


Chapter 10 Matrices
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Entering a matrix into a CAS calculator and determining the transpose
14 Enter the following matrices into your calculator and determine the transpose.

cE=[1 21 z] dr=’§]




image6.png
Exam 1 style questions

15 Consider the following four matrices.

5 0 5 0 5 0 0 0] 5 0 0 0 5 05 0f
0575 0 5 0 0f 0 7 0 0 0575
. . - .
0 05 of 0 05 of 0 0 7 0 0 8 5 of
0005 0 00 5 0 0 0 5| 9 00 5
How many of these matrices are diagonal matrices?
Ao B 1 c2 o3 E4

16 The element in row i and column j of matrix A is ay;. A is a3 x 3 matrix. Itis
constructed using the rule my; = 3i +2j. A is

53 5 13 5] 5 9 10] 5 5 8 11
ali 4 7| Blo47 c|7 1 12[p|8 10 12/E |7 10 13]

6 7 15 0 0 2] o 13 14] | 13 15)
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17

19

5 8 11
Consider the matrix A, where A = |7 10 13|, The clement in row i and colum j of

9 12 15]
‘matrix A is a,;. The elements in matrix A are determined by the rule

Aay=d+j B ay=2i+3j Cay=i+j+3
D ay=3i+2j Eoay=2i-j+2
135 0f
3 4 1 0f
‘The matrix is an example of
5 12 0f
0 0 0 of
A a diagonal matrix. B an identity matrix. © asymmetric matrix.

D an upper triangular matrix.  E a lower triangular matrix.

The element in row i and column j of matrix A is a;;. The elements in matrix A are
determined using the rule ay; = 2i + j. Matrix A could be

3| 3 4 5
3 4]
A Blpas] cfs o 151 els 6 6
5 4
6 7 8 7]
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Exercise 10B

Representing a table of data in matrix form

1 The table opposite gives the
number of residents, TVs and
computers in three households.

Use the table to:

Household _ Residents Vs Computers|
A 4 2 1
B 6 2 3
c 2 1 0

@ construct a matrix to display the numbers in the table. What isits order?
b construct a row matrix to display the numbers in the table relating to household B.

‘What s its order?

© construct a column matrix to display the numbers in the table relating to computers.

‘What is its order? What does the sum of its elements tell you?




image9.png
2 The table opposite gives the Carsales  Small  Medium  Large
y car sals f
peny carles fortocar Honestloc's 24 2 1
SuperDeals 32 3 5
Use the table to:

@ construct a matrix to display the numbers in the table. What isits order?

b construct a row matrix to display the numbers in the table relating to Honest Joe’s.
What s its order?

© construct a column matrix to display the numerical information in the table relating
to small cars. What i its order? What does the sum of its elements tell you?

3 Four exporters A, B, C and D sell refrigerators (R), dishwashers (D), microwave
ovens (M) and televisions (T). The sales in a particular month can be represented by a
matrix.

R D M T

af120 95 370 250]
8[430 380 950 900)

cl 60 50 150 100)
0[200 100 470 50
a What is the order of the matrix?

b Construct a row matrix to display the exports of B. What s its order? What does the
sum of the elements of this matrix tell you?

© Construct a column matrix to display the numerical information in the table relating
1o microwave ovens. What is its order?
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4 Ata certain school there are 200 girls and 110 boys in Year 7. The numbers of girls
and boys in the other year levels are 180 and 117 in Year 8, 135 and 98 in Year 9,
110.and 89 in Year 10, 56 and 53 in Year 11, and 28 and 33 in Year 12. Summarise this

information in a matrix.

5 Convert the 16-digit credit card number 3452 8279 0020 3069 into a 2 x 8 matrix. List
the digits in pairs, one under the other. gnore any spaces.

