4 3
Example 6

If the gradient of the tangent at a point (x, y) on a curve is given by 2x and the curve passes

through the point (-1, 4), find the equation of the curve.

Solution
Let the curve have equation y = f(x). Then f’(x) = 2x.

22
/2xdx=%+c=x2+c

fx) = 2+
But f(—1) = 4 and therefore 4 = (=1)? + c.

Hence ¢ = 3 and so f(x) = x> + 3.
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11B 11B Antidifferentiation: indefinite integrals 487

Summary 11B

m Antiderivative of x”, for r € Q \ {—1}:

xr+1
/x’dx= +c
r+1

m Properties of antidifferentiation:
o [f)+gxdx=[f(x)dx+ [g(x)dx
o [f)-gx dx= [ f(x)dx- [g(x)dx
° f kf(x) dx = kff(x) dx, where k is a real number

sﬁ'é'é';f' il Exercise 11B

1 Find:
13 3 4 3 2
Example 3 a fzx dx b fo —2xdx c /gx —3x“dx d f(2—z)(3z+1) dz
Example4 2 Find y in terms of x if:
dy 1 dy dy L3
= = = — = x4 5
dx x3 bdx e C T
3 Find:
a [3x?dx b [2x*+6xdx c [2x?+6x73 dx
1 5 3 1 3 bl
d /3x3 —5x4 dx e /3x4 —7x2 dx f f4x5 + 12x3 dx
Example5 4 Find y in terms of x for each of the following:
d d
ad—z=2x—3andyzlwhenx=1 b d—i:x3andy:6whenx:0
d 1
c d_y =x2+xandy =6 whenx =4
X
5 Find:
3t +2z 5x° + 2x7
a [Vx(@2+x)dx b [ ¢ [F—dx
d [ Vx@x+x?) dx e [x2Q2+3x%) dx f [ x+xh) dx

1
Example6. 6 A curve with equation y = f(x) passes through the point (2,0) and f’(x) = 3x — —-
x
Find f(x).

d 8
7 Findsintermsoftifd—;v =3t—t—2ands: 1%whent= 1.

8 A curvey = f(x) for which f’(x) = 16x + k, where k is a constant, has a stationary point
at (2, 1). Find:
a the value of k b the value of f(x) when x = 7.
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488 Chapter 11: Integration

@ The antiderivative of (ax + b)"
Casel:r# -1

For f(x) = (ax + b)"*!, where r # —1, we can use the chain rule to find
f(x) =a(r+ D(ax + b)"
Thus it follows that:

/(ax+b)’dx= (ax+b)y*' +¢c, r#-1

1
a(r+1)

This result does not hold for r = —1.

Find the general antiderivative of:

a Gx+1)° b (2x—1)2
Solution
1
5 _ 6
a /(3x+1) dx—3(5+1)(3x+1) te

1 6
—1—8(3x+1) +c

_1\-2 _ 1 171
b /(2x 1 dx——z(_2+1)(2x D' +e
= —%(2x— D' +e
. . )

Using the TI-Nspire

m Use > Calculus > Integral to find
the integral of (2x — 1)72.

Note: The integral template can also be
accessed using the 2D-template palette I

\_ J
(Using the Casio ClassPad )
m Enter and highlight the expression (2x — 1)72. o Edy .l.|:11u1 Iinrctive
m Select Interactive > Calculation > [. E‘l ""' J}'—"ﬁi‘[ " | gt ["' H
Note: The two boxes on the integral allow for J' [ Zox=-13 "2y
definite integrals to be evaluated. This is
covered later in the chapter. 2 Ex-1Y
\_
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11C The antiderivative of (ax + b)" 489

Case2:r=-1

dx?

But what happens when r = —1? In other words, what is f =
ax

d 1 1
Remember that —(log, x) = —. Thus / — dx =log, x + ¢ provided that x > 0.
dx X X

More generally:

Forax+b > 0,

1
/ax+bdx:;loge(ax+b)+c

For x < 0, we have

%(loge(—x)) = _ix X (=1) = %

1
and so / — dx = log,(—x).
X

More generally, for ax + b < 0, we have

d a
—(1 —ax—Db)) = —-a) =
dx( 0g.(—ax )) —ax—->b X (=) ax+b
1 1
and so / P dx = Eloge(—ax— b).

We can summarise these results as:

1
—log,(ax+b)+c forax+b>0
a

1
—log,(—ax—b)+c forax+b <0
a

Example 8

2
a Find the general antiderivative of for x > —.
3x—-2 3

2
b Find the general antiderivative of for x < —.
3x—-2 3

d 3
¢ Given d_y = — for x > 0 and y = 10 when x = 1, find an expression for y in terms of x.
x X

dy 3
d Given d—y = — for x <0 and y = 10 when x = —1, find an expression for y in terms of x.
X X
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490 Chapter 11: Integration

Solution

2
F 5
a Orx>3

2 1
/3x_2dx—§x2loge(3x—2)+c

2
= 3 log,(3x—=2)+c¢

3
c y=/)—c dx =3log,x+c
When x = 1,y = 10 and so

10=3log, 1 +c¢
10=0+c¢
c=10

Hence y = 3log, x + 10.

2
b F < -,
or x 3

2 1
/3x_2dx—§><2loge(2—3x)+c

2
= 3 log,(2 -3x) + ¢

3
d y:/—dx:3loge(—x)+c

X

When x = —1, y = 10 and so
10=3log, 1 +¢
10=0+c¢
c=10

Hence y = 3log,(—x) + 10.

The situation is simplified by using the absolute value function, which is not explicitly in
the syllabus of Mathematical Methods Units 3 & 4. It is defined by

ifx>0
ifx<0

X
x| =
-X

For example, |-2| = [2| = 2.

For the type of example we are working with here, we have

ax+b ifax+b >0
lax + b| =
—ax—b ifax+b<0
Thus:
Forax+b + 0,
/ ! dx—llo lax + b| + ¢
ax+b = a Ee
Notes:

m We can now deal with parts a and b of Example 8 simultaneously by writing

2 2
/ ET— dx = = log,|3x — 2| + c. For parts ¢ and d, write y = 3log, |x| + c.
X —

3

m Using this notation is recommended as it avoids difficulties and is consistent with the

calculators being used.
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Using the TI-Nspire

m Use > Calculus > Integral to find an _
3

antiderivative of —. 3 % Inllx|)
X = dx
[ Adg ¢ to find the general antiderivative ]
of =. 2 inflllee 2 tmlfx[ee
X .
m Use solve() to determine the value of ¢ as satvel 3- inl]cflee=10u =1 e=10

shown.

Using the Casio ClassPad

3
m Enter and highlight the expression —. £ Edf Action Intsrecthe
X T 7
ad[ b s U

m Select Interactive > Calculation > |.

[sn.
m Note that the ClassPad does not add c¢ to the | J! I!%-:I:ur |

indefinite integral. | udnl %) |
m Copy and paste the answer to the next line. |t Somf | 1] 4=10, ©3 |
Replace the x with 1 and add ¢ to complete the ! fe=10 |
equation 3In 1] + ¢ = 10. |
m Select Interactive > Equation/Inequality > solve
and ensure the variable is set to c.
a Find the general antiderivative of 7 ax
.dy 2 . .
b Given i and y = 10 when x = 1, find an expression for y in terms of x.

d 2
¢ Given d_y = —and y = 10 when x = —1, find an expression for y in terms of x.
x X

Solution

2 1
=——x2log,|2 -
a/2_3xdx 3 X2log, 12-3x +¢

2
= —gloge |2 -3x|+c

2 2
b y=[Zdx=2log,|x+c c y=[Zdx=2log,|x+c

by X

When x =1,y = 10 and so When x = —1, y = 10 and so
10 =2log, 1] + ¢ 10 =2log, |-1| + ¢
10=0+c¢ 10=0+c

c=10 Sooce=10
Hence y = 2log, |x| + 10. Hence y = 2log, |x| + 10.
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The law of exponential change

We are now able to prove the following result from Chapter 5; we do not dwell on the proof
as its place is in Specialist Mathematics.

If the rate at which a quantity increases or decreases is proportional to its current value,
then the quantity obeys the law of exponential change.

Let A be the quantity at time z. Then
A = Ape

where Ay is the initial quantity and k is a constant.

dA
Proof Assume that A is a positive quantity such that i kA, for some constant k # 0.

