The binomial distribution

.

Objectives

» To define a Bernoulli sequence.

» To review the binomial probability distribution.

» To investigate the shape of the graph of the binomial probability distribution for
different values of the parameters.

» To calculate and interpret the mean, variance and standard deviation for the binomial
probability distribution.

» To use the binomial probability distribution to solve problems.

The binomial distribution is important because it has very wide application. It is concerned
with situations where there are two possible outcomes, and many ‘real life’ scenarios of
interest fall into this category.

For example:

m A political poll of voters is carried out. Each polled voter is asked whether or not they
would vote for the present government.

m A poll of Year 12 students in Victoria is carried out. Each student is asked whether or not
they watch the ABC on a regular basis.

m The effectiveness of a medical procedure is tested by selecting a group of patients and
recording whether or not it is successful for each patient in the group.

m Components for an electronic device are tested to see if they are defective or not.

The binomial distribution has application in each of these examples.

We will use the binomial distribution again in Chapter 17, where we further develop our
understanding of sampling.
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600 Chapter 14: The binomial distribution

m Bernoulli sequences and the binomial probability
distribution

An experiment often consists of repeated trials, each of which may be considered as having

only two possible outcomes. For example, when a coin is tossed, the two possible outcomes
are ‘head’ and ‘tail’. When a die is rolled, the two possible outcomes are determined by the

random variable of interest for the experiment. If the event of interest is a ‘six’, then the two
outcomes are ‘six’ and ‘not a six’.

A Bernoulli sequence is the name used to describe a sequence of repeated trials with the

following properties:

m Each trial results in one of two outcomes, which are usually designated as either a
success, S, or a failure, F.

m The probability of success on a single trial, p, is constant for all trials (and thus the
probability of failure on a single trial is 1 — p).

m The trials are independent (so that the outcome of any trial is not affected by the
outcome of any previous trial).

Suppose that a netball player has a probability of % of scoring a goal each time she
attempts to goal. She repeatedly has shots for goal. Is this a Bernoulli sequence?

Solution

In this example:

m Each trial results in one of two outcomes, goal or miss.

m The probability of scoring a goal (%) is constant for all attempts, as is the probability of
a miss (%).

m The trials are independent (so that the outcome of any trial is not affected by the

outcome of any previous trial).

Thus, the player’s shots at goal can be considered a Bernoulli sequence.

The binomial probability distribution

The number of successes in a Bernoulli sequence of 7 trials is called a binomial random
variable and is said to have a binomial probability distribution.

For example, consider rolling a fair six-sided die three times. Let the random variable X be
the number of 3s observed.

Let T represent a 3, and let N represent not a 3. Each roll meets the conditions of a Bernoulli
trial. Thus X is a binomial random variable.
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14A Bernoulli sequences and the binomial probability distribution 601

Now consider all the possible outcomes from the three rolls and their probabilities.

Outcome Number of 3s Probability

T X=3 §X§Xg | Pr(X=3)=()
TTN X=2 Ixlys

TNT X=2 Ex2Ixd | Pr(X=2)=3x(3)*x2
NTT X=2 Sxlxl

TNN X=1 Ixsxs

NN x=1 xdxd | B =D=3xgxp
NNT X=1 Sx3ixl

NNN X=0 2x3x2 | PrX=0)=(2)

Thus the probability distribution of X is given by the following table.

X 0 1 2 3
5

12. 75 1 1
Pr(X = x) T 36 | 316 | 216

W

[\S]
[=)}
[=)}

216

Instead of listing all the outcomes to find the probability distribution, we can use our
knowledge of selections from Mathematical Methods Units 1 & 2 (revised in Appendix B).

Consider the probability that X = 1, that is, when exactly one 3 is observed. We can see from
the table that there are three ways this can occur. Since the 3 could occur on the first, second
or third roll of the die, we can consider this as selecting one object from a group of three,

3
which can be done in (1) ways.
Consider the probability that X = 2, that is, when exactly two 3s are observed. Again from

the table there are three ways this can occur. Since the two 3s could occur on any two of the
three rolls of the die, we can consider this as selecting two objects from a group of three,

which can be done in (;) ways.

This leads us to a general formula for this probability distribution:

Pr(X = x) = (i) (é)x(g)%x x=0,1,2,3

This is an example of the binomial distribution.

If the random variable X is the number of successes in 7 independent trials, each with
probability of success p, then X has a binomial distribution, written X ~ Bi(n, p) and the
rule is

Pr(X:x):(n)px(l—p)"_x x=0,1,....n
X

where " _n—!
x] x!(n-x)!
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602 Chapter 14: The binomial distribution

[CNY Example2

Find the probability of obtaining exactly three heads when a fair coin is tossed seven
times, correct to four decimal places.

Solution
Obtaining a head is considered a success here, and the probability of success on each of
the seven independent trials is 0.5.

