
Expected Value / Mean
Expected Value of Linear Transformation of a Random Variable

𝐸(𝑎𝑋 + 𝑏) = න (𝑎𝑥 + 𝑏)𝑓(𝑥)d𝑥
ஶ

ିஶ

                     = න ൫𝑎𝑥𝑓(𝑥) + 𝑏𝑓(𝑥)൯d𝑥
ஶ

ିஶ

                     = න 𝑎𝑥𝑓(𝑥)d𝑥
ஶ

ିஶ

+ න 𝑏𝑓(𝑥)d𝑥
ஶ

ିஶ

                     = 𝑎 න 𝑥𝑓(𝑥)d𝑥
ஶ

ିஶ

+ 𝑏 න 𝑓(𝑥)d𝑥
ஶ

ିஶ

The area under the probability distribution function over the whole domain is 1.

                     = 𝑎𝐸(𝑋) + 𝑏

Expected Value of Sum of Random Variables

𝐸(𝑋 + 𝑌) = න න (𝑥 + 𝑦)𝑓(𝑥, 𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

Integrations of different variables can be done in any order 

                     = න න 𝑥𝑓(𝑥, 𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

+ න න 𝑦𝑓(𝑥, 𝑦)d𝑥
௫ୀஶ

௫ୀିஶ

d𝑦
௬ୀஶ

௬ୀିஶ

                     = න න 𝑥𝑓(𝑥)𝑓(𝑥, 𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

+ න න 𝑦𝑓(𝑦)𝑓(𝑥, 𝑦)d𝑥
௫ୀஶ

௫ୀିஶ

d𝑦
௬ୀஶ

௬ୀିஶ

Integrating with respect to one variable means that other variables are treated as constants.

                     = න 𝑥𝑓(𝑥) න 𝑓(𝑥, 𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

+ න 𝑦𝑓(𝑦) න 𝑓(𝑥, 𝑦)d𝑥
௫ୀஶ

௫ୀିஶ

d𝑦
௬ୀஶ

௬ୀିஶ

The area under the probability distribution function over the whole domain is 1.

                     = න 𝑥𝑓(𝑥)d𝑥
௫ୀஶ

௫ୀିஶ

+ න 𝑦𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

                     = 𝐸(𝑋) + 𝐸(𝑌)

Variance

Proof of Linear Combinations of Continuous Random Variables

      



Variance
Variance of Linear Transformation of a Random Variable
var(𝑎𝑋 + 𝑏) = 𝐸(𝑎𝑋 + 𝑏)ଶ − [𝐸(𝑎𝑋 + 𝑏)]ଶ

                        = 𝐸(𝑎ଶ𝑋ଶ + 2𝑎𝑏𝑋 + 𝑏ଶ) − [𝑎𝐸(𝑋) + 𝑏]ଶ

                        = 𝐸(𝑎ଶ𝑋ଶ) + 𝐸(2𝑎𝑏𝑋) + 𝐸(𝑏ଶ) − (𝑎ଶ[𝐸(𝑋)]ଶ + 2𝑎𝑏𝐸(𝑋) + 𝑏ଶ)

                        = 𝑎ଶ𝐸(𝑋ଶ) + 2𝑎𝑏𝐸(𝑋) + 𝑏ଶ − 𝑎ଶ[𝐸(𝑋)]ଶ − 2𝑎𝑏𝐸(𝑋) − 𝑏ଶ

                        = 𝑎ଶ𝐸(𝑋ଶ) − 𝑎ଶ[𝐸(𝑋)]ଶ

                        = 𝑎ଶ(𝐸(𝑋ଶ) − [𝐸(𝑋)]ଶ)

                        = 𝑎ଶvar(𝑋)

Variance of Sum of Independent Random Variables

var(𝑋 + 𝑌) = න න (𝑥 + 𝑦)ଶ𝑓(𝑥, 𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

− ൫𝐸(𝑋 + 𝑌)൯
ଶ

For independent events ∫ ∫ 𝑓(𝑥, 𝑦)d𝑦
 

 
d𝑥

 

 
= ∫ 𝑓(𝑥)d𝑥

 

  ∫ 𝑓(𝑦)d𝑦
 

 

                    = න න (𝑥ଶ + 2𝑥𝑦 + 𝑦ଶ)𝑓(𝑥)𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

− ([𝐸(𝑋)]ଶ+2𝐸(𝑋)𝐸(𝑌) + [𝐸(𝑌)]ଶ)

                     = න න 𝑥ଶ𝑓(𝑥)𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

+ න න 2𝑥𝑦𝑓(𝑥)𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

                     + න න 𝑦ଶ𝑓(𝑥)𝑓(𝑦)d𝑥
௫ୀஶ

௫ୀିஶ

d𝑦
௬ୀஶ

௬ୀିஶ

− [𝐸(𝑋)]ଶ − 2𝐸(𝑋)𝐸(𝑌) − [𝐸(𝑌)]ଶ

                     = න 𝑥ଶ𝑓(𝑥) න 𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

d𝑥
௫ୀஶ

௫ୀିஶ

− [𝐸(𝑋)]ଶ

                     +2 න 𝑥𝑓(𝑥)d𝑥
௫ୀஶ

௫ୀିஶ

න 𝑦𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

− 2𝐸(𝑋)𝐸(𝑌)

                     + න 𝑦ଶ𝑓(𝑦) න 𝑓(𝑥)d𝑥
௫ୀஶ

௫ୀିஶ

d𝑦
௬ୀஶ

௬ୀିஶ

− [𝐸(𝑌)]ଶ

                     = න 𝑥ଶ𝑓(𝑥)d𝑥
ஶ

ୀିஶ

− [𝐸(𝑋)]ଶ + 2 න 𝑥𝑓(𝑥)d𝑥
௫ୀஶ

௫ୀିஶ

න 𝑦𝑓(𝑦)d𝑦
௬ୀஶ

௬ୀିஶ

− 2𝐸(𝑋)𝐸(𝑌)

                     + න 𝑦ଶ𝑓(𝑦)d𝑦
ஶ

ୀିஶ

− [𝐸(𝑌)]ଶ

                     = 𝐸(𝑋ଶ) − [𝐸(𝑋)]ଶ + 2𝐸(𝑋)𝐸(𝑌) − 2𝐸(𝑋)𝐸(𝑌) + 𝐸(𝑌ଶ) − [𝐸(𝑌)]ଶ

                     = 𝐸(𝑋ଶ) − [𝐸(𝑋)]ଶ + 𝐸(𝑌ଶ) − [𝐸(𝑌)]ଶ

                     = var(𝑋) + var(𝑌)

      