Then A is strictly increasing or A is strictly decreasing, depending on whether & > 0 or
k < 0. Thus A is a one-to-one function of ¢, and so from Chapter 9 we can write
dt 1

dA " kA
Antidifferentiating with respect to A gives
1
t= % log, A +c¢
log, A = k(t—c)

Thus A = M5 = e7*¢ekt We let Ay = e and we have the result A = Ape'.

Summary 11C
m IfreQ)\{-1}, then

/wx+bde: (ax + b)Y+ + ¢

1
a(r+1)
m Forax+b >0, m Forax+b<0,

1
ax+b

1 1 1
/ dx = —log,(ax +b) + ¢ f dx = —log,(—ax —b) + ¢
a a

ax+b

Or more conveniently:

m Forax+b #0,

1 1
/ax+bdx—aloge|ax+b|+c
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Skill-
sheet i

1 Find:
Example 7 a [@x-1)7dx b [@-1)dr c [(5x-2)dx
d [(4x-6)2dx e [(6-4x)7 dx f[(4x+3)7 dx
1 1 7
g [Bx+6)2 dx h [(3x+6)72 dx i [(x-4)2 dx
4
i [Gx+11)3 dx k [V2-3xdx I [(5-2x)" dx
Example8 2 Find an antiderivative of each of the following:
a ! >0 b ! > 2 c 4 > !
2w 3x+2 7773 T+4x 7 74
5 2 3 1
d — = — - F— 4
-2 73 “1-ax T3 PR
Example9 3 Find (using the absolute value function in your answer):
5 3 10
af;dx bfx_4dx c/2x+1dx
6
d /5_2x dx e [6(1-2x)7"dx f [(4-307"dx

4  Find an antiderivative of each of the following. (Where appropriate, use the absolute
value function in your answer.)

3x+1 b x+1 c 1
X X (x+1)2
p (x +1)? o 3 ; 1-2x
X (x—=1)3 X

5 Find y in terms of x for each of the following:

Example 8 dy 1 » dy
Example 8 a E_Eandy_thenx—e b Tx - 5°2x

and y = 10 when x = 2

10
6 A curve with equation y = f(x) passes through the point (5 + e, 10) and f’(x) = 5
x—
Find the equation of the curve.
7 Find an antiderivative of each of the following. (Where appropriate, use the absolute
value function in your answer.)
X b 1-2x 2x+1

ax+1 x+1 ¢ x+1

d 3
8 Given that d_y = > and y = 10 when x = 0, find an expression for y in terms of x.
X X

) d 5 . .
9 Given that d_y =52 and y = 10 when x = -2, find an expression for y in terms of x.
X —4x
. dy 5 . .
10 Given that 3.1 and y = 10 when x = 1, find an expression for y in terms of x.
x —4x
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494 Chapter 11: Integration

@ The antiderivative of e¥*
In Chapter 9 we found that, if f(x) = e, then f’(x) = ke*.
Thus:

1
fekxdx=%ekx+c, k+#0

Example 10

Find the general antiderivative of each of the following:

a ™ b & +6x c e +2 d e +ef
Solution

a /e4xdx=%e4x+c b /65x+6xdx=éesx+3x2+c
c fe3x+2dx=%e3x+2x+c d /e‘x+e"dx=—e_x+ex+c

If the gradient of the tangent at a point (x, y) on a curve is given by 5¢?* and the curve
passes through the point (0, 7.5), find the equation of the curve.

Solution

Let the curve have equation y = f(x). Then f’(x) = 5e**.

5
/562" dx = Eezx +c

fx) = gez" +c
But f(0) = 7.5 and therefore

5
7.5:§eo+c
=25+c¢
c=5

5
Hence f(x) = Eezx + 5.

Summary 11D

1
/ekxdx=zek"+c, k#0
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Skill-
sheet i

1 Find the general antiderivative of each of the following:

Example 10 a ™ b ¢* +3x c e +2x d e 2 + ¥
2 Find:
a/ezx—egdx bf62x+1dx c/2e3x—e_xdx
eX
X X 2x Ix 4x 2x
d [5e3 - 2¢5 dx e [3¢3 3¢5 dx f [5e3 —3e3 dx

Example1l. 3 Find y in terms of x for each of the following:
dy 2x

a =e*—xandy=5whenx=0
dx
d 3-e*

b 9 ¢ and y =4 whenx =0
dx e*

d d

4 Given that d_y = ae " + 1 and that when x = 0, d_y =3 and y = 5, find the value of y

X X
when x = 2.

. d . .
5 A curve for which Y e** where k is a constant, is such that the tangent at (1, e?)
X
passes through the origin. Find the gradient of this tangent and hence determine:

a the value of k b the equation of the curve.

. d ) .
6 A curve for which Y- —ek* where k is a constant, is such that the tangent at (1, -&)

X
passes through the origin. Find the gradient of this tangent and hence determine:

a the value of k b the equation of the curve.

@ The fundamental theorem of calculus and the
definite integral

The integrals that you have learned to evaluate in the previous sections are known as
indefinite integrals because they are only defined to within an arbitrary constant: for
example, we have / 3x? dx = x*> + c. In general terms, we can write / f(x)dx =F(x)+c;
that is, the integral of f(x) is F(x) plus a constant, where F(x) is an antiderivative of f(x).

We now resume our consideration of the definite integral and investigate its connection with
the indefinite integral.

ISBN 978-1-009-11049-5 © Michael Evans et al 2023 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



496 Chapter 11: Integration

Signed area

We first look at regions below the x-axis as well as Y
those above the x-axis. 3 f\ yext 1S
Consider the graph of y = x + 1 shown to the right.
2
Al = % X3x3= 4% (area of a triangle)
Ay=3x1x1=1 1 A
The total areais A} + A, = 5. —2 —/ - x
Y . >
The signed area is A| — A, = 4. J/ 0 1 2
14
Regions above the x-axis have y
positive signed area. A
Regions below the x-axis have
negative signed area. A, A3 /
The total area of the shaded > X
o [Ny W
regionis A; + Ay + A3 + Ay.

The signed area of the shaded
regionis A| — Ay + A3 — Ay,

For any continuous function f on an interval [a, b], the definite integral /a ¢ f(x) dx gives
the signed area enclosed by the graph of y = f(x) between x = a and x = b.

In this more general setting, the definite integral can still be determined by a limiting process
as discussed in the first section of this chapter.

The fundamental theorem of calculus

The fundamental theorem of calculus provides a connection between the area definition of the
definite integral and the antiderivatives discussed previously. An outline of the proof is given
in the final section of this chapter.

Fundamental theorem of calculus

If f is a continuous function on an interval [a, b], then
[ @) dx = G) - Gla)

where G is any antiderivative of f.

To facilitate setting out, we sometimes write

G(b) - Ga) = [G)]"
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Evaluate the definite integral /12 x dx.

Solution

1
We h dx = =x* + d
e avefx x= ox" +candso

1 1
/12xdx:§><22+c—(§><12+c)

1 3
:2——:—
2 2

Note: The arbitrary constant cancels out. Because of this, we ignore it when evaluating
definite integrals. We also use the more compact notation G(b) — G(a) = [G(x)]Z
to help with setting out:

/zxdx_[x_z]z_z_lj_é
1 22 272

Evaluate each of the following the definite integrals:

a /23 X2 dx b /;2 X% dx c /01 x2 +x2 dx
Solution
*2d b [x2d ' +x2d
a /2 x° dx f3 x° dx c /o x2 +x2 dx
7P 1B 23 2 51!
= | — = ||—= =|—=x2 + —x2
[3]2 [3]3 [3)( 5x ]0
27 8 8 27 2 . 2
T3 3 3 3 35
19 19 _ 16
-3 3 K
Evaluate each of the following definite integrals:
1 X
a /01 2¢72* dx b /(;4 > + 1 dx c _/14 2x2 +e2 dx
Solution
1 —2x _ 2 —2x ! 4 2x _ 1 2x 4
af02e dx—[_—ze ]0 bfoe +1dx—[§e +)c]0
- _ -2x1 _ -2x0 1 1
1(e e ) = —eg+4—(—eo+0)
=-1(2-1) 2 2
1
=1-¢? :§(e8+7)
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Evaluate each of the following definite integrals:

g 1 5 1
a -/6. : dx b .[4. m dx
Solution
a [f— - dx = [log,(x - 5); b [’ L e 1[1og x-9)]]
6 x— ¢ 4 2x-5 ¢ 4
=log, 3 ~log, 1 — (loge ~log, 3)
=log, 3

2

1 o (5)
—2 %3
Important properties of the definite integral are listed in the summary below.