Let X be the number of heads obtained. In this case, the parameters are n = 7 and p = 0.5.
7
ETX = 5 = ( 3) (0.5)°(1 - 0.5

=35x(0.5)
=0.2734

(Using the TI-Nspire )

Use > Probability > Distributions > m

Binomial Pdf and complete as shown.

Binombal Pdr
Use or v to move between cells.
um nEs, m |_T | W |
Frab Sucerzs, pr a5 v
dwiakeat |3 ;-l

The result is as shown.

Note: You can also type in the command banom Pl 7,0.5,3) 02734375
and the parameter values directly if |
preferred.
\_ J

(Using the Casio ClassPad

m In :%n, g0 to Interactive > Distribution > Discrete
> binomialPDf.

¥R |
m Enter the number of successes and the parameters pateal :-,; |
as shown. Tap oK. pas o5

probshllly of sucrmss (0 <p < 13
& EdiL Actin libar et

& - T -

R TRt T EN TSR] i [ 3
Ma ATEAITE N
b | oK I Cancel
\_ J
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14A Bernoulli sequences and the binomial probability distribution 603

[CNY Example3

The probability that a person currently in prison has ever been imprisoned before is 0.72.
Find the probability that of five prisoners chosen at random at least three have been
imprisoned before, correct to four decimal places.

Solution

If X is the number of prisoners who have been imprisoned before, then
5
PriX =x) = ( )(0.72)" (0.28)°* x=0,1,...,5
X

and so

Pr(X >3)=Pr(X=3)+Pr(X =4) + Pr(X = 5)
= (2 ) (0.72)%(0.28)* + (i) (0.72)*(0.28)" + (z) (0.72)°(0.28)°

=0.8624

(Using the TI-Nspire

Use > Probability > Distributions > ]
Binomial Cdf and complete as shown.

1
Use or Vv to move between cells. ST |
Pink Success. o) 0 73
The result is shown below. Lovwsr Bioend: |2 I
vppEmna (s ]
binomCdt{3.0.72,,5) 0 BE1IEILTHL [cr-llcm.q
—

Note: You can also type in the command and the parameter values directly if preferred.

(Using the Casio ClassPad

Main
m In /g, go to Interactive > Distribution > Discrete izl
> binomialCDf.

Lowar |3

m Enter lower and upper bounds for the number of Lepar |5

successes and the parameters as shown. Tap oK. Mamiris |5
pos 0. 72

Edi i i ;
':-:-'FF '1'ﬁ;[“I'T:E*T'|'-:'!-'H_ prebebifity of necss (B2 5 1)

binomialCDE (3, 5., 5, 0. 73) [ & |
n.sazzszivER L -
o ﬁl || x ] | Cance’ J
\_ J
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604 cChapter 14: The binomial distribution

The binomial distribution and conditional probability

We can also use the binomial distribution to solve problems involving conditional
probabilities.

The probability of a netballer scoring a goal is 0.3. Find the probability that out of six
attempts the netballer scores a goal:

a four times

b four times, given that she scores at least one goal.

Solution

Let X be the number of goals scored.
Then X has a binomial distribution with n = 6 and p = 0.3.

a Pr(Xx=4)= (2) (0.3)4(0.7)%

= 15 x 0.0081 x 0.49
= 0.059535
PriX=4NnX2>1)
Pr(X > 1)
_Pr(X=4)
Pr(X > 1)
_ 0.059535
1-0.76
= 0.0675

b PriX=4|X2>1)=

since Pr(X > 1)=1—-Pr(X =0)

Summary 14A
m A Bernoulli sequence is a sequence of trials with the following properties:
e Each trial results in one of two outcomes, which are usually designated as either a
success, S, or a failure, F.
e The probability of success on a single trial, p, is constant for all trials (and thus the
probability of failure on a single trial is 1 — p).
o The trials are independent (so that the outcome of any trial is not affected by the
outcome of any previous trial).
m The number of successes, X, in sequence of n Bernoulli trials is called a binomial
random variable and has a binomial probability distribution, written X ~ Bi(n, p)
and:

Pr(X:x):(n)px(l—p)"_x x=0,1,....n
X
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14A 14A Bernoulli sequences and the binomial probability distribution 605

sheet
1 Which of the following describes a Bernoulli sequence?

a tossing a fair coin many times

Exam b drawing balls from an urn containing five red and three black balls, replacing the
ple1

chosen ball each time
¢ selecting people at random from the population and noting their age

d selecting people at random from the population and noting their sex, male or female

Example2. 2 Find the probability of obtaining exactly four heads when a fair coin is tossed seven
times, correct to four decimal places.

3 For a binomial distribution with n = 4 and p = 0.2, find the probability of:

a three successes b four successes.

4 For a binomial distribution with n = 5 and p = 0.4, find the probability of:

a no successes b three successes c five successes.

5 Suppose that a fair coin is tossed three times, and the number of heads observed.
a Write down a general rule for the probability distribution of the number of heads.

b Use the rule to calculate the probability of observing two heads.

