
Expected Value / Mean
Expected Value of Linear Transformation of a Random Variable

𝐸(𝑎𝑋 + 𝑏) = ෍(𝑎𝑥 + 𝑏) 𝑝(𝑥)

 

 

                     = ෍൫𝑎𝑥 𝑝(𝑥) + 𝑏 𝑝(𝑥)൯

 

 

The sum of two things is the same as the sum of each part added together. (𝑎 + 𝑏) = 𝑎 + 𝑏

                     = ෍ 𝑎𝑥 𝑝(𝑥)

 

 

+ ෍ 𝑏 𝑝(𝑥)

 

 

The product of elements that are not being summed act as a scalar and can be factored out. 
𝑎𝑥ଵ + 𝑎𝑥ଶ = 𝑎(𝑥ଵ + 𝑥ଶ)

                     = 𝑎 ෍ 𝑥 𝑝(𝑥)

 

 

+ 𝑏 ෍ 𝑝(𝑥)

 

 

The sum of all probabilities in a distribution is 1.

                     = 𝑎𝐸(𝑋) + 𝑏

Expected Value of Sum of Random Variables

𝐸(𝑋 + 𝑌) = ෍ ෍(𝑥 + 𝑦) 𝑝(𝑥, 𝑦)

 

௬

 

௫

, 𝑝(𝑥, 𝑦) = Pr(𝑋 = 𝑥 ∩ 𝑌 = 𝑦)

Addition is commutative so it can be done in any order. 𝑎 + 𝑏 = 𝑏 + 𝑎

                     = ෍ ෍ 𝑥 𝑝(𝑥, 𝑦)

 

௬

 

௫

+ ෍ ෍ 𝑦 𝑝(𝑥, 𝑦)

 

௫

 

௬

                     = ෍ 𝑥 ෍  𝑝(𝑥, 𝑦)

 

௬

 

௫

+ ෍ 𝑦 ෍  𝑝(𝑥, 𝑦)

 

௫

 

௬

                     = ෍ 𝑥 ෍  𝑝(𝑥)𝑝(𝑦|𝑥)

 

௬

 

௫

+ ෍ 𝑦 ෍  𝑝(𝑦)𝑝(𝑥|𝑦)

 

௫

 

௬

                     = ෍ 𝑥 𝑝(𝑥)

 

௫

෍  𝑝(𝑦|𝑥)

 

௬

+ ෍ 𝑦 𝑝(𝑦)

 

௬

෍  𝑝(𝑥|𝑦)

 

௫

The sum of all probabilities in a distribution is 1.

                     = ෍ 𝑥 𝑝(𝑥)

 

௫

+ ෍ 𝑦 𝑝(𝑦)

 

௬

                     = 𝐸(𝑋) + 𝐸(𝑌)

Variance

Proof of Linear Combinations of Discrete Random Variables

      



Variance
Variance of Linear Transformation of a Random Variable
var(𝑎𝑋 + 𝑏) = 𝐸(𝑎𝑋 + 𝑏)ଶ − [𝐸(𝑎𝑋 + 𝑏)]ଶ

                        = 𝐸൫𝑎ଶ𝑋ଶ + 2𝑎𝑏𝑋 + 𝑏ଶ൯ − [𝑎𝐸(𝑋) + 𝑏]ଶ

                        = 𝐸൫𝑎ଶ𝑋ଶ൯ + 𝐸(2𝑎𝑏𝑋) + 𝐸൫𝑏ଶ൯ − ൫𝑎ଶ[𝐸(𝑋)]ଶ + 2𝑎𝑏𝐸(𝑋) + 𝑏ଶ൯

                        = 𝑎ଶ𝐸൫𝑋ଶ൯ + 2𝑎𝑏𝐸(𝑋) + 𝑏ଶ − 𝑎ଶ[𝐸(𝑋)]ଶ − 2𝑎𝑏𝐸(𝑋) − 𝑏ଶ

                        = 𝑎ଶ𝐸൫𝑋ଶ൯ − 𝑎ଶ[𝐸(𝑋)]ଶ

                        = 𝑎ଶ൫𝐸൫𝑋ଶ൯ − [𝐸(𝑋)]ଶ൯

                        = 𝑎ଶvar(𝑋)

Variance of Sum of Independent Random Variables

var(𝑋 + 𝑌) = ෍ ෍(𝑥 + 𝑦)ଶ 𝑝(𝑥, 𝑦)

 

௬

 

௫

− ൫𝐸(𝑋 + 𝑌)൯
ଶ

For independent events 𝑝(𝑥, 𝑦) = 𝑝(𝑥)𝑝(𝑦)

                    = ෍ ෍൫𝑥ଶ + 2𝑥𝑦 + 𝑦ଶ൯ 𝑝(𝑥) 𝑝(𝑦)

 

௬

 

௫

− ൫[𝐸(𝑋)]ଶ+2𝐸(𝑋)𝐸(𝑌) + [𝐸(𝑌)]ଶ൯

                     = ෍ ෍ 𝑥ଶ 𝑝(𝑥)𝑝(𝑦)

 

௬

 

௫

+ ෍ ෍ 2𝑥𝑦 𝑝(𝑥)𝑝(𝑦)

 

௬

 

௫

+ ෍ ෍ 𝑦ଶ 𝑝(𝑥)𝑝(𝑦)

 

௫

 

௬

                                       −[𝐸(𝑋)]ଶ − 2𝐸(𝑋)𝐸(𝑌) − [𝐸(𝑌)]ଶ

                     = ෍ 𝑥ଶ 𝑝(𝑥)

 

௫

− [𝐸(𝑋)]ଶ + 2 ෍ 𝑥 𝑝(𝑥)

 

௫

෍ 𝑦 𝑝(𝑦)

 

௬

− 2𝐸(𝑋)𝐸(𝑌) + ෍ 𝑦ଶ 𝑝(𝑦)

 

௬

− [𝐸(𝑌)]ଶ

                     = 𝐸൫𝑋ଶ൯ − [𝐸(𝑋)]ଶ + 2𝐸(𝑋)𝐸(𝑌) − 2𝐸(𝑋)𝐸(𝑌) + 𝐸൫𝑌ଶ൯ − [𝐸(𝑌)]ଶ

                     = 𝐸൫𝑋ଶ൯ − [𝐸(𝑋)]ଶ + 𝐸൫𝑌ଶ൯ − [𝐸(𝑌)]ଶ

                     = var(𝑋) + var(𝑌)

      