Summary 11E

b
m For any continuous function f on an interval [a, b], the definite integral fa f(x) dx
gives the signed area enclosed by the graph of y = f(x) between x = a and x = b.

m Fundamental theorem of calculus
If f is a continuous function on the interval [a, b], then

b
[ ) dx =[G, = G(b) - G(a)
where G is any antiderivative of f.

m Properties of the definite integral
o [Mr@dx= [ o) det [ fx) da
[ fGydx=0
[Tkfe)de=k [ fx) dax
1+ g dx= [ ) dxx [ g(x) dx
[ fe dx== [ £ dx
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Skill-
sheet i

1 Evaluate each of the following:

a/lzxzdx b/31x3dx c
Example 12 - 1
2 2
Example 13 d [+ 1) dx e J Zdx f

3
g /(;2x3+2x2+x+2dx h fl42x§+5x3dx

2 Evaluate each of the following:

1
a ['(x+1)7dx b [ (dx+1)72 dx c
d ['G-2072dx e [[3+207 dx §
1 4 1
g V2 - xdx h — dx i
h b=

Example 14 3 Evaluate each of the following:

a /()162de b /Ole‘z"+1dx c /012e)§c+2dx

4  Given that /04 h(x) dx = 5, evaluate:

1
3 _
/0 x’ —xdx

4 1
/1 X2 +2x% dx

]12(1 — 202 dx

[ dx+ 1) da

1 1
—d
b Gt

2 ef+e*
d/_2 5 dx

a [ 2h(x) dx b [ h()+3dx ¢ ["hx) dx
d [ h(0)+1dx e [ h(x)-xdx
5 a Find ['—— 4 b Find [\ —— 4 Find [0 —— 4
Example 15 a rin o m X. 1mn s m X. C In S 2x 47 X.

@ Finding the area under a curve

b
Recall that the definite integral /a f(x) dx gives the net signed area

Finding the area of a region

m If f(x) > 0 for all x € [a, b], then the area A of the region
contained between the curve, the x-axis and the lines
x =aand x = b is given by

A= ["f) dx

‘under’ the curve.

Y
A

] y=f(x)

m If f(x) <0 forall x € [qa, b], then the area A of the
region contained between the curve, the x-axis and the A

lines x = a and x = b is given by

A= [ f(x) dx \

= [7 f(x) dx
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m Ifc € (a,b) with f(¢) = 0 and f(x) > 0 for y
x € (¢,b] and f(x) < 0 for x € [a, ¢), then A
the area A of the shaded region is given by y=f(x)
b c
A= /L f(x) dx+ (—fa f(x) dx) a
: : > X

Note: In determining the area ‘under’ a curve y = f(x), the sign of f(x) in the given interval
is the critical factor.

Example 16

a Find the area of the region between the x-axis, A
the line y = x + 1 and the lines x = 2 and x = 4. y=x+1
Check the answer by working out the area of
the trapezium.

b Find the area under the line y = x + 1 between
x=—4and x = -2.

—
L

N
S
l\)_

o~
\

Solution

4 x2 4
a Area=/2 x+1dx:[?+x]

2

42 22
(2 +4)- (2= +2
(2+) (2+)
=12-4=8

The area of the shaded region is 8 square units.

3+5
Check: Area of trapezium = average height X base = — x2=38

5 2 2
bArea:—f_4 x+1dx:—[3+x]_4 ‘J:
=—(0-4)=4

The area of the shaded region is 4 square units. 4 ) _1/1

Note: The negative sign is introduced as the 0}
integral gives the signed area from —4
to —2, which is negative.

y=x+1
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Example 17

y
Find the exact area of the shaded region. AV = x2—4

\ |,

4 —>» X
Qyz 4
(0’_4)

Solution
Area = /24(x2 — 4 dx+— jlz(x2 —4)dx

x3 4 x3 2
I I R
[3 xL [3 x]l

64 8 8 1
== —16]=(=-8]-{[=-8]-(=-4
(5-19-6-9-(G-9)-G-2)
56 (7 ) 37
7
The area is 3? square units.

Example 18

Find the exact area of the regions enclosed by the graph of y = x(2 — x)(x — 3) and

the x-axis.
Solution
y=x(—x2+5x—6) ii
=—x° +5x% —6x
3 2 /\ -
Area = /2 (x> + 5x% — 6x) dx + —/0 (=x3 + 5x% — 6x) dx 0 o) 3\ *
B [—x4 50 6x%P [—x“ 56°  6x2)?
|l 4 3 2 b 4 3 2 1o
81 40 40
- (= 45—27)—(—4 ——12)—(—4 ——12)
( 4 " "3 "3
—-81 80
=—+18432 - —
4 3
243 +320 37
=50—- — = —
12 12
. 37 .
The area is T square units.
Note: There is no need to find the coordinates of stationary points.
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Summary 11F

Finding areas:

m If f(x) > 0 for all x € [a, b], then the area of the region contained between the curve,
the x-axis and the lines x = a and x = b is given by /a b f(x) dx.

m If f(x) <0 for all x € [a, b], then the area of the region contained between the curve,
the x-axis and the lines x = a and x = b is given by — fa ’ f(x) dx.

m If c € (a,b) with f(c) =0 and f(x) > 0 for x € (¢, b] and y

f(x) < 0for x € [a, c), then the area of the shaded region is
b c
iven b x) dx + (— x) dx).
givenby [ f() dx + (= [ f(x) dx) ) /(‘

1 Sketch the graph and find the exact area of the region(s) bounded by the x-axis and the

Example 16 graph of each of the following:

Example 17 a y=3x>+2betweenx=0and x = 1
b y=x’—-8between x =2 and x = 4
¢ y =4 — x between:

i x=0andx=4 il x=0andx=6

Example18 2 Find the exact area bounded by the x-axis and the graph of each of the following:
ay=x>-2x b y=4-x3-x c y=x+2)(7T-x)
d y=x>-5x+6 e y=3-x° fy=x-6x°
3 For each of the following, sketch a graph to illustrate the region for which the definite
integral gives the area:
a/142x+1dx b/033—xdx c/o4x2dx

1 4 1
d [ 4-20dx e [, Vxdx £ [, (=21 +x) dx

4 Find the exact area of the region bounded by the curve y = 3x + 2x72, the lines x = 2
and x = 5 and the x-axis.

5 Sketch the graph of f(x) = 1 + x* and find the exact area of the region bounded by the
curve and the axes.

6 Sketch the graph of f(x) = 4¢** + 3 and find the exact area of the region enclosed by the
curve, the axes and the line x = 1.

7 Sketch the graph of y = x(2 — x)(x — 1) and find the exact area of the region enclosed by
the curve and the x-axis.
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8 a Evaluate [ x(3 - ) dx.
b Find the exact area of the shaded region in

)
w

the figure.
-1
9 a In the figure, the graph of y*> = 9(1 — x) is
shown. Find the coordinates of A and B.
b Find the exact area of the shaded region by =
evaluating
2
b Yy
/0 1-3dy 0

for a suitable choice of b.

1
10 Sketch the graph of y = 5

and find the exact area of the region enclosed by the

curve, the x-axis and the lines with equations x = =3 and x = —2.

11 Sketch the graphof y =2 +

X+
curve, the axes and the line x = —2.
12 Leta > O0witha # 1.

a Show that a* = ¢*lo& @),

b Hence find the derivative and an antiderivative of a*.

1
1 and find the exact area of the region enclosed by the

¢ Hence, or otherwise, show that the area under the curve y = a* between the lines

1

og,a

x=0andx=">bis (a® -1).

@ Integration of circular functions

Recall the following results from Chapter 9:

m If f(x) = sin(kx + a), then f’(x) = kcos(kx + a).
m If g(x) = cos(kx + a), then g’(x) = —k sin(kx + a).

Thus:
. 1
/ sin(kx + a) dx = % cos(kx +a) + ¢
1 .
/cos(kx +a)dx = z sin(kx + a) + ¢
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Example 19

Find an antiderivative of each of the following:

1
a sin(3x + g) b 5 sin()
Solution
1 T 1
a -3 cos(3x+ Z)+C b —Ecos(4x)+c

Example 20

Find the exact value of each of the following definite integrals:

b b
a [#sin2x) dx b [22cosx+1dx
Solution
b b
a /04 sin(2x) dx b /02 2cosx + 1 dx
1 b ‘ x
= [7 cos(2x)]4 = [2 s1nx+x]02
0
-1 -1 = 2sin( =)+ Z _ @i
= L eos(Z)- (L cos0) 2sin(3) + 5 - 25in0+0)
T
=0+ === 2
2 2

Find the exact area of the shaded region for each graph:

a by
A A
—inl —sin(e_T
y=sinzx A y=sin(6 4)
> X >
0 n P Oz & o > °
4 4 Ay | 4
Solution
2T 1
a Area = fo sm(ix) dx
1 2n
= |-2eos(34)
[ cos 2x .
= —-2cosm— (—2cos0)
=4
.. Area of shaded region is 4 square units.
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b Regions A; and A, must be considered separately:

Sn i
& o T T . T
Area Ay = /%4 sm(e - Z) do Area A; = _/ST’? s1n(6 - Z) do
5m 9
T\ 4 m\|4
= [— COS(e = —):| = —[— COS(e — _)]
4/1% 4 %n
= —(cosm — cos 0) = cos(21) — cos T
=2 =9

.. Total area of shaded region is 4 square units.