6 Suppose that X is the number of male children born into a family of six children.
Assume that the distribution of X is binomial, with probability of success 0.48.

a Write down a general rule for the probability distribution of the number of male
children.

b Use the rule to calculate the probability that a family with six children will have
exactly two male children.

Example 3 7 A fair die is rolled six times and the number of 2s noted. Find the probability of:

a exactly three 2s b more than three 2s ¢ at least three 2s.

8 Jo knows that each ticket has a probability of 0.1 of winning a prize in a lucky ticket
competition. Suppose she buys 10 tickets.

a Write down a general rule for the probability distribution of the number of winning
tickets.

b Use the rule to calculate the probability that Jo has:

i no wins ii at least one win.

9 Suppose that the probability that a person selected at random is left-handed is
always 0.2. If 11 people are selected at random for the cricket team:

a Write down a general rule for the probability distribution of the number left-handed
people on the team.

b Use the rule to calculate the probability of selecting:

i exactly two left-handers il no left-handers iii at least one left-hander.
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606 Chapter 14: The binomial distribution 14A

10 In a particular city, the probability of rain falling on any given day is %
a Write down a general rule for the probability distribution of the number of days of
rain in a week.
b Use the rule to calculate the probability that in a particular week rain will fall:

i every day ii not at all ifi on two or three days.

11 The probability of a particular drug causing side effects in a person is 0.2. What is the
probability that at least two people in a random sample of 10 people will experience
side effects?

12 Records show that x% of people will pass their driver’s license on the first attempt. If
six students attempt their driver’s license, write down in terms of x the probability that:

a all six students pass b only one fails ¢ no more than two fail.

13 A supermarket has four checkouts. A customer in a hurry decides to leave without
making a purchase if all the checkouts are busy. At that time of day the probability of
each checkout being free is 0.25. Assuming that whether or not a checkout is busy is
independent of any other checkout, calculate the probability that the customer will make
a purchase.

14 A fair die is rolled 50 times. Find the probability of observing:

a exactly 10 sixes b no more than 10 sixes ¢ atleast 10 sixes.

15 Find the probability of getting at least nine successes in 100 trials for which the
probability of success is p = 0.1.

16 A fair coin is tossed 50 times. If X is the number of heads observed, find:
a Pr(X =25) b Pr(X <25) ¢ Pr(X <10) d Pr(X > 40)

17 A survey of the population in a particular city found that 40% of people regularly
participate in sport. What is the probability that fewer than half of a random sample of
six people regularly participate in sport?

18 An examination consists of six multiple-choice questions. Each question has four
possible answers. At least three correct answers are required to pass the examination.
Suppose that a student guesses the answer to each question.

a What is the probability the student guesses every question correctly?
b What is the probability the student will pass the examination?

Example4 19 The manager of a shop knows from experience that 60% of her customers will use a
credit card to pay for their purchases. Find the probability that:
a the next three customers will use a credit card, and the three after that will not
b three of the next six customers will use a credit card
c at least three of the next six customers will use a credit card
d exactly three of the next six customers will use a credit card, given that at least three
of the next six customers use a credit card.
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14A 14B The graph, expectation and variance of a binomial distribution 607

20 A multiple-choice test has eight questions, each with five possible answers, only one of
which is correct. Find the probability that a student who guesses the answer to every
question will have:

a no correct answers
b six or more correct answers

¢ every question correct, given they have six or more correct answers.

21 The probability that a full forward in Australian Rules football will kick a goal from
outside the 50-metre line is 0.15. If the full forward has 10 kicks at goal from outside
the 50-metre line, find the probability that he will:

a kick a goal every time
b kick at least one goal

¢ kick more than one goal, given that he kicks at least one goal.

22 A multiple-choice test has 20 questions, each with five possible answers, only one of
which is correct. Find the probability that a student who guesses the answer to every
question will have:

a no correct answers
b 10 or more correct answers

¢ atleast 12 correct answers, given they have 10 or more correct answers.

@ The graph, expectation and variance of a
binomial distribution

We looked at the properties of discrete probability distributions in Chapter 13. We now
consider these properties for the binomial distribution.

The graph of a binomial probability distribution

A probability distribution may be represented as a rule, a table or a graph. We now
investigate the shape of the graph of a binomial probability distribution for different values of
the parameters »n and p.

A method for plotting a binomial distribution with a CAS calculator can be found in the
calculator appendices in the Interactive Textbook.

Construct and compare the graph of the binomial probability distribution for 20 trials
(n = 20) with probability of success:

ap=02
b p=05
c p=0.38
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608 Chapter 14: The binomial distribution

Solution

a For p = 0.2, the graph
is positively skewed.
Mostly from 1 to 8
successes will be
observed in 20 trials.

b For p = 0.5, the graph
is symmetrical (as the
probability of success
is the same as the
probability of failure).
Mostly from 6 to 14

successes will be
observed in 20 trials.