© The statistics for five members of a basketball team are recorded s follows:

Player A
Player 8
PlayerC
Player D
Player

‘points 21, rebounds 5, assists 5
‘points 8, rebounds 2, assists 3
‘points 4, rebounds 1, assists 1
points 14, rebounds 8, assists 6
‘points 0, rebounds 1, assists 2

Express this information in a 5 x 3 matrix.
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Representing the information in a network diagram in matrix form

7 Represent each of the following network diagrams by a matrix A using the rules:
= matrix element = 1 if points are joined by a line

= matrix element = 0 if points are not joined by a line.

al b1 c
\2\ 2 !
3 5
3
g 4
8 The diagram opposite shows the roads interconnecting three townl  town2
towns: town I, town 2 and town 3. Represent this diagram with

3% 3 matrix where the elements represent the number of roads
between each pair of towns.

town3
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9 The network diagram opposite shows a friendship network g1 girl2

between five girls: girl | 10 girl 5.

This network has been represented by a 5 x 5 matrix, F. using £

the rule:

= clement = 1if the pair of girls are friends arls el

= element = 0if the pair of girls are not friends. L aas

a In the matrix F, fz, = 1. What does this tell us? 1o 1 0 0 0

b In the matrix F, fas = 0. What does this tell us? 211 0 1 0 of

& Whatis the sum of the elements in row 3 F= 301011
of the matrix and what does this tell us? afoo o

d Which girl has the least friends? The most friends? sloo 11 o
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10 a The diagram below shows a ‘food web' for polar bears (P), seals (5) and
cod (C).
The matrix F below has been set up to represent the information in the diagram.

s o Polar bear
Plo1 1

F=slo 0 1
clo o of

sl > Necw
s

‘What does the *I" in column C, row P, of matrix F represent?
‘What does the column of zeroes in matrix F represent?
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b The diagram below shows a ‘food web’ for polar bears (P), seals () cod (C) and
zooplankton (Z).
Complete the matrix W to represent the information in the diagram.
P s ¢ z Polar bear
PF[OO000
,S00oo s aats
el O
O

z|f

‘zooplankton
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Exam 1 style questions

11 The matrix below shows the number of boys and girls at a large school.
Boys Girls.
Year10| 157 163
Year11| 148 154
vear12| 139 145
How many girls are there in Year 117

A 157 B 148 © 154 D 139 E 145

12 A small chain of delicatessans with shopnames Allbright, Bunchof, Crisp, Delic and
Elite (4, B, C. D, E) each sell the products Feta, Goatmilk, Haloumi, Insalata and Jam
(F.G.H.1.J). The number of weekly sales of each product at each of the shops is
shown in the matrix below.

A B Cc D E

Fl3 40 52 106 27

Gl42 154 38 55 68

H136 145 1144 7

1136 147 43 72 111

Jl3e 140 66 56 145

Find which product had the highest weekly sales at any single one of the shops. The
‘name of this product and the shop is

A Feta at Allbright B Goatmilk at Bunchof € Jam at Elite

D Insalataat Bunchof  E Haloumi at Allbright
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Equality of two matrices
1 Given that

R W

find the value of a and the value of b.

Matrix addition, subtraction and scalar multipli

2 The questions below relate to the following six matrices. Computations will be quicker
if done by hand.

Ao e c="; ! j}
L R A I

a Which matrices are equal?
b Which matrices have the same order?
© Which matrices can be added or subtracted?

d Compute each of the following, where possible.
A+B D+E
3,





image17.png




image18.png
4 Evaluate cach of the folowing giving your answer as a single matrix.
L L3
b -
4 3] 4 3] 1 2]
IA 3] x[l z] N [l "]*[" ']
{4 off-l
1" o 1" o
NUBND NENCE
23072 il 2
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5 Use a caleulator to evaluate the following.

4 3] 04 4
aZ.Zx 7llx x
2| 12
L 14 121
esxla 0 1f-2x|2 0 1 +02x|
0 -1 2] 1o
0 1 0 0 2

10 8

[ F.mm.enlmsn{x.y,zmﬂwimt.efnllwing.z‘ A0 -
3 ) 12 6

Applications of matrix addition, subtraction and scalar multiplication

7 The number of DVDs sold in a company’s city, suburban and country stores for each
3-month period in a year is shown in the table.