Summary 11G

1
/ sin(kx + a) dx = % cos(kx +a) +c¢

1
Jcostkx + @) dx = 2 sintkx +a) + ¢

Example19. 1 Find an antiderivative of each of the following:

a cos(3x) b sin(%x) ¢ 3cos(3x)
(1 . 7T .
d 2 sm(ix) e sm(2x - g) f cos(3x) + sin(2x)
. I . | T
g cos(4x) — sin(4x) h ) sin(2x) + cos(3x) i ) cos(2x + 5)
J sin(mtx)

Example20. 2 Find the exact value of each of the following definite integrals:

I I
a f04 sin x dx b /04 cos(2x) dx

I I
¢ [% cos0do d [?sin6+cos6 do

-2

I I
e /02 sin(20) d6 f /03 cos(30) + sin(30) dO

z 7T 7 X X

3 . .
g /0 cos(30) + s1n(6 - §) do h /o s1n(Z) + COS(Z) dx
. % . T d . 7T . (X d
i /0 s1n(2x— 5) X j /o cos(2x) — sm(i) X

1
Example21. 3 Calculate the exact area of the region bounded by the curve y = sin(ix), the x-axis and

the lines x = 0 and x = g
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4  For each of the following, draw a graph to illustrate the area given by the definite
integral and evaluate the integral:

x x s
a f04 cos x dx b /03 sin(2x) dx c /_?[ cos(2x) dx
6
d /05 cos 0 + sin 0 dO e /05 sin(20) + 1 dO f [ 1-cos(20) do
=
5 Find the exact value of each of the following definite integrals:
E fors T o ™
a /0 sm(2x + Z) dx b /0 cos(Sx + 8) dx
 cofaxs :
c /0 cos(3x + §) dx d /0 cos(3m — x) dx

2
6 Sketch the curve y = 2 + sin(3x) for the interval 0 < x < ?n and calculate the exact area

. . T
enclosed by the curve, the x-axis and the lines x = 0 and x = —.

@ Miscellaneous exercises

In this section we look at some further integrals to provide additional practice and introduce
new approaches.

Let f(x) = loge()c2 + 1).
2x

a Show that f'(x) = 2l b Hence evaluate /02 xzi 7 dx.
Solution
1 2
a Lety=log,(2+ Dandu=2+1. b [ =" de=3 [¥-=")dx
) 0 x2+1 270\x%2 +1
Then y = log, u. By the chain rule: |
2
_ 2
dy _dy du = 5[z + D,
dx du dx ]
1 == _
= —.2x 2(loge 5 loge 1)
u
2x ! log, 5
7 _ =35 Oge
F@= x2+1 2

COS X
Let f(x) = ——.
sSin x
oo ) P
a Show that f'(x) = ——. b Hence evaluate fn ——— dx.
sin” x 7 SIn“ x
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Solution .
- - oL cos x |2
a Using the quotient rule: b /ﬂz —dx = —[ :
3 sin“x SIn X [x
.2 2 7]
—sin” x — cos” x
f)=——"—— _cos(3)  cos(})
sin” x B0 v
. 5 sm(E) sm(Z)
—(sin” x + cos” x)
= ) = 1
sin” x
-1
sin” x

a If f(x) = xlog,(kx), find f’(x) and hence find f log,(kx) dx, where k is a positive
real constant.

b If f(x) = x* log,(kx), find f’(x) and hence find / xlog,(kx) dx, where k is a positive
real constant.

Solution
a f'(x) =log,(kx) + x X %
=log,(kx) + 1
Antidifferentiate both sides of the equation with respect to x:
[ £/ () dx = [log,(kx) dx + [ 1 dx
xlog,(kx) + c; = floge(kx) dx+x+ ¢,
Thus /loge(kx) dx = xlog,(kx) —x+c1 — ¢

= xlog,(kx) —x+c
1
b f'(x) = 2xlog,(kx) + x* X —
X

= 2xlog,(kx) + x
Antidifferentiate both sides of the equation with respect to x:
ff’(x) dx = /leoge(kx) dx + fx dx

2
** log, (kx) + ¢ = / 2xlog, (kx) dx + % +e

1 2
Thus [ xlog,(kx) dx = 52° log,(kx) - 3 + ¢

It is not possible to find rules for antiderivatives of all continuous functions: for example,
for e . However, for these functions we can find approximations of definite integrals.

For some functions, a CAS calculator can be used to find exact values of definite integrals
where finding an antiderivative by hand is beyond the scope of the course. The following
example illustrates this case.
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508 Chapter 11: Integration 11H

[CN) Example 25

2 1 z
. . 2 X .
a Find [ — dx. b Find |2 ¢*sinx dx.
sting the TI-Nspire )
Use the Integral template from the Calculus menu and complete as shown.
a @ U T
3 i3 +2) = n
LI 2 #® 1
1 e sl ax o
1 40
I I
\_ J
(Using the Casio ClassPad )
m Enter and highlight the expression or the expression e* sin(x).
x> =1
m Go to Interactive > Calculation > [ and select Definite.
m Enter the lower limit and upper limit and tap ok.
a o Edt Action intersctie b o milt Acten Interactive
b [l T b [Ea]sm]2e [ [ ]
I —5 = m
| dI —_
"{l xt=1 fza*ﬁumax
In{v3+2) 2
o 2
5 e? 1
3 3
\_ J

1 Find the exact value of each of the following:

4 1
a [ Vxdx b [ (1+x)?dx
8 . z (1
c /0 Vx dx d /0 cos(2x) — sm(zx) dx
e [Te+ 2 dx i/ > in(2x) + cos(3) dx
1 X 0
T o, (X X h % in(2
g fo s1n(Z) + COS(Z) dx /0 5x + sin(2x) dx
i e ) a i [0 -nd
|f1(+;) X jfox(—x)x
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2 Find the exact area of the region bounded by the graph of f(x) = sin x, the x-axis and
the lines x =0 and x = —

. . sin x .
3 a Differentiate and hence find an antiderivative of

Example 22 coSs X cos? x
. . cos(2x)
Example 23 b Differentiate — and hence find an antiderivative of
sin(2x) sin (Zx)
20X
. . 2
¢ Differentiate log,(3x” + 7) and hence evaluate fo 217 dx

JT
d Differentiate x sin x and hence evaluate /04 XxXcos x dx.

Example24 4 a If f(x) = xlog,(2x), find f’(x) and hence find f log,(2x) dx.
b If f(x) = x° log,(2x), find f’(x) and hence find / xlog,(2x) dx.
¢ Find the derivatives of x + V1 + x? and log,(x + V1 + x?).
By simplifying your last result if necessary, evaluate
/ V1 + x2

d Vx
5 Find —(¢Y¥) and hence evaluate / g dx
dx I x

d x
6 Find —(sin3(2x)) and hence evaluate f 4 §in*(2x) cos(2x) dx.
dx 0

Example25 7 Find the value of each of the following definite integrals, correct to two decimal places:

20 X\ X e’
a /6 IOCOS(E)€8O dx b ‘/; (x——l)zd

3n

5 Cosx d 2 IOOCosx
T G- d /
e fon e(m) sin x dx f /OZ cos>(x) e~ dx
2x+3 5 2x+3
8 a Show that s =2+ . b Hence evaluate gl dx.
x—1 x—1 2 x-1
S5x - 6 -4
9 a Show that o =5+ . b Hence evaluate / dx.
X - x—=2 x—2
d
10 a Ify=(1- %x)g, find d_y Hence, or otherwise, find /(1 - %x)7 dx.
X
d T
b Ify=log,(cosx) for cosx > 0, find d—y Hence evaluate /03 tan x dx.
X
. . (1 47
11 Find a function f such that f’(x) = s1n(§x) and f(?) =2.
12 For each of the following, find f(x):
a f'(x) =cos(2x) and f(m) =1 b f(x)=- and f() =
¢ f/(x)=e2 and f(0) = 1
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13

14

15

16

17

18

19

20

21

d n
Find a(x sin(3x)) and hence evaluate f06 xcos(3x) dx.