¢ For p = 0.8, the graph
is negatively skewed.
Mostly from 12 to 19
successes will be
observed in 20 trials.
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Expectation and variance

How many heads would you expect to obtain, on average, if a fair coin was tossed 10 times?

While the exact number of heads in the 10 tosses would vary, and could theoretically take
values from O to 10, it seems reasonable that the long-run average number of heads would

be 5. It turns out that this is correct. That is, for a binomial random variable X with n = 10

and p = 0.5,

E(X)=Zx-Pr(X=x)=5

X

In general, the expected value of a binomial random variable is equal to the number of

trials multiplied by the probability of success. The variance can also be calculated from the

parameters n and p.
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14B The graph, expectation and variance of a binomial distribution 609

If X is the number of successes in n trials, each with probability of success p, then the
expected value and the variance of X are given by

E(X) = np
Var(X) = np(1 - p)

While it is not necessary in this course to be familiar with the derivations of these formulas,
they are included for completeness in the final section of this chapter.

Example 6

An examination consists of 30 multiple-choice questions, each question having three
possible answers. A student guesses the answer to every question. Let X be the number of
correct answers.

a How many will she expect to get correct? That is, find E(X) = u.

b Find Var(X).

Solution

The number of correct answers, X, is a binomial random variable with parameters n = 30

and p = %

a The student has an expected result of w = np = 10 correct answers. (This is not enough
to pass if the pass mark is 50%.)

b Var(X) = np(1l — p)

1 2 20
=30X =X - = —

33 3
Example 7

The probability of contracting influenza this winter is known to be 0.2. Of the 100
employees at a certain business, how many would the owner expect to get influenza?
Find the standard deviation of the number who will get influenza and calculate u + 20.
Interpret the interval [u — 20, w + 20] for this example.

Solution
The number of employees who get influenza is a binomial random variable, X, with
parameters n = 100 and p = 0.2.

The owner will expect w = np = 20 of the employees to contract influenza.

The variance is

2
0" =np(1l - p)
=100x0.2 x0.8
=16
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610 Chapter 14: The binomial distribution

Hence the standard deviation is
o=Vi6=4
Thus

w+20=20+(2x4)
=20=%8

14B

The owner of the business knows there is a probability of about 0.95 that from 12 to 28 of

the employees will contract influenza this winter.

Summary 14B

If X is the number of successes in n trials, each with probability of success p, then the

expected value and the variance of X are given by
m E(XX)=np
® Var(X) = np(l - p)

Exercise 14B

Example5 1 Plot the graph of the probability distribution

Pr(X:x):(’;)px(l P x=0,1,....n

forn = 8 and p = 0.25.

2 Plot the graph of the probability distribution

Pr(sz)z(n)px(l—p)”_x x=0,1,....n
X

forn =12 and p = 0.35.

3 a Plot the graph of the probability distribution
Pr(X = x) = (Z)pxa _pr x=0,1,....n
forn =10 and p = 0.2.
b On the same axes, plot the graph of
Pr(X = x) = (Z)pxa o x=0,1,....n
for n = 10 and p = 0.8, using a different plotting symbol.

¢ Compare the two distributions.

d Comment on the effect of the value of p on the shape of the distribution.
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14B 14C Finding the sample size 611

Example 6 4  Find the mean and variance of the binomial random variables with parameters:

an=25 p=02 b n=10, p=0.6
1
cn:500,p:§ d n=40, p=20%

5 A fair die is rolled six times.

a Find the expected value for the number of sixes obtained.

b Find the probability that more than the expected number of sixes is obtained.

6 The survival rate for a certain disease is 75%. Of the next 50 people who contract the
disease, how many would you expect would survive?

7 A binomial random variable X has mean 12 and variance 9. Find the parameters n
and p, and hence find Pr(X = 7).

8 A binomial random variable X has mean 30 and variance 21. Find the parameters n
and p, and hence find Pr(X = 20).

Example7 9 A fair coin is tossed 20 times. Find the mean and standard deviation of the number
of heads obtained and calculate p + 20. Interpret the interval [u — 20, w + 20] for this
example.

10 Records show that 60% of the students in a certain state attend government schools. If a
group of 200 students are to be selected at random, find the mean and standard deviation
of the number of students in the group who attend government schools, and calculate
u + 20. Interpret the interval [w — 20, w + 20] for this sample.

@ Finding the sample size

While we can never be absolutely certain about the outcome of a random experiment,
sometimes we are interested in knowing what size sample would be required to observe a
certain outcome. For example, how many times do you need to roll a die to be reasonably
sure of observing a six, or how many lotto tickets must you buy to be reasonably sure that
you will win a prize?