DVD sales (thousands)

Store location | Jan-March _ April-June  July-Sept __ Oct-Dec
city 24 28 25 34
Suburban 35 34 26 a1
Country 16 18 17 21

a Construct four 3 x | matrices A, B, C, and D that show the sales in each of the
three-month periods during the year
b Evaluate A + B+ C + D. What does the sum A + B+ C + D represent?
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8 The numbers of females and males enrolled in three different gym programs for 2014
and 2015, Weights, Aerobics and Fitness, are shown in the table.

2014 2015
Gym membership | Weights Aerobics Fimess Weights Aerobics Fitness
Females 16 104 86 | 24 124 100
Males 75 34 70 4 9%
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Construct two matrices, A and B, which represent the gym memberships for 2014
and 2015 separately.

b Construct a new matrix C = A + B. What does this matrix represent?

Construct a new matrix D = B~ A. What does this matrix represent? What does the
negative element in this matrix represent?

The manager of the gym wants to double her 2015 membership by 2018. Construct
anew matrix £ that would show the membership in 2018 if she succeeds with her
plan. Evaluate.
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Exam 1 style questions

4 2] [4 2
9 + -
3 1] |3 a1

2] .[7

L
I

2

2]
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11 The table below shows information about two matrices A and B.

Order Rule

A 3x3 | ay=ij
B | 3x3 [ by=i+)
The sum A + Bis

12 3] 2 3 4] 3

A2 4 6 B34 s clz
3 6 9] 4 5 6] 3
32 07 ENEN

o3 4 5 Els 8 11
14 15 16 7 11 15)

o & w
u
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Exercise 10D

Matrix multiplication
1 The questions below relate to the following five matrices.

[oo] oef] esfro ] o

a Which of the following matrix products are defined?

iAB il BA
v EC vi EA

b Compute the following products by hand.
iAB CE iv AD

© Enter the five matrices into your calculator and compute the following matrix
expressions.
i AB EC

i AB-3CE iv 24D +3B
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2 Evaluate cach of the following matrix products by hand.

sloalfs el o)
(A
d x| |= e x =
3 4] |o] 0 1 1 2

1
clo b
1
1.0 1} 2]
1o 1 ofx|o]
110 |1
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3 Evaluate each of the following matrix products using a CAS calculator.

RS

131 Jo 21
dlo 2 ofx|-1 4 2=
112 |20 2
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Using summing matrices to sum the rows and columns of matrices
2 ]

4 For the matrix opposite, write down a matrix that can be used to: [~1 1.
9 3]

a sumits rows. b sumits columns

1 7 1 2]
5 Show how the matrix | 1| can be used to sum the rows of {1 2 2|
1 514
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9 0 2]
Shnwhowlhenmx[l 1 llmheumdmmmdmmlnmmoll 7 3

s 3 4]
Use matrix multiplication to construct a matrix that:
2 4 17 3]
19002
a displays row sums of the matrix |3 4 3 3 5|
2111 7]
5 3 6 7 9
45 121
b displays the column sums of the matrix [0 3 4 5 1
4 21 7 9
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Practical applications of matrix multiplication
8 Six teams play an indoor soccer competition.

Ifateam:
= wins, it scores two points o] win

= draws, it scores one point 21| oraw
= loses, it scores zero points o] Lose

This is summarised in the points
‘matrix opposite.
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w D L
4 1 0]Team1
3 1 1|Team2
“The results of the competition arc 3 0 2|reams
summarised in the results matrix. Work %= [} 2 5| reama
out the final points score for cach team L1 3| reams
by forming the matrix product RP. PR B
Four people complete a training session in which they walked, 23] wak
jogeed and ran at various times. = 10| so
The energy consumed in kJ/minute when walking. jogging or
running is listed in the energy matrix opposite. 65] Run
“The time spent in cach activity (in minutcs) W oss
by four people is summarised 10 20 30| Person1
i the time matrx opposite. Work out
e ot ey comeumd by ench pofis o 2| persanz
person, by forming the mateix product 20 20 20| Persons
30 20 10] Person4
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10 A manufacturer sells thee types of fruit straps, A