The curve with equationy = a + b sin(j%x) passes through the points (0, 1) and (3, 3).
Find a and b. Find the area of the region enclosed by this curve, the x-axis and the lines
x=0and x = 1.

For each of the following, find the area of the shaded region correct to three decimal
places:

a y b y

=
Il
—_
>
>

y= ¢ (0sin (2x)

Na

Evaluate /On e_(m) sin(2x) dx, correct to four decimal places.

The gradient of a curve with equation y = f(x) is given by f’(x) = x + sin(2x) and
£(0) = 1. Find f(x).
Let f(x) = g'(x) and h(x) = k’(x), where g(x) = (x* + 1)* and k(x) = sin(x*). Find:
a [ f(x) dx b [ h(x)dx
c [ f(x)+h(x) dx d [—f(x) dx
e [fx)-4dx [ 3n(x) dx

2

x-1
Indicate on your graph the region for which you have determined the area.

2
Sketch the graph of y = 1 + 4 and evaluate /23 +4 dx.
x —

Sketch the graph of y = V2x — 4 + 1 and evaluate /23 V2x -4+ 1dx.
Indicate on your graph the region for which you have determined the area.

Evaluate each of the following:

a f34\/x—2dx b /02\/2—xdx
1 1 2 1
cfo 3x+1dx d [1 2x_1+3dx

3 4 1
e 2.5\/2x—5—6dx ff3 x_zdx
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11I The area of a region between two curves 511

@ The area of a region between two curves

Let f and g be continuous functions on the y
interval [a, b] such that A

f(x) = g(x) forall x € [a,b]

Then the area of the region bounded by the y Z_J&

two curves and the lines x = a and x = b can

be found by evaluating y= _w
b b b

L@y dx = [Tex)ydx = [ f(x) - g(x) dx 0

Example 26

Y
=

Find the area of the region bounded by the parabola y = x> and the line y = 2x.

Solution
We first find the coordinates of the point P: y
X2 =2x A
x(x=2)=0

x=0orx=2

Therefore the coordinates of P are (2,4).

Required area = /02 2x — x% dx

.4 .
The area is 3 square units.

Example 27

Calculate the area of the region enclosed by the curves with equations y = x> + 1 and

y =4 — x* and the lines x = —1 and x = 1.
Solution

Required area = /_11 4-x2-=(@G2+1)dx

= [ 3-22dx
2x3 7! |
-5, ;
2 2 '
=3-3-(-3+3) |

1 VaE
3
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512 Chapter 11: Integration

In Examples 26 and 27, the graph of one function is always ‘above’ the graph of the other for
the intervals considered. What happens if the graphs cross?

Y
A £
D>
a ¢ 0 ¢y c3 b =

To find the area of the shaded region, we must consider the intervals [a, ¢1], [c1, 2], [¢2, €3]
and [c3, b] separately. Thus, the shaded area is given by

[ F = g dx+ [ g0 - fO) dx+ [ ) - g dx+ [ () = fx) d

Example 28

Find the area of the region enclosed by the graphs of f(x) = x> and g(x) = x.

Solution
The graphs intersect where f(x) = g(x): v
B =y A
X©-x=0 1
x(x*=1)=0
x=0o0rx==l1 1 X
We see that:
B f(x)>gkx)for-1<x<0
B f(x)<gx)for0<x<1
Thus the area is given by
0 1 0 1
/_lf(x)—g(x)dx+/0 gx)— f(x)dx = /_1x3 —xdx+f0 x— x> dx
_ o xz]o N [xz x4]1
4 21 2 4 o
(-3)+3
- (—Z)+ 2
4) 4
1
)
1 .
The area is 3 square unit.
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Example 29

Find the area of the shaded region.

y= c7sx/—sinx
[ O = s fom
2 2

Solution

First find the x-coordinates of the two points of intersection.
T Sn

If sinx = cos x, then tan x = 1 and so x = 7 or x = =

Sn
Area = fn4 sin x — cos x dx

wn

fu1
—[ COS)C—S.]II.)C]E4

o )|l )

1

+

6'|~
S

7
V2

o

sl 51~

The area is 2V?2 square units.

Example 30

For the function f: R* U {0} - R, f(x) = log,(x + 1):
a Find ' and sketch the graphs of f and f~! on the one set of axes.
b Find the exact value of the area fologez £ 1(x) dx.

¢ Find the exact value of [ f(x) dx.

Solution
a Let x =log,(y + 1). Then Y
A -1 52
ef=y+1 ST (x)=er -
y=e" -1
Hence the inverse function is o)=L, be=-1)
FLRTUO SR, fFly=e -1 .
0 >
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b [ 0 dx= [ e~ 1dax
_ [ex _ x]g)gez

=¢%2 —Jog,2 — (" - 0)

=2-log,2-1
=1-1log,2
¢ Area of rectangle OABC = log, 2 ¥
Area of region R = folog”2 e —1dy 0
Ty _ 1og.2 A 7777777777 B
_[e y]() logez }y=10ge(x+1)
=1-1log,2 (see b) R !
x=e—1
Area of region R, = area of rectangle OABC Ry i
. C
= f R . >
area of region R; 0 ] b
=log,2 - (1 -log,2)
=2log,2 -1
o ) dx=2log, 2~ 1
Summary 111
To find the area of the shaded region bounded by y

the two curves and the lines x = a and x = b, use

[ feydx [ g0 dx= [ f0) - g(x) dx

where f and g are continuous functions on [a, b]
such that f(x) > g(x) for all x € [a, b].

Example26 1 Find the exact area of the region bounded by the graphs of y = 12— x— x> and y = x + 4.

Example27 2 Find the exact area of the region bounded by the graphs of f(x) = 5 — x* and
g(0) = (x = 1%

Example28 3 Find the exact area of the region bounded by the graphs with equations:

2 b y=3x+5andy=x>+1

ay=x+3andy=12+x—-x
c y=3-x’andy = 2x? d y=x>andy = 3x

e yY=xandx-y=2
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4 a Find the area of region P. y

b Find the area of region Q. A e
\ -
(1, e
P
Q
1 p=c
0 1 =
5 The figure shows part of the curve y = sin x. %

Calculate the area of the shaded region,

.
>

correct to three decimal places.

Example29. 6 Using the same axes, sketch the curves y = sin x and y = sin(2x) for 0 < x < m.
Calculate the smaller of the two areas enclosed by the curves.

7 Find the area of the shaded region. y

A
y=cosx y=sin(2x)

T L
6 2

8 Find the coordinates of P, the point of intersection of the curves y = e* and y = 2+ 3e7".
If these curves cut the y-axis at points A and B respectively, calculate the area bounded
by AB and the arcs AP and BP. Give your answer correct to three decimal places.

Example30 9  For the function f: R* — R, f(x) = log,(2x):
a Find f~! and sketch the graphs of f and f~! on the one set of axes.
b Find the exact value of the area ]010g€4 (%) dx.

¢ Find the exact value of ff f(x) dx.
2
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@ Applications of integration

In this section we look at three applications of integration.

Average value of a function

The average value of a function f for an interval [a, b] is ]
defined as:

1
m Lb f(x) dx -

In terms of the graph of y = f(x), the average value is

the height of a rectangle having the same area as the 19) P b

area under the graph for the interval [a, b].

Find the average value of f(x) = x? for the interval [0, 2]. Illustrate with a horizontal line
determined by this value.

Solution
1 2 4 y
Average = 70 * dx A
1 X3 2
=3l5, @4
- 13 I iy =AY
2 3 ;
:‘_‘ 0 > X
3

Note: Area of rectangle = /02 f(x) dx

Rates of change

Given the rate of change of a quantity we can obtain information about how the quantity
varies. For example, we have seen that if the velocity of an object travelling in a straight line
is given at time ¢, then the position of the object at time # can be determined using information
about the initial position of the object.
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11J 11J Applications of integration 517

The rate of change of temperature with respect to time of a liquid which has been boiled

dTr
and then allowed to cool is given by i —0.5(T — 30), where T is the temperature (°C)
at time ¢ (minutes).

dT
a Sketch the graph of I against 7 for 7 > 30.

dt
b Sketch the graph of a7 against 7" for T > 30.

¢ i Find the area of the region enclosed by the graph of b, the x-axis and the lines
T =35 and T = 120. Give your answer correct to two decimal places.
il What does this area represent?

