Area Bound by a Curve

Areas Bound by a Curve and the x-Axis
The area between the curve y = f(x) and the x-axis is equal to the  y V = )

definite integral of f over the specified domain. That is, the area
b

b
fromx=atox=bisf ydx=f f(x)dx = F(b) — F(a) units? | a b x
a a

If the question asks for the area specifically, don't forget to write the unit!
If no unit is specified in the question use "units?" or "square units".

You can use symmetry properties to help calculate areas. If one area of the required region is repeated,
you can work on the smaller area and multiply it to fill the required region.

Example VCAA 2017 Exam 1 Question 9a

The graph of f:[0,1] = R, f(x) = vx(1 — x) is shown below.
Y

y=x(1-x)
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The area between the graph of f and the x-axis is

1 1.1 3 23 251" (2 2 4
A=f0\/§(1—x)dx=f0 (x2 — x2)dx = [§x2—§x2]o=<§—§—(0)>=ﬁ square units.

Example VCAA 2008 Exam 1 Question 5
The area of the region bounded by the y-axis, the x-axis, the curve y = e?* gnd the line x = C, where

5
C is a positive real constant, is E.The value of C is
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f e?dx == = [—ezx] == et -20=5 = 20 =6 = 2C =log,(6) = C ==log.(6)
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Signed Area of Regions Bounded by a Curve and an Axis

Regions above the x-axis have a positive signed area.

Regions below the x-axis have a negative signed area.

To change from negative to positive signed area either multiply by —1 or swap the bounds around.
If the function is partially below and partially above then split the integral into sections.

The signed area under the curve y = f(x) and the x-axis betweenx = aandx = b

fx) =0 f(x) <0 y=f()
y = f(x) a b
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a b = y = f(x)
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A =faf(x)dx units? A = —Jaf(x)dx=fbf(x)dxunits2 A=Lf(x)dx—fc f(x)dx units?



Example VCAA 2006 Exam 2 Question 15 y
The total area of the shaded regions in the diagram is given by
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— f f(x)dx +f f(x)dx —f f(x)dx ¥ =f(x)
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fl_lf(x)dx + f:f(x)dx + J:f(x)dx

4 6
f f(x)dx — ZJ f()dx, if f is symmetric
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Example VCAA 2003 Exam 1 Question 16 y
The total area of the regions enclosed by the graph of the 1
function with equation y = sin(2x), and the x-axis between

A >
x = 0 and x = 2m, is equal to °| "”\/" 3"\/“ *
=1

T 3 I

= T - 2T >
A= fzsin(Zx) dx —Jn sin(2x) dx + f 2 sin(2x) dx — J?'” sin(2x) dx = 4jzsin(2x) dx
= 0
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=4 [—%COS(Zx)F = —2(cos(m) — cos(0)) = —2(—1 — 1) = 4 square units
0

Area Between Curves y = gx)
The area between the curvesy = f(x) and y = g(x)
if f(x) > g(x) for x € [a, b] will be
y=f0)
b b
[ @ - g@)ax = [ - yrax — x

= fabf(x)dx—fabg(x)dx= fab(f—g)(x)dx

Example VCAA 2002 Exam 1 Question 8b
The x-coordinates of the points of intersection of the graphs of

3
y=3x+1andy=2x2+4x—5arex=—ZandE.

The area of the region bounded by the line with equation y = 3x + 1 and the
parabola with equation y = 2x% + 4x — 5 is

3 3
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A=f [(3x+1)—(2x2+4x—5)]dx=f (—2x2—x+6)dx=[—§x3—5x2+6x
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--3(5) -2(3) +o(5)- (5o -aevr o)

9 9 16 45 26 343
=———==4+9—-|—=-2-12)=—+4+—=— = 142916666667 = 14.292 square units
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Signed Area Between Curves
When the curves cross and the curve on top and

bottom switch, the area between them becomes y = f(x)
negative. Therefore, to determine the area (not the a\/\
integral), the same precautions can be taken as signed d
areas (changing the sign or switching the bounds), in y=gK)

addition to switching the top and bottom functions.

Top Function — Bottom Function

b c d
4= f (FG0) — g(0))dx + jb (9(0) = F(0))dx + j (FGO) — g(0))dx

Change the sign from b to ¢

b c d
4= f (FG0) — g(0))dx — jb (F00) — g(0))dx + j (FG0) — g(0))dx

Change the bounds from b to ¢

b b d
4= f (FGO) — g(0))dx + j (FG0) — g(0))dx + j (F0O) — g(0))dx

Example VCAA 2007 Exam 2 Question 3b 2

Shown below are the graphs of the s ¥°8W y=f)
functions L
TX
f:[O,4]—>R,f(x)=6sin(7) and .1
910,41 5> Rg(x) =2x(x =D =4 Yoo N
= 2(x3 — 6x% + 8x) ' 2 3 2

2 F
The point (1, 6) lies on both graphs. 4t
The total area of these shaded regions is °T

1 2 3 4
4= f (9(0) — £(O))dx — f (9(0) — F(O)dx + f (9(0) = £(O)dx — f (9(0) = £(0))dx
0 1 2 3

f(g(x) —f(x))dx = f (2x3 —12x% + 16x — 6sin (E)) dx = 1x4 —4x3 +8x% + %cos (E)

2 2 2
Let I(x) = f(g(x) —f(x))dx = %x‘* — 4x3 + 8x? +1—ﬂ2cos (%)
12 9 12 9 12

“A=1D)-100) - (1) - 1) +13) —1(2) — (1(4) — 1(3))

9 12 g 12 9 +9 g 12 12 9 _5 "
=57 . > - 5= square units



Areas Bound by the y-Axis
There are multiple ways of finding areas bound by the y-axis between two y values. This includes
¢ finding the area between the y = b (the top y value) and the curve (which is equivalent to
subtracting the area between the curve and the x-axis from the area of the surrounding
rectangle)
¢ finding the area between the curve's inverse and the x-axis (ensure that you use the y values as
the bounds of the inverse not the x values, that is the values of the inverse at the bounds)

Choosing an appropriate method is important as some functions are easier to integrate than others,
some functions are difficult to find inverses of, and some areas are hard to set up integrals for in the
wrong form.

Example VCAA 2009 Exam 2 Question 22 YA
Consider the region bounded by the x-axis, the y-axis, the
line with equation y = 3 and the curve with equation

y = log,(x — 1). The exact value of the area of this regionis = . e o o .

Finding the area between the curve and the x-axis requires integrating a log function which is not
straight forward. So using the inverse is suggested
yl=e*+1, yl3)=e+1

Area using the inverse of y: y~1 = e* + 1.

3
f (e*+1dx =e3+1—(e? +0) = e3 + 2 square units
0

Example VCAA 2004 Exam 1 Question 26 4

Parts of the graphs with equations y = e* and y = 2 are shown / y=2
below. The graphs intersect at (log.(2), 2). The total area,
bounded by the y-axis, the line y = 2 and the curve with equation

y = e* is given by
loge(2) /

Area of rectangle — area under y = log,(2) X 2 — f e*dx
0 > X
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loge(2)
Area between the curvesy = 2andy = e* = f (2 —e*)dx
0

2
Area using the inverse of y: y™! =log,(x) > A = f log,(x) dx
1



