Anti-Differentiation

Anti-Differentiation and Notation
The opposite process of differentiation. The anti-derivative of a function is called the primitive
function. It is often denoted with a capital letter. That is, the primitive function of f(x) is F (x).

While there are different ways of representing the anti-derivative of a function i

such as Lagrange's f "1 as opposed to ' or f, or Euler's D71 f(x) as / dx \
opposed to D, f (x) Leibniz's notation of fydx as opposed to d_ic, has F(x) f(x)
become the standard. Keep in mind that dx is one term. It is not d X x and \fdx /
should not be separated as such.

d
While it is accurate to say that in d_icl' dy is being divided by dx and in Jydx,y is being multiplied by

dx, the main use of dx is to identify what variable you are differentiating or anti-differentiating with
respect to.

Anti-Derivative of Sum and Difference of Functions

The anti-derivative of any sum (or difference) of f J f
+ dx = dx + d
functions is the sum (or difference) of the anti- (f(x) - g(x)) x fedx £ | g(x)dx

derivative of each function.

VCAA prefers that students write the brackets around all the terms in the integrand (what you are
finding the anti-derivative of) for clarity rather than relying on the placement of the dx to indicate the
end of the integrand. This should also help you remember to find the anti-derivative each term.

Anti-Differentiation and Families of Curves

Since the derivative of a constant is 0, when anti-differentiating we need to add a generic constant, c,
to show that any vertically translated version of the primitive function will have the same derivative.
That is, there is a family of curves with the derivative f'(x), they are f(x) + c.

if F'(x) = f(x), then Jf(x)dx =F(x)+c

Example VCAA 2002 Exam 1 Question 21

dy 3 . , 3 1
If —— = ——— and cis a real constant, then y is equal to J—ldx =3Rx+1)2+c
(2x + 1)2 (2x +1)2

An Anti-Derivative
If the question asks for "an" anti-derivative of a function f(x), any value of c¢ can be chosen, including
the generic 4+c or 4+0. This means you can omit ¢ for these questions.

ff(x)dx=F(x)+c ff(x)dx=F(x)+72 ff(x)dx=F(x)

Example VCAA 2000 Exam 1 Question 21
1

1
3 log,.(x) — 2 cos(2x)

1 1
An antiderivative of I + sin(2x),x > 0,is f <§ + sin(Zx)) dx



Anti-Derivatives of Specific Functions

Power Functions

n x"tl add 1 to the exponent then divide by
Jx dx = n+1 teo n# =1 theincreased exponent.
1 (ax + b)**1
+ b)"dx = —— +bh)"l 4 c=——"—+cg, #—1
J(ax )tdx an+1 )(ax ) A+ D c n
Example
4+ 3+ 2+ +1)d 1 5 1 4 1 3 1 2
J(x x°+x°+x x==x>+-x"+=-x>+-x°+x+c
5 4 3 2
Example Example
(5 —3x)° _(5-3x0)° 3x)5 J x~ 1 1
— 4 o —— —d = _Zd = —_— = ——
J(S 3x)*dx —365) x = |x “dx _1+c x+c
Example
1 1 3 2 3
f\/x+7dx=f(x+7)2dx= (3/2)(x+7)2+c=§(x+7)2+c

Hyperbolas

1 dx
J—dx=J—=loge(x)+c, x>0
x x

x<0

Jld —de—l (-x) +
Zdx = [ —=log.(—x) +¢,

If the domain is x < 0, the anti-derivative must be log,(—x) so that the values of the log are real.

1 1
Jadx=Eloge(x)+c, x>0

J

Example

J 1
2x—3

Exponential Functions

f *dx=e*+c
J ax+b dx—— ax+b 4 . \jd
X

Circular Functions

fsin(x) dx = —cos(x) + ¢

dx =

1 b
S aloge(ax+b)+c,x>—a

3
x>

d —_
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1
= Eloge(Zx -3)+¢

7N

ex

fcos(x) dx = sin(x) + ¢

Example

J 5 sin (% - 3x>

1
Jcos(ax +b)dx = asin(ax +b)+c

d 5 ——1 - (——3 )
X = X X 0 x|+
3 COS

1 1
Jadx=Eloge(—x)+c, x<0

J 1
ax+ b

d

1 b
X = aloge(—(ax +b))+cx< —

Example
1 1 3
sz_de=Eloge(3—2x)+C, x<§
Example
1
J6ezxdx = 6 Xzezx +c= 3ezx +c
1 + sin(x)
i _ = dx dx
fsm(ax +b)dx = 2 cos(ax +b) + ¢ + cos(x) Z
fdx dx
—sin(x)
dx i
—cos(x) *

_2 11 3x |+
c-3cos(4 x) c