Solution
a dr A dT_ bodrh . dt -2
| @ =) ar| T=3% ar=a7 =0
30 - 35 120 -
9] T 0 T
) 1220 =2
C i Area=— 35 m dT =5.78

ii The area represents the time taken for the liquid to cool from 120°C to 35°C.

Example31. 1 Find the average value of each of the following functions for the stated interval:
a f(x)=x2-x), xe€l0,2] b f(x)=sinx, x € [0,x]
2
¢ f(x)=sinx, x€ [0, E] d f(x) =sin(nx), x € [O, —n]
2 n
e f(x)=e"+e*, xe[-2,2]

i 4
2 An object is cooling and its temperature, 7°C, after  minutes is given by 7" = 50¢ 2 .
What is its average temperature over the first 10 minutes of cooling?

3 Find the mean value of x(a — x) from x = 0 to x = a.

4 A quantity of gas expands according to the law pv%° = 300, where v m? is the volume
of the gas and p N/m? is the pressure.

a What is the average pressure as the volume changes from % m’ to 1 m3?

b If the change in volume in terms of ¢ is given by v = 3¢ + 1, what is the average
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pressure over the time interval from¢t=0to ¢ = 1?

Example32. 5 Heat escapes from a storage tank such that the rate of heat loss, in kilojoules per day, is
given by
‘;—i] =1+%s1n(g—(t)), 0<1<200

where H(?) is the total accumulated heat loss at time 7 days after noon on 1 April.
a Sketch the graph of C%I against ¢ for 0 < ¢ < 200. I
b Find the values of f for which the rate of heat loss, i.e. 7R is greater than 1.375.
¢ Find the values of ¢ for which the rate of heat loss reaches its maximum.
d Find the heat lost between:

i t=0and? =120

ii #=0and =200
The rate of flow of water from a reservoir is given by av = 1000 — 307> + 2 for
0 <t < 15, where V is measured in millions of litres and ¢ is the number of hours after
the sluice gates are opened.
a Find the rate of flow (in million litres per hour) when r = 0 and ¢ = 2.
b i Find the times when the rate of flow is a maximum.

il Find the maximum flow.
¢ Sketch the graph of Ojl_‘t/ against f for 0 <7 < 15.
d i Find the area beneath the graph between ¢ = 0 and ¢ = 10.

ii What does this area represent?
The population of penguins on an island off the coast of Tasmania is increasing steadily.
The rate of growth is given by the function R: [0, 00) — R, R(¢) = 10log,(t + 1). The
rate is measured in number of penguins per year. The date 1 January 1875 coincides
with t = 0.
a Find the rate of growth of penguins when ¢t = 5, ¢t = 10, t = 100.
b Sketch the graph of y = R().
¢ Find the inverse function R~!.
d i Find the area under the graph of y = R(¢) between t = 0 and 7 = 100. (Use the

inverse function to help find this area.)

il What does this area represent?
The roof of an exhibition hall has the shape YA
of the function f: [-20,20] — R where (metres)
f(x) = 25 — 0.02x. The hall is 80 metres long. 25~
A cross-section of the hall is shown in the figure. 20 1
An air-conditioning company wishes to find the
volume of the hall so that a suitable system may 101
be installed. Find this volume. >

-20 =10 O 10 20 x (metres)
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9 An aircraft hangar has the cross-section A
illustrated. The roof has the shape of (metres) To— 20
the function f: [-15, 15] — R where

£(x) = 20 — 0.06:2. 15
a Find the area of the cross-section. 101
b Find the volume of the hangar if it is 51

100 metres long.

“15-10 -5 O 5 10 15 x (metres)

10 A long trough with a parabolic cross-section is 1% metres wide at the top and 2 metres
deep. Find the depth of water when the trough is half full.

11 A sculpture has cross-section as shown. The
equation of the curveisy =3 — 3 cos(g) for A
x € [-3m, 3xt]. All measurements are in metres.

a Find the maximum value of the function and
hence the height of the sculpture.

b The sculpture has a flat metal finish on one face,

which in the diagram is represented by the region -3n o 3n *
between the curve and the x-axis. Find the area of
this region.
¢ There is a strut that meets the right side of the curve at right angles and passes
through the point (9, 0).
i Find the equation of the normal to the curve where x = a.
ii Find, correct to three decimal places, the value of a if the normal passes
through (9, 0).
12 The graph shows the number of litres per minute 4
of water flowing through a pipe against the dt
number of minutes since the machine started. 12
The pipe is attached to the machine, which 10
requires the water for cooling. 8
The curve has equation 2
av Tt . (Tt 2
7 3[cos(?)+sm(§)+2] . : . . -
ol s 10 15 20
a What is the rate of flow of water when:
ir=0 i r=2 iii =47
b Find, correct to three decimal places, the maximum and minimum flow through
the pipe.
¢ Find the volume of water which flows through the pipe in the first 8 minutes.
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m The fundamental theorem of calculus

The derivative of the area function

Let f: [a,b] — R be a continuous function such that f(x) > 0 %
for all x € [a, b].

We define the function A geometrically by saying that A(x) is
the measure of the area under the curve y = f(x) between a
and x. We thus have A(a) = 0. We will see that A’(x) = f(x),
and thus A is an antiderivative of f.

A(x+h) — A(x)
h

By our definition of A(x), it follows that A(x + h) — A(x) is the %

area between x and x + h. |

|

First consider the quotient for h > 0.

Let ¢ be the point in the interval [x, x + /] such that f(c) > f(z)
for all z € [x, x + K], and let d be the point in the same interval
such that f(d) < f(z) for all z € [x, x + h].

> X
x ¢ dx+h

Thus f(d) < f(z) < f(c) forall z € [x, x + h].
Therefore hf(d) < A(x + h) — A(x) < hf(c).

That is, the shaded region has an area less than the area of the rectangle with base / and
height f(c) and an area greater than the area of the rectangle with base / and height f(d).

Dividing by h gives
A(x + h) — A(x)
fld) < — S fo
As h — 0, both f(c) and f(d) approach f(x).
Thus we have shown that A’(x) = f(x), and therefore A is an antiderivative of f.

Now let G be any antiderivative of f. Since both A and G are antiderivatives of f, they must
differ by a constant. That is,

Ax)=G(x)+k

where k is a constant. First let x = a. We then have
0=A() =G(a)+k

and so k = —G(a).

Thus A(x) = G(x) — G(a), and letting x = b yields
A(b) = G(b) - G(a)

The area under the curve y = f(x) between x = a and x = b is equal to G(b) — G(a), where
G is any antiderivative of f.
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11K The fundamental theorem of calculus 521

A similar argument could be used if f(x) < 0 for all x € [a, b], but in this case we must take
A(x) to be the negative of the area under the curve. In general:

Fundamental theorem of calculus

If f is a continuous function on an interval [a, b], then
[ fx) dx = G(b) - G(@)

where G is any antiderivative of f.

The area as the limit of a sum

Finally, we consider the limit of a sum in a special case. This discussion gives an indication
of how the limiting process can be undertaken in general.

Notation

We first introduce a notation to help us express sums. We do this through examples:
3
2=12+224+32

i=1

5

ZX,’ =X +XxX2+ X3+ x4+ X5

i=1

n

D Hf() = X1 () + 22 f () + x5 f(X3) + -+ X f(x)

i=1
The symbol } is the uppercase Greek letter ‘sigma’, which is used in mathematics to

denote sum.

The area under a parabola

Consider the graph of y = x>. We will find the %
area under the curve from x = 0 to x = b using a A y=x
technique due to Archimedes.

Divide the interval [0, b] into n equal subintervals:

o2} 2222 2502

nl'ln”nl ln n n

Each subinterval is the base of a rectangle with =]
height determined by the right endpoint of the 0 % 27[7 37[7 b
subinterval.

2 2p\2 2
Area of rectangles = b [([3) + (_b) + (%) +
nl\n n n

b (b 42 9p? n’b?
(n2 w2 e )
3

b
=n—3(1+4+9+---+n2)
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There is a rule for working out the sum of the first n square numbers:

n

it = g(n + D2+ 1)

i=1

b <
Area of rectangles = — > i°
rea o1 rec ang (&) . Zl

3 1
As n becomes very large, the terms — and — become very small. We write:
n n
b’ 3 1 b’
li —(2+—+—)=—
fard n  n? 3 5

We read this as: the limit of the sum as n approaches infinity is ER
b3
Using n left-endpoint rectangles, and considering the limit as n — oo, also gives the area ER

The signed area enclosed by a curve

This technique may be applied in general to a continuous function f on an interval [a, b]. For
convenience, we will consider an increasing function.