Example 8

The probability of winning a prize in a game of chance is 0.48.

a What is the least number of games that must be played to ensure that the probability of
winning at least once is more than 0.95?

b What is the least number of games that must be played to ensure that the probability of
winning at least twice is more than 0.95?
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612 Chapter 14: The binomial distribution

Solution
Since the probability of winning each game is the same each time the game is played, this
is an example of a binomial distribution, with the probability of success p = 0.48.

a The required answer is the smallest value of n such that Pr(X > 1) > 0.95.
Pr(X > 1) > 0.95
o 1-Pr(X=0)>0095
=3 Pr(X = 0) < 0.05
=) 0.52" < 0.05 since Pr(X = 0) = 0.52"
This can be solved by taking logarithms of both sides:

log,(0.52") < log,(0.05)
nlog,(0.52) < log,(0.05)

log,(0.05) _
log,(0.52)

Thus the game must be played at least five times to ensure that the probability of

4.58

winning at least once is more than 0.95.

b The required answer is the smallest value of n such that Pr(X > 2) > 0.95, or
equivalently, such that

Pr(X < 2) < 0.05
We have
Pr(X <2)=Pr(X=0)+Pr(X = 1)
- (g) 0.48°0.52" + ('1’) 0.48'0.52""!
=0.52" + 0.48n(0.52)""!
So the answer is the smallest value of n such that

0.52" + 0.48n(0.52)"' < 0.05

This equation cannot be solved alge-

braically; but a CAS calculator can be used
to find the solution n > 7.7985 . ...

Thus the game must be played at least
eight times to ensure that the probability of

& salvel{0.52)" 4 048 (0.52)" Y mpu05]
p=-10S6182713 or n=7.7985 06041

winning at least twice is more than 0.95.

The following calculator inserts give a solution to part b of Example 8. Similar techniques
can be used for part a. For further explanation, refer to the calculator appendices in the
Interactive Textbook.
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14C Finding the sample size 613

(Using the TI-Nspire )

To find the smallest value of n such that Pr(X > 2) > 0.95, where p = 0.48:

Pr(X <1) <0.05. Hum Trials
m Use (menu)> Probability > Distributions >
Inverse Binomial N and complete as shown

Cumulabve=rob: |:.I.':I‘: | L |

. b )| Pt Sncwss, [0 2]
using or ¥ to move between cells. HESLEa | ; ]u_|

Unsnilsy Hestt; [#] -ahic Fam

BN -

Note: To help confirm that n = 8 satisfies
Pr(X < 1) < 0.05, select the matrix
display form iev Binom14(0,08,0,48,1,1) [

7 u.mﬁw-}?|
8 0.04482293)

g J

(Using the Casio ClassPad
To find the smallest value of n such that Pr(X > 2) > 0.95, where p = 0.48:

m In :%n, g0 to Interactive > Distribution > Discrete > binomialCDf.

m Enter bounds for the number of successes and the parameters as shown below.

] o o iction imersctie
Lower 3 Led[ 5 [l s o] 4 v r
Upgsr 3 'hl.nurml'l."'[!{i X%, 0. 48}
Mumtrial x

[Lai3 1}._43
probaésl 1ty of sctess (0 <9< 1)

=) [t ]

m Highlight and copy the expression.

m Go to the main menu hég and select the

:anurl' Hwet m—-a [Bhactd Shosih

Graph &Table application , B vl =l T 2w w 00 40)  — g

. . LiF i
m Paste the expression in y1.

. ey =l
m Tap on the table icon [EE|. N e
. L] 1, BEED
m Scroll down the table of values until the ] i: ;*:J;
robability first exceeds 0.95: the answer 1 2agd |
probabiliy e
=0 I3 S
. . 0, D5517A072 TAATER [ |
Note: To view larger values of x in the table, tap
S the |§¥] icon and set End at a larger value. )
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614 cChapter 14: The binomial distribution 14C

Skill-
sheet

Example 8

1

The probability of a target shooter hitting the bullseye on any one shot is 0.2.
a If the shooter takes five shots at the target, find the probability of:

i missing the bullseye every time
ii hitting the bullseye at least once.

b What is the smallest number of shots the shooter should make to ensure a probability
of more than 0.95 of hitting the bullseye at least once?

¢ What is the smallest number of shots the shooter should make to ensure a probability
of more than 0.95 of hitting the bullseye at least twice?

The probability of winning a prize with a lucky ticket on a wheel of fortune is 0.1.
a If a person buys 10 lucky tickets, find the probability of:

i winning twice

il winning at least once.

b What is the smallest number of tickets that should be bought to ensure a probability
of more than 0.7 of winning at least once?

Rex is shooting at a target. His probability of hitting the target is 0.6. What is the
minimum number of shots needed for the probability of Rex hitting the target exactly
five times to be more than 25%?

Janet is selecting chocolates at random out of a box. She knows that 20% of the
chocolates have hard centres. What is the minimum number of chocolates she needs
to select to ensure that the probability of choosing exactly three hard centres is more
than 10%?