A, B and C, through outlets at two shops, Encrey (£) - ; II;E
and Nourishing (N) 0 ’

The number of fruit straps sold per month at each 0 45 25N
shop s given by the matrix Q.

a Write down the order of matrix Q.
The matrix P, shown opposite, gives 250

A
the selling price, in dollars, of each B
type of fruit strap A, B and C.

c

Evaluate the matrix M, where M = QOP.
‘What information do the elements of matrix M provide?
 Explain why the matrix PQ is not defined.
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11 Matrix X shows the number of cars of models a and b bought by four dealers A, B,
C. D. Matrix ¥ shows the cost in dollars of cars a and b. Find XY and explain what it
represents.

26 000] o
32000 b

- s =
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12 It takes John 5 minutes to drink a milk shake which costs $2.50, and 12 minutes to cat
a banana split which costs $3.00.

5
a Find the product and interpret the result in fast-food economics.
’250 Jm]H

H
b Two friends join John. Find mdinlcqxc(mercs\llL
) [zso :mn“
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13 The final grades for Physics and Chemistry are made up of three components: fests,
practical work and exams. Each semester, a mark out of 100 is awarded for cach
component. Wendy scored the following marks in the three components for Physics:
Semester 1 tests 79, practical work 78, exam 80
Semester 2 tests 80, practical work 78, exam 82
a Represent this information in a 2 x 3 matrix.

To calculate the final grade for each semester, the three components are weighted:
tests are worth 20%, practical work is worth 30% and the exam is worth 50%.

b Represent this information in a 3 x 1 matrix.

© Calculate Wendy’s final grade for Physics in each semester.

‘Wendy also scored the following marks in the three components for Chemistry:

Semester 1 tests 86, practical work 82, exam 84
Semester2 tests 81, practical work 80, exam 70
d Calculate Wendy’s final grade for Chemistry in each semester.

Students who gain a total score of 320 or more for Physics and Chemistry over the two
semesters are awarded a Certificate of Merit in Science.

© Will Wendy be awarded a Centificate of Merit in Science?
She asks her teacher to re-mark her Semester 2 Chemistry exam, hoping that she will
‘gain the necessary marks to be awarded a Certificate of Merit.

# How many extra marks on the exam does she need?
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Powers of matrices

14 A=

21
| J]‘mxmﬂ..«",«mn’.

15 IfA=

11
A 2] determine A*, A%, A® and A”.
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16

17

2]
3| use your calculator to find B

© (A+B+2C7
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Exam 1 style questions

18 Them.mixprmm[s 2 o]xz s equal to

o
18] 1 3
Apo B2 cpg o 3x[z 2 o]xz E 2x[3 2 o]xz
o o
1 4]
15 2
19 Maixp= |2 6mdmadno= | T 0

12

Matrix R = P x Q. Element ry; is determined by the calculation

A Ix1+4x2 B 1x1+4x0 € 1x1+2x2
D 4x1+5x0 E 4x2+5x1
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20 There are two types of chocolate boxes, Minty Chews and Orange Delight, available in
a shop. The cost, in dollars, to purchase a box is shown in the table below.
Chocolate | Cost($)
Minty Chews 6
Orange Delight 8

Liam is doing all his Christmas shopping by buying chocolate boxes. He buys 7 boxes
of Minty Chews and 9 boxes of Orange Delight. The total cost in dollars of these
chocolates can be determined by which one of the following calculations?

A tifs o spoopds o] e[l o

ol g]xlgl <P 7|x|:}

7]
9)
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Review of the properties of the identity matrix
1 a Wite down the:
i 22 identity matrix

i 3% 3 identity matrix

44 identity matrix.

bIfA= z],ﬂmdulAlslA=A
12 0

© IfC=[3 1 0] showthatC/=1C=C.
0 1 2]

Demonstrating that one matrixis the inverse of the other

2 Show that each of the following pairs of matrices are inverses by multiplying one by
the other. Use a calculator if you wish.

TR b
T
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Calculating the determinant of a matrix
3 Determine (by hand) the value of the determinant for each of the following matrices.

