Composite Functions

Composite Functions

Composing two functions is a chaining process in which the output of the inner function becomes the
input of the outer function. That is, a function of another function. The rule for the composite function
can be found by substituting the inside function into the outside function.

Order of Composition and Notation
f compositiong  Apply gthen f f(g(x)) fofgofx fog(x)
g composition f Apply ftheng  g(f(x)) goffofx gof(x)

x=—3 f f—>r)—> g g(f() X g e f flg(x)

Note that f(g(x)) # g(f (x))

Example Modified VCAA 2017 Exam 2 Question 4
Let f and g be functions such that f(2) =5,f(3) =4,9(2) =5,9(3) =2and g(4) = 1.
The value off(g(3)) = f(2) = 5.The value ofg(f(S)) =g4) =1

Domain of a Composite Function
Let domain f = df, domain g = dg, domain f o g = d¢,, range f = 17, range g = 1y, range f o g =
Trog Where f is the outside function and g is the inside function and f o g is the composite function.

If the inside function is not defined or real, then  If the inside function is defined but the result is
the composed function is not defined or not real. not in the domain of the outside function, then
composed function is not defined or real.

: | I 3 Undefined / . : Undefined / Undefined /
x Not real Not real x g 9(x) f Not real
Therefore, the domain of the composite function Therefore, the range of the inside function needs

is, at most, the domain of the inside function. to be within the domain of the outside function.
XEdg:dfoggdg g(X)Edf @ngdf

Restricting the Domain
If we required the maximal domain that a composite function can be defined for, we need the subset
of the domain of the inside function such that the range of the inside function is a subset of the

domain of the outside function. In domain, ...~ T3NE& 4. domain ...~ M@NEE, ge
other words, we need to exclude  x _, inside defined — outside defined

any x-value from the domain of function < function :

the inside function that makes the undefined undefined
inside function's value not in the (not in domain) (not in domain)
domain of the outside function. remove remove

dfog = dg \ {x:rg Z df}

Range of a Composite Function

The values that can be output by a composite function are defined by the range of the outside
function. However, if the range of the inside function is strictly a subset of the domain of the outside
function, then there are values in the range of the outside function that can no longer be produced.
Keep in mind: after restricting the domain, the range of the inside function r; will also be restricted.

If new r; = dp, then rs,; = 77 as the inputs to the outside function are unchanged.

If newr, C dg, thenrs,;, =17\ {f(x): X €df N X & new rg} [the range of f excluding the values of
f(x) where x is in the domain of f but not in the range of g] as the values that are in d; that are not
in new 7, can no longer be input into f (as new 1y is the set of inputs).



Example VCAA 2017 Exam 1 Question 7abc Yy AN
Let f:[0,00) > R, f(x) =Vx + 1.

f(0)=v0+1=1, J51_)1‘[;10f(x)=oo /

From the graph we can see f(x) is strictly increasing
= The range of f is 1y = [1, o)

Let g: (—oo,c] > R, g(x) = x? + 4x + 3, where ¢ < 0.

g =(x+2)* -1

=~ The range of (x + 2)? — 1is [—1, ) = -\-2/1 0

For f(g(x)) = Jag) +1= Jx+2)%

Domain:

Checkifry S df: [—1,00) & [0, )

Therefore, the range of g must be restricted to [0, o).

Exclude {x: —1 < g(x) < 0}:x € (—3,—1)
~Domainof fo g =d,\ (=3,—1) = (=00, =3] U [-1, )

Since the required domainis (—o, c], then ¢ = =3

Range:

restricted ; = [0, o), ds = [0,00)

f will still get all inputs in its domain, therefore its range will be unchanged.
- Range of ry,y = 1, = [1,0)

Let h:R > R, h(x) = x* + 3. For f(h(x)) = Jh(x) +1=VxZ + 4

Domain:
Checkifry, € df: [3,00) c [0,00) . Domainof f o h = dj, =R

Range:
restricted 1, = [3, ), ds = [0, )
f will no longer get inputs from 0 to 3, therefore its range will be missing

[£(0),f(3)) =1[1,2) ~Rangeof foh =1:\[1,2) =[2,00)

=




Example
1
Let f: R\ {1} >R, f(x) = p—) +1and g:R* - R, g(x) = log.(x).
The rules, domains, and ranges off(g(x)) and g(f(x)) are
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domain of f = R\ {13}, range of f = R\ {1} domain of g = R™, rangeof g = R

f Composition g

1
f(9(0)) = f(log.(x)) =

log.(x) — 1 +1

Domain:

Checkifr; ©dp: REZ R\ {1}

Therefore, the range of g must be restricted to R \ {1}.
Exclude {x: g(x) = 1}:log.(x) =1 = x=e.
~Domainof fog=d,\ {e} = R" \ {e}

Range:
restricted 7, = R\ {1}, de = R\ {1}

f will still get all inputs in its domain, therefore its range will be unchanged.
~Rangeof fog =1\ {1} =R\ {1}

g Composition f

1 1
g(f(x)) =g <m + 1) = log, <— + 1)

x—1

Domain:

Checkifry € dy: R\ {1} £ R*

Therefore, the range of f must be restricted to R™ \ {1}.
1

Exclude {x: f(x) < 0}: m+1 <0 =>0<x<1

~Domainof go f =d\[0,1) =R\ [0,1]

Range:

restricted 7, = R* \ {1}, dg =R*

g will no longer get an input of 1, therefore its range will be missing log.(1) = 0.
~Rangeof go f =1, \ {0} =R\ {0}



Example

1
Let f:[—2,6] » R, f(x) = x*and g:—> (=1,2) U (2,9],g(x) = —.
The graphs of y = f(x) and y = g(x) are shown.
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Domain: [—2, 6], Range: [0, 36] Domain: (—1,9]\ {2}, Range: R\ [_5’7

2 1\ 1
ror1(90) = (00’ = (53) = =7

Domain:
. 11
Checkifry, S dp: R\ [—5,7 € [-2,6]
11
Therefore, the range of g must be restricted to [—2, 6] \ [— §,;> .

Exclude {x:g(x) < —2Nng(x) > 6}: x € <;,1—63> \ {2}

. 3 13 3 13
. Domainof fo g =dg\ {(E'?) \ {2}} =(-1,9]\ (E’?)

Range:
' 11
restricted r; = [-2,6] \ [_5’7 , de = [-2,6]

1 1
f will no longer get inputs from — 3 to 7,therefore its range will be missing [O, E)

1 1
~ Rangeof fog =17\ [O'E) = 5,36]

11
f(x)—2 x2-2

For g(f(x)) =

Domain:

Checkifry € dg: [0,36] € (—1,9] \ {2}

Therefore, the range of f must be restricted to [0,9] \ {2}.

Exclude {x: f(x) >9Nn f(x) =2} x € {—\/Z \/f} U (3, 0)

~ Domainof g o f =df\ {{—\/7, \/E} U (3 00)} =[-2,3]\ {—\/E, \/E}

Range:
restricted 77 = [0,9] \ {2}, de = (—1,9]1\ {2}

1 1
g will no longer get inputs from — 1 to 0, therefore its range will be missing <—— ——>

2" 3
- R ; _ 1 1—R[11
“Rangeofgof =1\ (-3, —3) = R\|-3,5