The probability of winning a prize in a game of chance is 0.35. What is the fewest
number of games that must be played to ensure that the probability of winning at least
twice is more than 0.9?7

Geofl has determined that his probability of hitting ‘4’ off any ball when playing cricket
is 0.07. What is the fewest number of balls he must face to ensure that the probability of
hitting more than one ‘4’ is more than 0.8?

Monique is practising goaling for netball. She knows from past experience that
her chance of making any one shot is about 70%. Her coach has asked her to keep
practising until she scores 50 goals. How many shots would she need to attempt to
ensure that the probability of scoring at least 50 goals is more than 0.99?
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@ Proofs for the expectation and variance

In this section we give proofs of three important results on the binomial distribution.
The probabilities of a binomial distribution sum to 1.

Proof The binomial theorem, discussed in Appendix A, states that

(a+by =Yy (Z) a"kpk

k=0
Now, using the binomial theorem, the sum of the probabilities for a binomial random
variable X with parameters n and p is given by

DPrx=x)=) (Z) pr(1 = py
x=0 x=0
=((1-p+p) =) =1

Expected value

If X is a binomial random variable with parameters n and p, then E(X) = np.

Proof By the definition of expected value:

E(X) = Z : (n) pr(=p"™* by the distribution formula

x=0

i Z(:) (x‘ (n—x)! )px(l - expanding (Z)

= Z X ( ) pr(l-p)™ since the x = 0 term is zero
o x! (n

:;x (x(x_l)'(n )) (1-p)"™ since x! = x(x — 1)!

- n!
= (m) pr(1=py cancelling the xs

=
This expression is very similar to the probability function for a binomial random
variable, and we know the probabilities sum to 1. Taking out factors of n and p from
the expression and letting z = x — 1 gives

(-1
EX)=np ). (Z _ 1)px-1 (1-py
x=1
n—1 n—1 . i
=an( . )p (1-p)

Note that this sum corresponds to the sum of all the values of the probability function
for a binomial random variable Z, which is the number of successes in n — 1 trials
each with probability of success p. Therefore the sum equals 1, and so

E(X) =np
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Variance

If X is a binomial random variable with parameters n and p, then Var(X) = np(1 — p).

Proof The variance of the binomial random variable X may be found using
Var(X) = E(X?) - uz, where @ = np

Thus, to find the variance, we need to determine E(X?):

n

B = ) ¥ (’;) pr(L=py
x=0

=Zx2(#!_x)g)px(l_p)n_x

x=0
But x? is not a factor of x! and so we cannot proceed as in the previous proof for the
expected value.

The strategy used here is to determine E[X(X — 1)]:

n

E[X(X = )] = > x(x - 1)(’;) P =p

x=0

- gx(x ] Ferrey (n”!_ x)!)px (1-p)

- Z:‘x(x R vy (n"!_ o Jpraa-pr

since the first and second terms of the sum equal zero (when x = 0 and x = 1).

Taking out a factor of n(n — 1)p? and letting z = x — 2 gives

TP S A AR k) LI S DO
ELX(X - D] = n(n - Dp ;((x_z)!(n_x)!)p (1-p)
Zn—2 n-2 z n—2-z
=n(n-1)p Z( . )p (1-p)
z=0

Now the sum corresponds to the sum of all the values of the probability function for
a binomial random variable Z, which is the number of successes in n — 2 trials each
with probability of success p, and is thus equal to 1. Hence

E[X(X - 1)] = n(n - 1)p?
E(X?) - EX) = n(n - 1)p?
E(X?) = n(n - 1)p? + E(X)
=n(n-D)p*+np
This is an expression for E(X?) in terms of n and p, as required. Thus
Var(X) = E(X?) — u?
= n(n = 1)p* +np - (np)’
=np(l = p)
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Chapter summary

D = A Bernoulli sequence is a sequence of trials with the following properties:
$

o Each trial results in one of two outcomes, which are usually designated as either a

Assign- i
ment success, S, or a failure, F.
Ej o The probability of success on a single trial, p, is constant for all trials (and thus the
N:.ch probability of failure on a single trial is 1 — p).
o The trials are independent (so that the outcome of any trial is not affected by the
outcome of any previous trial).

m If X is the number of successes in n Bernoulli trials, each with probability of success p,
then X is called a binomial random variable and is said to have a binomial probability
distribution with parameters n and p. The probability of observing x successes in the
n trials is given by

Pr(X = x) = (”)pxa o x=0,1,....n
X
here " n
A = —
x/  xl(n-x)!
m If X has a binomial probability distribution with parameters »n and p, then
E(X) =np
Var(X) = np(1 - p)
m The shape of the graph of a binomial probability function depends on the values of n
1
! i '
Pt |
AT i i
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
0 2 4 6 8 10 12 14 16 18 20
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Technology-free questions

1 In a particular city, the probability of rain on any day in June is %, independent of
whether or not it rains on any other day. What is the probability of it raining on exactly
two of three randomly selected days in June?