Divide the interval [a, b] into n equal subintervals. %

Each subinterval is the base of a rectangle with A y=f(x)
its ‘height’ determined by the left endpoint of the
subinterval.

The contribution of rectangle R, is (x; — xp) f(xo)-

Y
=

. . . a=Xy X
Since f(xp) < 0, the result is negative and so we

(0] b
have found the signed area of R;. /24

The sum of the signed areas of the rectangles is
n—1
b—a
. Z(; flx)

If the limit as n — oo exists, then we can make the following definition:

n—1
o= pim (5 5 )

We could also have used the right-endpoint estimate: the left- and right-endpoint estimates

will converge to the same limit as n approaches infinity. Definite integrals may be defined
as the limit of suitable sums, and the fundamental theorem of calculus holds true under this
definition.
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Chapter summary

Antidifferentiation

.
Assign- m To find the general antiderivative:
men If F'(x) = f(x), then / f(x) dx = F(x) + ¢, where c is an arbitrary real number.

¥ m Basic antiderivatives:
Nrich r+1

[xdx=2—+c where r € Q \ {~1)
r+1

1 1
/ dx = ~log,(ax+b)+c forax+b>0
ax+Db a

1
fax+b dx = Eloge(—ax—b)+c forax+b <0
1 1
/ dx = -log,lax+bl+c forax+b+0
ax+b a
1
fekx dx = %ek" +c where k # 0
. 1
/ sin(kx) dx = % cos(kx) + ¢ where k # 0
1 .
f cos(kx) dx = p sin(kx) + ¢ where k # 0

m Properties of antidifferentiation:

o [f)+g@dx=[f(x)dx+ [g(x)dx

° f kf(x)dx=k f f(x) dx, where k is a real number
Integration

= Numerical methods for approximating the area under a graph: Divide the interval [a, b] on
the x-axis into n equal subintervals [a, x;], [x1, x2], [x2, X3], . - ., [X4—1,D].

e Left-endpoint estimate
b—a
Ly = —=[fCo) + f0r) + -+ fln)]
e Right-endpoint estimate

b —
Ry = 22 [ fan) + fla) + -+ £
n

e Trapezium rule
b—

T, = 22 [ f0) 4 2£(r0) + 2 (ea) -+ + 2f () + £

m Definite integral The signed area enclosed by the graph of y = f(x) between x = a and
x = bis denoted by [ f(x) dx.
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m Fundamental theorem of calculus
If f is a continuous function on an interval [a, b], then

fab f(x) dx = [G()]) = G(b) - G(a)

where G is any antiderivative of f.

= Finding areas:
o If f(x) > 0 for all x € [a, b], then the area of the region contained between the curve,

the x-axis and the lines x = @ and x = b is given by fa ’ f(x) dx.

o If f(x) < 0forall x € [a, b], then the area of the region contained between the curve,
the x-axis and the lines x = @ and x = b is given by — /a b f(x) dx.

o If c € (a,b) with f(c) = 0 and f(x) > 0 for x € (c, b] and y

f(x) <0 for x € [a, c), then the area of the shaded region is
. b ¢
given by fc f(x) dx + (— fa f(x) dx). ) /(

o To find the area of the shaded region bounded by y
the two curves and the lines x = a and x = b, use

[ rydx— [ gy dx= [ fx) — g(x) dx

where f and g are continuous functions on [a, b]
such that f(x) > g(x) for all x € [a, b].

w Properties of the definite integral:

[y dx= [ foy dx+ [ f(0) dx
[y dx=0

[Tk fo) de=k [ fx) da

10+ g dx = [ ) dxx [ 9o dx
S re dx == [ fo dx

1

m The average value of a continuous function f for an interval [a, b] is

b_a/abf(x)dx.

Technology-free questions

1 Evaluate each of the following definite integrals:

I
a /23x3dx b f_T%[sinGde

4q 1 1 . ..
c fa (a2 — x2) dx, where a is a positive constant
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4 3 3 z
d [ —-5Vx—-x2dx e [*cos(20) do
1 X 0
il > in2f0+ ) do
LY by g /0 sin ( + Z)
h [ sin(40) d6
. 2 . 2
2 Find [ x+2f(x) dxif [ f(x)dx=5.
. 5 . 1 5
3 Find [ f(x) dxif [ f(x) dx=-2and [’ f(x)dx=1.
4 Find [ f00 dxif [ f(0)dx=2and [* f(x) dx = 6.
5 Evaluate fOZ(x + 1) dx.
6 Evaluate [ (3x+ 1) dx.
7 Find [ fGx) dxif [ f(x) dx=S5.

8 Find [ fGx+ 1) dxif [* f(x) dx=S5.

9 a Using four intervals use the y
trapezium rule to approximate
/04 x? — 4 dx. (Graph shown 12
opposite)
Note: Remember to use signed
area for the trapezium and
triangle that lie below the
X-axis. 5
b Calculate the exact value of
/04 x* — 4 dx.

¢ Use the trapezilglm rule to
approximate /0 x* =8 dx. Use 6

strips.
-4

10 Set up a sum of definite integrals that represents the total shaded area between the

curves y = f(x) and y = g(x).
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11 The figure shows the curve y = x> and the y
straight line 2x + y = 15. Find: A
a the coordinates of P and Q \

b the area of the shaded region.

12 The figure shows part of the
curve y = —. Find:
X
a the area of region A

b the value of p for which
the regions B and C are of
equal area.

12 Find the area of the shaded

region.
o

14 The figure shows part of the curve x = 6y — y* y

and part of the line y = x. A

a Find the coordinates of A and B. \A

b Find the area of region P. B

¢ Find the area of region Q. P

0
> X
o

15 a Sketch the graphof y = e + 1 3nd clearly indicate, by shading the region, the area
given by the definite integral fo e* +1dx.

2
b Evaluate /0 e*+1dx.
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16 a Sketch the graphsof y=e¢ ™ and y = ¢* onzthe one set oof axes and clearly indicate,
by shading the region, the area given by fo e dx+ /_ , e dx.

2 0
b Evaluate /0 e Xdx+ f_ 5 e* dx.

1 X
17 a Evaluate /0 e* dx. y
b By symmetry, find the area of the region A
shaded in the figure.

18 What is the average square root of the numbers in the interval [1,4]?

19 Sketch the graph of f(x) = 2¢** + 3 and find the area of the region enclosed between the
curve, the axes and the line x = 1.

20 Sketch the graph of y = x(x —2)(x + 1) and find the area of the region contained between
the graph and the x-axis. (Do not attempt to find the coordinates of the turning points.)

21 Consider the functions y
A
fy=e=2 /
glx)=—-€e"+2
Find the area of the shaded region
bounded by the graphs of f and g and —— In2 5 =
the line x = 3 2

5.

22 Let f(x) = 6 — e~?*. The diagram shows part
of the graph of f and also shows the normal to
the graph of f at the point (0, 5).

>

a Find the coordinates of points C and D.
b Find the area of the shaded region.
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23 Part of the graph of y = 2sin(swtx) + 1 is shown. y
a Find the coordinates of points C and D. 0

b Find the total area of the shaded regions. 3

21

24 The diagram shows the graphs of Y
12
f(x) =8 —xand g(x) = —.
X
a Find the coordinates of the points

of intersection of the two graphs. \8
b Find the area of the shaded region.

o 8
25 Evaluate each of the following definite integrals:
2 . -1 1
a/oe + xdx b/_2x+x_1dx
cf%sinx+xdx d/_sex+ ! dx
0 —4 2—-2x

Multiple-choice questions

1 An equivalent expression for /02 3f(x) +2dxis

A3 [7F00) dr+3x B3 [ f()dr+x C 3 [ fr)dr+4
D 3f(x)+4 E [0 det4

2 If F(x) is an antiderivative of f(x) and F(3) = 4, Then F(5) is equal to
A f/(5) B f(5)+4 C [ f0)+4dx
D [ f(x)dx+4 E [ 00 dx+dx

3 The average value of f(x) = x> = 2x2 over the interval [0, a] is % The value of a is

7 1
A B — C D - E -1
12 3 3

SN
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4 An expression using integral notation for the
area of the shaded region shown is

