Tangents and Normals using Derivatives

Lines Parallel to a Graph / Tangent to a Graph
A tangent to a graph is line parallel to that graph at a particular point.

Since the tangent is parallel to the graph of a function y = f(x) at a particular point, x = a, the gradient
of the tangent passing through (a,f(a)) is equal to the gradient of the graph at that point.

That is, the gradient of the tangent is equal to the derivative of the function at that point.

Miangent = f (@)

y=f(x)

The equation of a line, y = m(x — x;1) + y,, can then be used to
determine the equation of the tangent. m = f'(a)

y=f@x-a)+f(a) (a,f(a))

Example VCAA 2004 Exam 1 Question 5c¢
1
Let f:R >R, f(x) = Zx3(x —4)
The equation of the tangent to the graph of f at the point where x = 4 is

1 ! = x3 — 3x2 i i
Flx) = Zx4 _ 3 f'(x) =x°—3x The gradient at (4,0) is 16.
f'(4) =(4)° —3(4)* y=16(x—-4)+0
F®) =@ -9 =0 =6t
4 =16 =>y=16x — 64
Example
Determine the equation of the tangenttoy = x3 —3x + 4atx =1
dy _ 5.2 dy 2 3
— =3x“-3, whenx =1, —=3(1)"-3=0, y=(1)°-3(1)+4=2
dx dx

The gradient at (1, 2) is 0, so the equation of the tangentisy = 0(x — 1) +2 =y =2

Example
1

Determine the equation of the tangenttoy = x3atx =0
dy_l_ h =0 dy_l. defined —(0)%—0
dx_3x , whenx = 0, dx—olsun efined, y = =

wiN

The gradient at (0, 0) is undefined, so the equation of the tangentis x = 0



Lines Perpendicular to a Graph / Normal to a Graph
A normal to a graph is a line perpendicular to that graph at a particular point.

Since the normal is perpendicular to the graph of a function y = f(x) at a particular point, x = a, the
gradient of the normal passing through (a,f(a)) is equal to the negative reciprocal of the gradient of
the graph at that point.

y=f) /'
4

That is, the gradient of the normal is equal to the negative reciprocal
of the derivative of the function at that point.

1 1 s m=r@
m =— =— ¢
T Migngent f'(@) ’

(af@)
The equation of a line, y = m(x — x;1) + y,, can then be used to ”
determine the equation of the normal. ’
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Example VCAA 2002 Exam 2 Question 3bi

1
The diagram shows the curve whose equationisy = > (2x* — x3 — 5x2 4+ 3x) and the normal to

the curve at A, where x = 1. Show that the equation of this normalis y = x — 1.5.

1 1
Whenx=1, y=-(2-1-5+3)=—- A

2 2
d 1 d 1 » x
_y=—(8x3—3x2—10x+3)’ atx=1,_y=—(8—3—10+3)=—1 X
dx 2 dx 2

1 1
The gradient at <1, _§> is — 1,the gradient of the normal is + 1= 1.

B

1
y=(x—1)—§ => y=x—-15

Example
Determine the equation of the normaltoy = x> —3x + 4atx = 1
dy

dy
—=3x2-3, whenx=1, —=3(1)2-3=0, y=(1)3-31)+4=2
dx dx

The gradient at (1, 2) is 0, so the gradient of the normal is undefined.
The equation of the normalisx = 1

Example
1
Determine the equation of the normaltoy = x3atx =0
dy_1 % h =0 dy_1, defined —(0)%—0
3% whenx =0, 1z o 's undefined, y= =

The gradient at (0, 0) is undefined, so the gradient of the normal is 0.
The equation of the normalisy =0(x —0)+0=>y =0