2 An experiment consists of five independent trials. Each trial results in either a success
or a failure. The probability of success in a trial is p. Find, in terms of p, an expression
for the probability of exactly one success given there is at least one success.

3 A salesperson knows that 2 of the people who enter a particular shop will make a
purchase, independent of whether any other purchase is made. What is the probability
that of the next three people who enter the shop
a no-one will make a purchase?

b all three people will make a purchase, given that at least one person made a
purchase?

4 A machine has a probability of 0.1 of manufacturing a defective part. The parts are
packed in boxes of 20.

a What is the expected number of defective parts in a box?

b What is probability that the number of defective parts in the box is less than the
19

: a
expected number? Express you answer in the form —- where a, b and ¢ € Z*.
c

5 An experiment consists of four independent trials. Each trial results in either a success
or a failure. The probability of success in a trial is p.
a If the probability of at least one success is 0.9984, what is the value of p?

b Write down an expression for Pr(X = 2) in terms of p, and show that probability of
exactly two successes is maximised when p = 0.5.

6 The probability distribution for the number of flaws in a sheet of glass manufactured by
a certain factory is given in the following table:

X 0 1 2 3 4 5 6
Pr(X =x) | 0.05 020 | 025 | 0.30 | 0.10 | 0.05 0.05

If a sheet of glass has more than four flaws it will be rejected by the quality control
inspector.

a Find the probability that a randomly chosen sheet of glass will be rejected.

b Find the probability that if five randomly chosen sheets of glass, exactly one will be
4

b
rejected. Express you answer in the form a—5 where a, b and ¢ € Z™.
&
¢ If the manufacturer produces 200 sheets of glass per day, how many would be

expected to be acceptable?
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7 The probability that Jun Wei logs onto his computer successfully when he comes into
work in the morning is —. If he enters the wrong password he gets another two attempts
and if he is unsuccessful on all three attempts he is locked out and the member of the IT
team must be called to log him in.

a What is the probability that Jun Wei is locked out of his computer one day?

b What is the probability that on three randomly chosen days Jun Wei was locked out
3 b3

of his computer at least once? Express you answer in the form where a, b

andc € Z*.

3

Multiple-choice questions

1 A coin is biased such that the probability of a head is 0.6. The probability that exactly
three heads will be observed when the coin is tossed five times is

A 0.6x3 B (0.6)° C (0.6)%(0.4)2 D 10 x (0.6)3(0.4) E (z) (0.6)°

2 The probability that the 8:25 train arrives on time is 0.35. What is the probability that
the train is on time at least once during a working week (Monday to Friday)?
A 1-(0.65° B (0.35) c 1-(0.35°
D 5x(0.35)'(0.65)* E (0.65)°

3 A fair die is rolled four times. The probability that a number greater than 4 is observed

on two occasions is
Al 5 16 ol oL c 8
4 81 9 81 27
4 The probability that a person in a certain town has a tertiary education is 0.4. What is
the probability that, if 80 people are chosen at random from this town, less than 30 will
have a tertiary education?

A 0.7139 B 0.2861 C 0.0827 D 0.3687 E 0.3750

5 Let X be a discrete random variable, with binomial distribution X ~ Bi(5, p). An
expression for Pr(X < 1) is given by:
A (1-p)y'(l+4p) B 5p(1-p)* c d-py
D 1-(1-py E (1-p)*'+5p)

1
6 If X is a binomial random variable with parameters n = 18 and p = 3 then the mean
and variance of X are closest to

Aunu=6, 02=4 Bu=9 0°=4 Cu=6,0>=2
D u=6, 0>=16 Eunu=18, 0°=6
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620 Chapter 14: The binomial distribution

7 Which one of the following best represents the shape of the probability distribution of a
binomial random variable X with 10 independent trials and probability of success 0.7?

A B C

+

+
R

8 A fair coin is tossed 10 times. If the probability of three heads is m x (3)'° then the
value of m is

A3 B 10 C 60
D 120 E 210

9 Suppose that X is a binomial random variable with mean u = 4 and standard deviation

o = V3. The probability of success, p, in any trial is

1 1 1 3
B — C - D - E -

1
A —
3 V3 4 2 4

10 Suppose that X is the number of heads observed when a coin known to be biased
towards heads is tossed 10 times. If Var(X) = 1.875, then the probability of a head on
any one toss is

A 0.25 B 0.55 c 0.75 D 0.65 E 0.80

11 Batteries are packed in boxes of 50, and the mean number of defectives per box is 1.8.
Assuming that the the number of defective items per box is binomially distributed, the
probability of less than three defective batteries in a randomly selected box is

A 0.2684 B 0.5234 C 0.6754 D 0.7316 E 0.8949

12 A netballer can successfully shoot a goal from anywhere in the shooting circle with
probability of 0.7. She attempts 50 shots at goal, with the outcome of each shot
independent of any other shot. Given that she scores at least 35 goals, what is the
probability is the probability that she scores exactly 40 goals?

