
Composite Functions
Composing two functions is a chaining process in which the output of the inner function becomes the 
input of the outer function. That is, a function of another function. The rule for the composite function 
can be found by substituting the inside function into the outside function.

Order of Composition and Notation

𝑓 composition 𝑔 Apply 𝑔 then 𝑓 𝑓൫𝑔(𝑥)൯ 𝑓 of 𝑔 of 𝑥 𝑓 ∘ 𝑔(𝑥)

𝑔 composition 𝑓 Apply 𝑓 then 𝑔 𝑔൫𝑓(𝑥)൯ 𝑔 of 𝑓 of 𝑥 𝑔 ∘ 𝑓(𝑥)

Note that 𝑓൫𝑔(𝑥)൯ ≠ 𝑔൫𝑓(𝑥)൯

Example Modified VCAA 2017 Exam 2 Question 4
Let 𝑓 and 𝑔 be functions such that 𝑓(2) = 5, 𝑓(3) = 4, 𝑔(2) = 5, 𝑔(3) = 2 and 𝑔(4) = 1. 
The value of 𝑓൫𝑔(3)൯ = 𝑓(2) = 5. The value of 𝑔൫𝑓(3)൯ = 𝑔(4) = 1. 

Domain of a Composite Function 
Let domain 𝑓 = 𝑑௙, domain 𝑔 = 𝑑௚, domain 𝑓 ∘ 𝑔 = 𝑑௙∘௚ range 𝑓 = 𝑟௙, range 𝑔 = 𝑟௚, range 𝑓 ∘ 𝑔 =

𝑟௙∘௚ where 𝑓 is the outside function and 𝑔 is the inside function and 𝑓 ∘ 𝑔 is the composite function.

If the inside function is not defined or real, then 
the composed function is not defined or not real.

Therefore, the domain of the composite function 
is, at most, the domain of the inside function. 
𝑥 ∈ 𝑑௚ ⇒ 𝑑௙∘௚ ⊆ 𝑑௚

If the inside function is defined but the result is 
not in the domain of the outside function, then 
composed function is not defined or real.

Therefore, the range of the inside function needs 
to be within the domain of the outside function.
𝑔(𝑥) ∈ 𝑑௙   ⇒   𝑟௚ ⊆ 𝑑௙

Restricting the Domain
If we required the maximal domain that a composite function can be defined for, we need the subset 
of the domain of the inside function such that the range of the inside function is a subset of the 

domain of the outside function. In 
other words, we need to exclude 
any 𝑥-value from the domain of 
the inside function that makes the 
inside function's value not in the 
domain of the outside function.
𝑑௙∘௚ = 𝑑௚ ∖ ൛𝑥: 𝑟௚ ⊈ 𝑑௙ൟ

Range of a Composite Function 
The values that can be output by a composite function are defined by the range of the outside 
function. However, if the range of the inside function is strictly a subset of the domain of the outside 
function, then there are values in the range of the outside function that can no longer be produced.
Keep in mind: after restricting the domain, the range of the inside function 𝑟௚ will also be restricted. 

If new 𝑟௚ = 𝑑௙, then 𝑟௙∘௚ = 𝑟௙ as the inputs to the outside function are unchanged.
If new 𝑟௚ ⊂ 𝑑௙, then 𝑟௙∘௚ = 𝑟௙ ∖ ൛𝑓(𝑥): 𝑥 ∈ 𝑑௙ ∩ 𝑥 ∉ new 𝑟௚ൟ [the range of 𝑓 excluding the values of 
𝑓(𝑥) where 𝑥 is in the domain of 𝑓 but not in the range of 𝑔] as the values that are in 𝑑௙ that are not 
in new 𝑟௚ can no longer be input into 𝑓 (as new 𝑟௚ is the set of inputs). 

Composite Functions

      



Example VCAA 2017 Exam 1 Question 7abc
Let 𝑓: [0, ∞) → 𝑅, 𝑓(𝑥) = √𝑥 + 1

⎯⎯⎯⎯⎯  . 

𝑓(0) = √0 + 1
⎯⎯⎯⎯⎯ 

= 1, lim
௫→ஶ

𝑓(𝑥) = ∞

From the graph we can see 𝑓(𝑥) is strictly increasing
∴ The range of 𝑓 is 𝑟௙ = [1, ∞)

Let 𝑔: (−∞, 𝑐] → 𝑅, 𝑔(𝑥) = 𝑥ଶ + 4𝑥 + 3, where 𝑐 < 0. 