Vel e ]
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Calculating the inverse of a matrix
4 Use a calculator to determine the inverse of each of the following matrices.

[ 2 1 0]
1122 02 ~0.1
aA= bB ep={1 10 dE=|o 1 1
0 30 0 4
o 11 o0 1
Solving matrix equations
2 1 3 5|
3 2| -6 -1 3
5 LeA=|1 2 1| B= c D=||andE=|7
4 3 56 4
2 2 2] 9
Solve each of the following matrix equations for X
a B+X=C b BX=C c XB=C
7]
d BX=D o AX=E i BX+| |=D

6 Find the 2 x 2 matrix A such that A

12 [5 ¢
3 4] [12 14
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7 Suppose that A, B, C and X are 2 x 2 matrices and that both A and B have inverses.
Solve the following for X:

aax=c b ABX=C © AXB=C
d AX+B)=C e AX+B=C fXA+B=A
3 2 1][«] [15000
8 1f[2 2 1|y =[20000 find x.y and =
11 1][z] [10000]

9 Three crop sprays are manufactured by combining chemicals A, B and C as follows:

SprayP  One barrel of spray P contains 1 unit of A, 3 units of Band 4 units of C.
SprayQ  One barrel of spray Q contains 3 units each of A, B and C.

SprayR  One barrel of spray R contains 2 units of A and 5 units of B,

To control a certain crop disease, a farmer requires 6 units of chemical A, 10 units of

chemical B and 6 units of chemical C. How much of each type of spray should the
farmer use?

10 A factory makes and assembles three products, P, Q and R, each requiring different
quantities of three components, a, b and c. The following matrix A represents the
required quantities of components for each product, and the matrix K represents the
daily production of components at the factory.
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P QR
als 3 2 a[os
A=b[2 2 4| and K=b |80
clo 23 < [4of

a Find the inverse of A.
b Assume that the factory uses all components that are produced. Find the rate of
assembly of P, Q and R at the factory, expressed as number of products per day.
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11 Bronwyn and Noel have a clothing warchouse
in Summerville. They are supplied by three
contractors: Brad, Flynn and Lina.

‘The matrix shows the number of dresses, pants.
and shirts that one worker, for cach of the shirts | 26
contractors, can produce in a week.

‘The number produced varies because of the different equipment used by the
contractors.

The warehouse requires 310 dresses, 175 pants and 175 shirts in a week. How many
‘workers should each contractor employ to meet the requirement exactly?

Brad Flynn Lina
Dresses [ 5 6 10

Pants [ 3 4 5
5
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Exam 1 style questions

12 ’l‘hedcc.uvmnamnﬁhenun-ixl

B O

14 Consider the matrix equation

4 2] 1412
3x +X=
6 7| 18 22

2 2]

Which one of the following is the matrix X?

[ 2| 2 5]
A B c
6 7| 6 7|

25
0 2]

2 6|
o
o 1
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Permutation matrices
1 Which of the following binary matrices are permutation matrices?

Pis the permutation matrix: P =

oo -

0
0
0
1
a What does matrix X change to i it s post-multiplied by P?
b For what value of n does XP* first equal

3 Finda permutation matrix that takes the column matrix | ~ | to the column matrix

EEEES
CEENEED)
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Inverses of permutation matrices.

4 A4x4 permutation matrix P = applied to 4 x 1 column matrix A gives

GRS
oo -o

the column matrix | | |. Determine the matrix A.

B
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Communication matrices
S Freya (F), Lani (L) and Mei (M) are close friends who regularly
send each other messages. The direct (one-step) communication
links between the friends are shown in the diagram opposite.
a Construct a communication matrix C from this diagram.
b Calculate C2.
‘¢ How many different ways can Mei send a message to Freya?

ks
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& Four fire towers T'1, 72, 73 and T4, can communicate n