A [ f) - g da
B [ f0) - g da+ [ g(x)~ f(x) dx
¢ [0 - g dx
D [ F@) - g0 dx+ [ () - g(x) dx
E [ S0 - g0 du+ [ g~ f() dx

d
5 An expression for y if d_y o +landy=1whenx=0is
X

2
ax® »
Ay:T+x+1 B y=a Cy=ax+x-1
Dy=ax’+x+a Ey=ax’+ax+a

2
6 The function f such that f'(x) = —6sin(3x) and f(?n) =3 is given by f(x) =

A —18cos(3x) + 21 B -2cos(2x)+5 C —2sin(3x) + 1
D 2cos(3x) +1 E 2sin(4x)+3

7 1 [Lf()dx=2and [ f(x)dx=6then [ f(x) dxis equal to
A0 B 2 C 4 D38 E 4

d d
8 If—y:ae"‘+2andwhenx=0,—y:Sandyz1,thenwhenx=2,y=
dx dx

A—i+2 B—%+4 c—%+8 D 3¢’ +4 E 3¢ +8
e e

o2
9  The rate of flow of water from a tap follows the rule R(¢) = 5e%!, where R(¢) litres
per minute is the rate of flow after # minutes. The number of litres, to the nearest litre,
which flowed out in the first 3 minutes is

A0 B 5 C 13 D 50 E 153

10 Gardeners have 200m of fence wire. They want to use all of this wire to enclose a
rectangular area. Of all the possible rectangular areas they could enclose, what is their
average area? (Answer to the nearest integer)

A 1134 m? B 1147 m? C 1667 m?
D 11845 m? E 2425 m?
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1
11 Let f(x) = —Ex“ +2x%. y
A

3147
Given that /25 f(x)dx = and that A is the 16} /

[S]
]
3

. . 5 .
trapezium estimate for /2 f(x) dx using three

=
s 3
.

EN

strips, — Aisequal to

14
80
2

20 20 20 229 | 230
220 219 218 160 216

2

o 1 2 3 4 5|6
12 The graph represents the %
function y = sin x where A
0 < x < 2m. The total area of the
shaded regions is
A % cosa
B 2cosa n—a n o
! o e n+a
C (I —cosa)
D 2(1 —cosa)
E 2sin’a
Extended-response questions
1 The diagram shows part of the curve with equation y
B 1 A
yEIT2 A
The point C has coordinates (2, 0). Find:
a the equation of the tangent to the curve at point A
b the coordinates of the point 7 where this tangent B ¢ >
: 0 (2,0)
meets the x-axis
¢ the coordinates of the point B where the curve meets the x-axis
d the area of the region enclosed by the curve and the lines AT and BT
e the ratio of the area found in part d to the area of the triangle AT C.
BN 978-1-009-11049-5 © Michael Evans et al 2023 Cambridge University Press

otocopying is restricted under law and this material must not be transferred to another party.



Chapter 11 review 531

2 a Inthe figure, the point P is on the curve y = x°. y
Prove that the curve divides the rectangle OM PN into A y=x2
two regions whose areas are in the ratio 2:1.
N P
> X
o M
1
b 1In the figure, the point P is on the curve y = x2. y
Prove that the area of the shaded region is two-thirds A
the area of the rectangle OMPN. P 1
N 7 = x>
o T

¢ Consider a point P on the curve y = x", with PM and PN the perpendiculars
from P to the x-axis and the y-axis respectively. Prove that the area of the region

of the area of the

1
enclosed between PM, the x-axis and the curve is equal to |
n
rectangle OMPN.

3 a Find the area enclosed between the parabolas y
y = x?and y* = x. A x=)"

b Show that the curves with equations y = x"* and
" = x intersect at (1, 1), wheren = 1,2,3,....

¢ Show that the area of the region contained
n—1

between the curves y = x" and y" = x is |
n

d Find the area of the region indicated by horizontal

> X

shading in the diagram. 0 M
e Use your result from ¢ to find the area of the region between the curves for n = 10,
n = 100 and n = 1000.

f Describe the result for n very large.

4 Ttis thought that the temperature, 0, of a piece of charcoal in a barbecue will increase at
a0 — Q260

dt
a If the charcoal starts at a temperature of 30°C, find the expected temperature of the

charcoal after 3 minutes.
b Sketch the graph of 0 against 7.
¢ At what time does the temperature of the charcoal reach 500°C?

0 . .. L
a rate T given by , where 0 is in degrees and 7 is in minutes.

d Find the average rate of increase of temperature from ¢t = 1 to t = 2.
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5 Itis believed that the velocity of a certain subatomic particle ¢ seconds after a collision
will be given by the expression

dx .
— =ve!, v=5x10"m/s
dt /
where x is the distance travelled in metres.
a What is the initial velocity of the particle?

b What happens to the velocity as t — oo (i.e. as ¢t becomes very large)?

0

How far will the particle travel between ¢ = 0 and ¢ = 20?

o

Find an expression for x in terms of ¢.

Sketch the graph of x against 7.

—3x

Differentiate ¢~3* sin(2x) and e~3* cos(2x) with respect to x.

-3

Hence show that
e sin(2x) + ¢ = =3 [ e sin(2x) dx +2 [ e cos(2x) dx
and e ¥cos(2x) + ¢y = -3 f 3% cos(2x) dx — 2 / e 3 sin(2x) dx

¢ Use the two equations from b to determine / e 3 sin(2x) dx.

7 The curves y = 3sinx and y = 4 cos x, where y
0 < x < 7, intersect at a point A. A
a If x = a at the point of intersection of the 41
two curves: 3

i Find tana. A

ii Hence find sin a and cos a.

b Hence find the area of the shaded region
in the diagram.

d e
8 a Ify=xlog,x, find d_y Hence find the value of fl log, x dx.
X

d
b If y = x(log, x)", where n is a positive integer, find d_y
X

¢ Letl, = fle(loge x)" dx. For n > 1, show that [, + nl,,_; = e.
e
d Hence find the value of /1 (log, x)3 dx.

9 The curves y2 =axand x* = by, where a and b are both positive, intersect at the origin
and at the point (r, s). Find » and s in terms of a and b. Prove that the two curves divide
the rectangle with corners (0, 0), (0, s), (r, s), (r, 0) into three regions of equal area.

10 a Sketch the graph of f(x) = 2sinx — 1 for _7“ <x< g

x
b Evaluate /06 f(x) dx and indicate the area given by this integral on the graph of a.
¢ Find the inverse function f~'.

d Evaluate /01 f1(x) dx and indicate the area given by this integral on the graph of a.
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11 A teacher attempts to draw a quarter circle
of radius 10 on the white board. However,
the first attempt results in a curve with
equation y = el%(lO - X).
The quarter circle has equation y = V100 — x2.
a Find % for both functions.

Find the gradient of each of the functions

when x = 0. 0 X
Find the gradient of y = el%(lO — x) when x = 10.
Find the area of the shaded region correct to two decimal places using a calculator.
Find the percentage error for the calculation of the area of the quarter circle.

- 0 QQ O

The teacher draws in a chord from (0, 10) to
(10, 0). Find the area of the shaded region
using a calculator.

g 1 Use the result that the derivative of
eT0(10 - x) is —e10 + %e%(lo — )
tofind [ 10(10 - x) dx by analytic
techniques.

ii Find the exact area of the original shaded 19) '
region and compare it to the answer of d.

12 A water-cooling device has a system of water circulation for the first 30 minutes of its
operation. The circulation follows the following sequence:
m For the first 3 minutes water is flowing in.
m For the second 3 minutes water is flowing out.
m For the third 3 minutes water is flowing in.

This pattern is continued for the first 30 minutes. The rate of flow of water is given by
the function

—f
R(t) = 10eT0 sin(%t)

where R(t) litres per minute is the rate of flow at time # minutes. Initially there are
4 litres of water in the device.

a i Find R(0). ii Find R(3).

b Find R'(?).

¢ i Solve the equation R’(¢) = 0 for 7 € [0, 12].

ii Find the coordinates of the stationary points of y = R(?) for ¢ € [0, 12].
Solve the equation R(¢) = 0 for 7 € [0, 12].

Sketch the graph of y = R(¢) for ¢ € [0, 12].

i How many litres of water flowed into the device for ¢ € [0, 3]?

- 0 Q

it How many litres of water flowed out of the device for € [3, 6]?
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iii How many litres of water are in the device when ¢ = 6? (Remember there are
initially 4 litres of water.)

£ How many litres of water are there in the device when ¢ = 30?

13 a Use the identities cos(2x) = 2 cos? x — 1 and cos(2x) = 1 — 2 sin® x to show that

1 —cos(2x) —secx—1
1+ cos(2x)
1 —cos(2x)

p1g
b Hence evaluate /(;4 m X.
X
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