𝑔(𝑥) = (𝑥 + 2)ଶ − 1
∴ The range of (𝑥 + 2)ଶ − 1 is [−1, ∞)

For 𝑓൫𝑔(𝑥)൯ = ඥ𝑔(𝑥) + 1
⎯⎯⎯⎯⎯⎯⎯⎯ 

= ඥ(𝑥 + 2)ଶ⎯⎯⎯⎯⎯⎯⎯⎯  :
Domain:
Check if 𝑟௚ ⊆ 𝑑௙:    [−1, ∞) ⊈ [0, ∞)

Therefore, the range of 𝑔 must be restricted to [0, ∞). 

Exclude {𝑥: −1 ≤ 𝑔(𝑥) < 0}: 𝑥 ∈ (−3, −1)

∴ Domain of 𝑓 ∘ 𝑔 = 𝑑௚ ∖ (−3, −1) = (−∞, −3] ∪ [−1, ∞)

Since the required domain is (−∞, 𝑐], then 𝑐 = −3

Range: 
restricted 𝑟௚ = [0, ∞), 𝑑௙ = [0, ∞)

𝑓 will still get all inputs in its domain, therefore its range will be unchanged.
∴ Range of 𝑟௙∘௚ = 𝑟௚ = [1, ∞)

Let ℎ: 𝑅 → 𝑅, ℎ(𝑥) = 𝑥ଶ + 3. For 𝑓൫ℎ(𝑥)൯ = ඥℎ(𝑥) + 1
⎯⎯⎯⎯⎯⎯⎯⎯ 

= √𝑥ଶ + 4
⎯⎯⎯⎯⎯⎯  :

Domain:
Check if 𝑟௛ ⊆ 𝑑௙:    [3, ∞) ⊂ [0, ∞) ∴ Domain of 𝑓 ∘ ℎ = 𝑑௛ = 𝑅

Range: 
restricted 𝑟௛ = [3, ∞), 𝑑௙ = [0, ∞)

𝑓 will no longer get inputs from 0 to 3, therefore its range will be missing 
ൣ𝑓(0), 𝑓(3)൯ = [1, 2)  ∴ Range of 𝑓 ∘ ℎ = 𝑟௙ ∖ [1, 2) = [2, ∞)
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Example

Let 𝑓: ℝ ∖ {1} → ℝ, 𝑓(𝑥) =
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1 and 𝑔: ℝା → ℝ, 𝑔(𝑥) = log௘(𝑥) .

The rules, domains, and ranges of 𝑓൫𝑔(𝑥)൯ and 𝑔൫𝑓(𝑥)൯ are 

domain of 𝑓 = ℝ ∖ {1}, range of 𝑓 = ℝ ∖ {1} domain of 𝑔 = ℝା, range of 𝑔 = ℝ

𝒇 Composition 𝒈

𝑓൫𝑔(𝑥)൯ = 𝑓(log௘(𝑥)) =
1

log௘(𝑥) − 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯+ 1

Domain:
Check if 𝑟௚ ⊆ 𝑑௙:    ℝ ⊈ ℝ ∖ {1}

Therefore, the range of 𝑔 must be restricted to ℝ ∖ {1}. 
Exclude {𝑥: 𝑔(𝑥) = 1}: log௘(𝑥) = 1  ⇒   𝑥 = 𝑒. 
∴ Domain of 𝑓 ∘ 𝑔 = 𝑑௚ ∖ {𝑒} = ℝା ∖ {𝑒}

Range: 
restricted 𝑟௚ = ℝ ∖ {1}, 𝑑௙ = ℝ ∖ {1}

𝑓 will still get all inputs in its domain, therefore its range will be unchanged.
∴ Range of 𝑓 ∘ 𝑔 = 𝑟௙ ∖ {1} = ℝ ∖ {1}

𝒈 Composition 𝒇

𝑔൫𝑓(𝑥)൯ = 𝑔 ቆ
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1ቇ = log௘ ቆ

1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1ቇ

Domain:
Check if 𝑟௙ ⊆ 𝑑௚:    ℝ ∖ {1} ⊈ ℝା

Therefore, the range of 𝑓 must be restricted to ℝା ∖ {1}. 