‘with one another as shown in the diagram opposite. In i
this diagram an arrow indicates that a direct channel of

communication exists between a pair of fire towers I i

For example. a person at tower I can dircetly communicate with a person in tower 2

and vice versa.
“The communication matrix C can also

o O T2 T3 T
0 teecac s nformton. o 1 0 orn
2 Explinthe meaningofazeointhe |, g lp
teation matrix o 1 0o 1fm

b Which two towers can
0 oolm

communicate directly with 722

© Write down the values of the two missing elements in the matrix.
St §

‘The matrix C? is shown opposite R,

d Explain the meaning of the 1 in row 1

° . o 1 om
73, columa T1 eolo 2 0 alm

© How many of the two-step.
communication links shown in the o2 g
‘matrix C? are redundant? o ool

# Construct a matri that shows the total number of one and two-step communication
links between cach pair o towers.

& Which of the four towers need a three-step link to communicate with cach other?
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Representing a large network diagram by a matrix
7 Constructa 5 x 5 matrix to represent the

commaunication network diagram opposite. A@c

Exam 1 style questions

8 The matrix below shows how five people, Adam(A), Bertie(B), Catherine(C), David(D)
and Evan (E), can communicate with each other.

Receiver
ABCDE
Afo 10 01
B[1 0001
Sender {1 0 0 0 1
oft o101
E[1 0 1 1 0

A1 in the matrix shows that the person named in that row can send a message
directly to the person named in that column. Adam wants to send a message to David.
This can be done through a sequence of communications formed from the five people.
Which of the following is a possible sequence of communications to get the message
from Adam to David?

A AD B ABD CABCD DABED EAECBD
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9 Matrix Pis a3 x 3 permutation matrix. Matrix Z is another matrix such that the matrix
product P x Z is defined. This matrix product results in the third row becoming the first
row, the second row becoming the third and the fist row becoming the second row of
matrix Z. The permutation matrix P is

0
0
1

A

—Ss o T -2o

1

c-oc oo

- ===

5

0
0
1

-0

—coccco
o
oo
oo o
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Dominance matrices

1 The results of a competition between teams A, B, C and D are B
displayed opposite. An arrow from D to C indicates that team
D defeated team C.
a Construct a dominance matrix showing one-step.
dominance between the teams. Rank the teams according
10 one-step dominances.
b Construct a dominance matrix showing two-step
dominances between the teams. Rank the teams, taking

into account both one-step and two-step dominances. o

2 Five students play each other at chess. The dominance matrix shows the winner of each
‘game with a *1" and the loser or no match with a ‘0", For example, row 2 indicates that
Bloses to A, D and E but beats C.
a Find the one-step dominance

Losers
score for each student and use As o bk
these to rank them.

y afo 111

b Caleulate the two-step dominance
matrix. Wimers B0 0 1 0 0

© Determine the matrix T = D + D* ejo o o o o
and use this matrix to rank the plo 1 1 0 o0
players. Efo 1 0 1 0
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3 Five friends — Ann, Bea, Cat, Deb and Eve - competed in a 4
round-robin tennis tournament. The results were as follows:
= Ann defeated Cat and Deb
= Bea defeated Ann, Cat and Eve
= Cat defeated Deb
= Deb defeated Bea
= Eve defeated Ann, Cat and Deb.

Using this information:

a Construct a one-step dominance matrix, D.

b Construct a two-step dominance matrix, D?.

© Use the dominance scores from the matrix D + D? to rank the five players
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4 The following dominance matrix, M, gives the results of a series of squash matches
between five friends, where my = 1 if player i beat player J.
Ash Ben Carl Dot Elle

ashfo 0 1 1 0
Ben|1 0 1 1 0
M=calf0 0 0 1 0
oot|0 0 0 0 1
Elel1 1 1 0 o0

a How many matches were there?
b Describe the outcomes of the matches.
© Use the dominance scores from the matrix M to give a ranking of the players.
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Exercise 10A

Order of a matrix
1 State the order of each of the following matrices.

2 6 18/ 3 4 4
1.5 9
a plren] cfs o af o033
3 0 4
11 8] 1 0 3 3
2 Write down the order of the following matrices:
1
altt? b | cp2
2 1 0f El
4]
3 How many elements are there in a
a 2x 6 matrix? b 3 x5 matrix? © 7 x4 matrix?