A 0.0679 B 0.0896 C 0.0688 D 0.0698 E 0.0684

Questions 13 and 14 refer to the following information.

The probability of Thomas beating William in a set of tennis is 0.24, and Thomas and
William decide to play a set of tennis every day for n days.

13  What is the fewest number of days on which they should play to ensure that the
probability of Thomas winning at least one set is more than 0.95?

A7 B 8 co D 10 E 11
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14  What is the fewest number of days on which they should play to ensure that the
probability of Thomas winning at least two sets is more than 0.95?

A 12 B 18 c 17 D 21 E 14

15 Let X be a discrete random variable, with binomial distribution X ~ Bi(n, p). The value
of the mean is twice the value of the standard deviation. Given that 0 < p < 1, the
smallest number of trials such that p < 0.04 is

A9 B 12 C o4 D 83 E 96

16 A discrete random variable X ~ Bi(n, p) has a mean of 8.4 and a variance of 5.46. The
values of n and p are:

A n=24and p =0.35 B n=12and p =0.70 Cn=12and p=0.35
D n=70and p =0.12 E n=284and p=0.10

Extended-response questions

1 In atest to detect learning disabilities, a child is asked 10 questions, each of which has
possible answers labelled A, B and C. Children with a disability of type 1 almost always
answer A or B on every question, while children with a disability of type 2 almost
always answer C on every question. Children without either disability have an equal
chance of answering A, B or C for each question.

a What is the probability that the answers given by a child without either disability will
be all As and Bs, thereby indicating a type 1 disability?

b A child is further tested for type 2 disability if he or she answers C five or more
times. What is the probability that a child without either disability will test positive
for type 2 disability?

2 A pizza company claims that they deliver 90% of orders within 30 minutes. If they take
more than 30 minutes to deliver, the pizzas are late and the the customer gets the pizza
free.

a If the company claim is correct, find the probability, correct to four decimal places,
that of the next 10 orders:

i exactly one pizza is delivered late?

ii more than one pizza is delivered late, given that at least one pizza is delivered
late?

b In a particular time period, the supervisor notes that there are 67 orders, and of these
12 are delivered late. Based on the data collected by the supervisor, what is your
estimate of the probability that a pizza is delivered late? Give your answer correct to
two decimal places.

¢ Suppose the supervisor wanted to ensure the management that the probability
of more than 1 in each 50 pizzas being delivered late is less than 3%. If p is the
probability of a pizza being delivered late, find the values of p required for this to be
true. Give your answer correct to three decimal places.
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3 a A sample of six objects is to be drawn from a large population in which 20% of the
objects are defective. Find the probability that the sample contains:

i three defectives ii fewer than three defectives.
b Another large population contains a proportion p of defective items.
i Write down an expression in terms of p for P, the probability that a sample of

six items contains exactly two defectives.

dP
il By differentiating to find s show that P is greatest when p = 3
p

4  Groups of six people are chosen at random and the number, x, of people in each group
who normally wear glasses is recorded. The table gives the results from 200 groups.

Number wearing glasses, x 0 1 2 3 4 5 6
Number of occurrences 17 53 65 45 18 2 0

a Calculate, from the above data, the mean value of x.

b Assuming that the situation can be modelled by a binomial distribution having the
same mean as the one calculated above, state the appropriate values for the binomial
parameters n and p.

¢ Hence find, correct to four decimal places:

i Pr(X=2) it Pr(X>2[X>1)

5 A sampling inspection scheme is devised as follows. A sample of size 10 is drawn
at random from a large batch of articles and all 10 articles are tested. If the sample
contains fewer than two faulty articles, the batch is accepted; if the sample contains
three or more faulty articles, the batch is rejected; but if the sample contains exactly
two faulty articles, a second sample of size 10 is taken and tested. If this second sample
contains no faulty articles, the batch is accepted; but if it contains any faulty articles,
the batch is rejected. Previous experience has shown that 5% of the articles in a batch
are faulty.

a Find the probability that the batch is accepted after the first sample is taken.
b Find the probability that the batch is rejected.

¢ Find the expected number of articles to be tested.

6 Assume that dates of birth in a large population are distributed such that the probability
of a randomly chosen person’s birthday being in any particular month is 1—12
a Find the probability that of six people chosen at random exactly two will have a
birthday in January.
b Find the probability that of eight people at least one will have a birthday in January.
¢ N people are chosen at random. Find the least value of N such that the probability
that at least one will have a birthday in January exceeds 0.9.

7 Suppose that, in flight, aeroplane engines fail with probability ¢, independently of
each other, and that a plane will complete the flight successfully if at least half of its
engines are still working. For what values of ¢ is a two-engine plane to be preferred to a
four-engine one?
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