VCE Mathematical Methods - Units3and 4 By Christopher Chew

DIFFERENTIATION

POWER FUNCTIONS

y=ax"
dy

— =qnax"

dx

- Think “Multiply by the power and drop the power by one”

1

d
- d—y, the derivative, represents the gradient of the tangent to a curve at any x-value.

X

d d
- Note: —(2x —1) is asking you to differentiate 2x —1to find Y _y
dx dx
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CHAIN RULE

- Used for embedded functions (a function in a function) = Look for functions within brackets
- Substitute then use chain rule

dy dy y du
dx du dx

- Shortcut: Think “differentiate the outside, then multiply by the derivative of the inside”
- Differentiate the outside leaving the inside alone, then differentiate the inside because it is

something other than ‘x’”

Eg. Differentiate y = (3x” —6x+1)’

3x” — 6x + 1 is embedded within another function, so substitute u =3x” —6x+1-> y =u’

Now we have an equation for y in terms of u and u in terms of x

d du

—y=3u2 and —=6x—-6 Substitute into de—yxﬂ
du dx dx du dx
dy _ 2 2 _

—=33x"-6x+1)"(6x—-6)

dx

“’—y=(3x2 —6x+1)°(18x—18)

dx

Eg. Differentiate y = (3x2 —6x+ 1)3 (shortcut)

Differentiate the outside but leave the inside 3(3x” —6x+1)*

But because the inside is not just ‘X" we have to multiple by the derivative of the inside as well,

v _ 3(3x* —6x+1)> x (6x—6)
dx Same answer but faster

dy

—~ =(3x*—6x+1)’(18x—18)
dx
Eg. Differentiate !
. Dl 1 =
& T =2y

Remove the fraction y =(2x— 2)_2 - Always convert to power form before differentiating

Chain rule: Times by power, drop power by one, multiply by the derivative of what is inside

Y _ -2(2x-2)7(2)=-4(2x-2)"
dx
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PRODUCT RULE

d dv  du
—Uxv)=u—+v—

dx dx dx

“,o.n “,

- Substitute each of the functions being multiplied as “u” and “v

- Shortcut: Think “Leave it do it, plus do it leave it.”
- i.e. the first function times the derivative of the second function, plus the derivative of the
first function times the second function.

Eg. Differentiate y = (x* —1)(2x+3)

let u=x"—land v=2x+3

So @:2xand ﬂzZ
dx dx Substitute into
d
Y o (D2 +(2x+3)(2x) L uxvy=u® s
dx dx dx  dx
D 9 2443 +6x
dx
/A =6x"+6x-2
dx

Eg. Differentiate y = (x” —1)(2x+3) (shortcut)

dy_ 2 i i 2
E =(x 1)(dx 2x+3))+ (dx (x"=1)(2x+3)

Q = (x2 -D(2)+(2x)(2x+3)
dx

Q— 2x* —2+4x* +6x

dx

& _ 6x° +6x—2

dx
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QUOTIENT RULE
du dv
g vED-uE)
el (_) — dx dx
2
dx v

V

- Substitute each of the functions being divided as “u” and “v”

- Shortcut: Think “bottom times derivative of top, minus top times derivative of bottom, all
divided by bottom squared.”
i.e. the bottom function times the derivative of the top function, minus the top function
times the derivative of the bottom function, all divided by the bottom function squared.

x*=2

Eg. Differentiate y =
x+3

u=x>-2and v=x+3

@ =2xand ﬂ =1 Substitute into
dx dx
: v (%
d_y _ (x+3)2x)—(x"=2)(1) i(ﬁ) _ dx dx
dx (x+ 3)2 dx v V2
dy _ 2x* +6x—x*+2
dx (x+3)
d_y B X2 +6x+2
dx (x+3)

2

X
Eg. Differentiate y = (shortcut)

d 2 o 2 4 d
dyz(X+3)($(x 2) = (" =2)(~(x+3)

dx (x+3)?
dy _ (x+3)(2x) - (x> =2)(1)
dx (x+3)°

dy 2x*+6x—x"+2

dx (x+3)

dy x> +6x+2

A (x+3)
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TRIGONOMETRIC FUNCTIONS

y =sin(x) > % = cos(x)

X

y =cos(x) > @ = —sin(x)
dx

y =tan(x) —> dy = 1
dx cos”(x)

- NOTE: If the argument (what’s inside the brackets) is not “x,” the chain rule must be used.