Exclude {𝑥: 𝑓(𝑥) ≤ 0}: 
1

𝑥 − 1
⎯⎯⎯⎯⎯+ 1 ≤ 0  ⇒  0 ≤ 𝑥 < 1

∴ Domain of 𝑔 ∘ 𝑓 = 𝑑௙ ∖ [0, 1) = ℝ ∖ [0,1]

Range: 
restricted 𝑟௙ = ℝା ∖ {1}, 𝑑௚ = ℝା

𝑔 will no longer get an input of 1, therefore its range will be missing log௘(1) = 0. 
∴ Range of 𝑔 ∘ 𝑓 = 𝑟௚ ∖ {0} = ℝ ∖ {0}
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Example

Let 𝑓: [−2, 6] →  𝑅, 𝑓(𝑥) = 𝑥ଶ and 𝑔: → (−1, 2) ∪ (2, 9], 𝑔(𝑥) =
1

𝑥 − 2
⎯⎯⎯⎯⎯.

The graphs of 𝑦 = 𝑓(𝑥) and 𝑦 = 𝑔(𝑥) are shown. 

Domain: [−2, 6], Range: [0, 36] Domain:  (−1, 9] ∖ {2}, Range:  ℝ ∖ ൤−
1

3
⎯⎯,

1

7
⎯⎯ቇ

For 𝑓൫𝑔(𝑥)൯ = ൫𝑔(𝑥)൯
ଶ

= ቆ
1

𝑥 − 2
⎯⎯⎯⎯⎯ቇ

ଶ

=
1

(𝑥 − 2)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯

Domain:

Check if 𝑟௚ ⊆ 𝑑௙:     ℝ ∖ ൤−
1

3
⎯⎯,

1

7
⎯⎯ቇ ⊈ [−2, 6]

Therefore, the range of 𝑔 must be restricted to [−2, 6] ∖ ൤−
1

3
⎯⎯,

1

7
⎯⎯ቇ . 

Exclude {𝑥: 𝑔(𝑥) < −2 ∩ 𝑔(𝑥) > 6}:  𝑥 ∈ ቆ
3

2
⎯⎯,

13

6
⎯⎯⎯ቇ ∖ {2}

∴  Domain of 𝑓 ∘ 𝑔 = 𝑑௚ ∖ ൝ቆ
3

2
⎯⎯,

13

6
⎯⎯⎯ቇ ∖ {2}ൡ = (−1, 9] ∖ ቆ

3

2
⎯⎯,

13

6
⎯⎯⎯ቇ

Range: 

restricted 𝑟௚ = [−2, 6] ∖ ൤−
1

3
⎯⎯,

1

7
⎯⎯ቇ , 𝑑௙ = [−2, 6]

𝑓 will no longer get inputs from −
1

3
⎯⎯ to 

1

7
⎯⎯, therefore its range will be missing ൤0,

1

49
⎯⎯⎯ቇ

∴ Range of 𝑓 ∘ 𝑔 = 𝑟௙ ∖ ൤0,
1

49
⎯⎯⎯ቇ = ൤

1

49
⎯⎯⎯, 36൨

For 𝑔൫𝑓(𝑥)൯ =
1

𝑓(𝑥) − 2
⎯⎯⎯⎯⎯⎯⎯⎯=

1

𝑥ଶ − 2
⎯⎯⎯⎯⎯⎯

Domain:
Check if 𝑟௙ ⊆ 𝑑௚:    [0, 36] ⊈ (−1, 9] ∖ {2}

Therefore, the range of 𝑓 must be restricted to [0, 9] ∖ {2}. 

Exclude {𝑥: 𝑓(𝑥) > 9 ∩ 𝑓(𝑥) = 2}: 𝑥 ∈ ൛−√2
⎯⎯ 

, √2
⎯⎯ 

ൟ ∪ (3, ∞)

∴ Domain of 𝑔 ∘ 𝑓 = 𝑑௙ ∖ ቄ൛−√2
⎯⎯ 

, √2
⎯⎯ 

ൟ ∪ (3, ∞)ቅ  = [−2, 3] ∖ ൛−√2
⎯⎯ 

, √2
⎯⎯ 

ൟ

Range: 
restricted 𝑟௙ = [0, 9] ∖ {2}, 𝑑௙ = (−1, 9] ∖ {2}

𝑔 will no longer get inputs from − 1 to 0, therefore its range will be missing ቆ−
1

2
⎯⎯, −

1

3
⎯⎯ቇ

∴ Range of 𝑔 ∘ 𝑓 = 𝑟௚ ∖ ቆ−
1

2
⎯⎯, −

1

3
⎯⎯ቇ = ℝ ∖ ൤−

1

2
⎯⎯,

1

7
⎯⎯ቇ

      