Eg. Differentiate y =3sin(x)

Z—y =3 cos(x) as the derivative of sin(x)is cos(x)
X

Eg. Differentiate y =4cos(2x)

J The argument is not just “x,” must multiply
D _4x— sin(2x)x2 by the derivative of what is in the brackets,
dx ie2

dy

— =-8sin(2x
i (2x)

Eg. Differentiate y = 3tan(x’)+ x

The argument is not just “x,” must multiply

d by the derivative of what is in the brackets,
Y _ 3x ! x2x ie2

—— =IOX————C i.e 2x

dx cos’ (x7)

dy 6x

dx cos’(x*)

27 | Page © Conquest Education




VCE Mathematical Methods - Units3and 4 By Christopher Chew

Eg.If /:[0,27] > R, f(x) =2sin(2x)

a) State the coordinates of the stationary turning points

S'(x) =4cos(2x) Stationary points when gradient = 0,

0 =4cos(2x) therefore f'(x)=0

0 =cos(2x)

2x:Z’L,l’7l 0<x<27r > 0<2x<4r,sothe

2.2 2 2 solutions of 0 =cos(2x) are between 0

n 3n Sn Irx

X=——,—,— and 47
4 4 4 4

Therefore the coordinates are (%, 2), (377[, -2), (577[,2), (%T,—Z)

b) Find the gradient of f/(x) when x = %
f'(x) =4cos(2x)

&) = dcos(2Z
f(3) 4cos(=7)

Ey—ax_t
f1Q=4x—3

Fy=
f==2

Eg. When x =30, there is a stationary turning point. When x = 90° there is another turning
point. If the graph follows the function f :[0,27]— R, f(x) =sin(ax), find the value of a.

NOTE: Trigonometric calculus only works if “x” is in radians NOT DEGREES

dy
— =qacos(ax
— (ax)

Q:O when x:Zand x:z
6 2

. T
0=a cos(g a) and 0=a cos(5; a) dx

T T
0 =cos(— d 0=cos(—
(6a) an (2a)

Za 22,3—7[ and =g 22,3—7[ When, a =3, there will be a stationary
6 2 2 2 22 - -
a=3,9and a=1,3 point when x=g and x:3

Therefore a =3
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EXPONENTIALS AND LOGS

; dy .
—e —>——=¢
d dx
y=e" %ﬂ:kek"
dx
yzloge(x) _)Q_l
dx Xx

y =log,(f(x))

Eg. Differentiate y =2¢ "

@ — 2 —3x X—3
dx

ﬂ — _6ef3x

dx

Eg. Differentiate y =log, (2x)

dy 2

dx 2x
dy _1

dx x

1
Note: The derivative of log,(ax) =—
X

29| Page © Conquest Education



VCE Mathematical Methods - Units3and 4 By Christopher Chew

Eg. Differentiate y = log, (x* —2x+1)

dy 2x—=2 Derivative of the argument divided by the
a: 2%+l argument

dy _2(x-1)

dx  (x-1)°

v__2

dx x-1

Eg. Differentiate y =log, x

log. x Base is not “e” so must change the base using
- log, 2 the change base rule log, (x) = log, ()
log,(e)
= xlog x
y log, 2 g,
Q 1
dx xlog,2

Eg. Differentiate y =2" Base is not “e” so must change the base using

In(a)x

the change base rule a* =¢
y — eln(Z)x

dy In(2)x
—=1In(2)e
i (2)
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COMBINING FUNCTIONS

- Using chain, product and quotient rules on a variety of functions simultaneously

Eg. Differentiate f(x) =sin(e’")

Differentiate the outside, then multiply
f'(x)=cos(e’™)xe* x3 by the derivative of the inside

f'(x)=3e cos(e™)

Eg. Differentiate f(x) = cos(x’)e™”"

Product and chain rule. First function
f'(x)=cos(x”)x3xe™ " + e x—sin(x”)x 2x times derivative of the second plus
£1(x) =3e>" cos(x*) - 2xe> " sin(x?) second function times derivative of the

first
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