4 A marrix has 12 elements. What are its possible orders? (There are six.)
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5 Five chess players — 4, B, C, D and E - competed in a round-robin chess tournament.
‘The results were as follows:

= Adefeated Band D = Bdefeated CandE m C defeated A and D
= Ddefeated B = E defeated 4, C and D.

Using this information:

a Construct a one-step dominance matrix, M.

b Use the dominance scores from the matrix M + M? to rank the players.
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& Acommittee of four people ~ A, B, C and D ~ will decide
‘on the location of a new toxic waste dump. From previous
experience, it is known that:
= Ainfluences the decisions of B and D

influences the decisions of C

= Cinfluences the decisions of no one:

= D influences the decisions of B and C.

Using this information:

a Construct a matrix that takes into account both one-step and two-step dominance.
b From this matrix, determine who is the most influential person on the committee.

7 The following table gives the results of the first round of games at a chess club.

Game | AwsB | CvsD | AvsD [ Bwsc [ BwD

AvsC

Winner | A c D B B

A

a Create a one-step dominance matrix, D.
b Create a ranking of the four players using D and D%,
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8 Four schools ~ A, B, C and D — compete in a round-robin hockey tournament. The
results are summarised by the following dominance matrix:
ABGCD

afo 11
Blo 0 1
M=
clo oo
ol oo

- - o

0
Create an ordering of the four schools using M, M? and M’

9 Five teams competed in a football tournament. Each team 4
played every other team once. The results are shown in the
diagram. (For example, the arrow pointing from A to C

indicates that A defeated C.)

Create a rank order for the five teams by taking into

consideration both one-step and two-step dominance.
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Exam 1 style questions

10

11

Four teams, A, B, C and D, competed in a round-robin competition where each team
played each of the other teams once. There were no draws. The results are shown in the
‘matrix below.

loser

aBCoD
alo x v o
o sloo 11
M el 0 0 0
ol z 1 0
The values of x,y and < are
Ax=0y=0:=0  Bax=O0y=l:i=gq  ©€x=ly=0:=0
Dx=ly=0:=1 Exsly=lz=1

There are five hens in a coup. Their owner calls them Alpha, Beta, Gamma, Delta and
Epsilon. There is a pecking order in the coop, and the following dominance matrix, M,
was formed by the owner:
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Alpha Beta Gamma Delta Epsilon

aphal 0 0 0 1 0
Beta| 1 0 1 0 1
M=Gamma| 1 0 0 0 0
peta| 0 1 1 0 0

Epsion| 1 0 1 1 0

Based on the matrix M + M?, which of the following best describes the pecking order
in the coop?

A Beta, Epsilon, Delta, Alpha, Gamma & Beta, Epsilon, Gamma, Delta, Alpha
© Beta, Epsilon, Delta, Gamma, Alpha D Epsilon, Beta, Delta, Alpha, Gamma
E Epsilon, Beta, Delta, Gamma, Alpha
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12 Four soccer teams, X, Y, Z and W, compete in a round-robin competition. In each
‘game, there is a winner and a loser. To decide the winner of the tournament, the sum of
the one-step dominance matrix, D, and the two-step dominance matrix, D2, is found.

“This sum is
1212
papio|t 122
2211
2121
‘Which one of the following is the correct one-step dominance for this tournament?
0011 1011 001 1
1000 1000 101 0f
A B c
0101 0 101 0101
0 1 0 of 0 101 0101
0011 1011
1010 1001
) E
0101 0 101
110 0 0 1 0 0]
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Multiple choice questions
The following matrices are needed for Questions 1 10 8.

2 0] -1 31 1
v el e
[ 1 1o 1

1 The row matrix is:
AU 0% cw DX £z

2 The square matrices are:
A UadV B XadY  C YadW D UamdY  E UVandX

3 The order of matrix X i
A 2x2 B 2x3 ©3x2 D 3Ix3 £6
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The following matrices can be added:
A UandV B VandW © XandY D UandY E noneof the above

‘The following matrix product is nof defined:
awv 8 Xz v o Xy E Uy

v =
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10

“The order of matrix product XZ

Alx3 B 2x1 ©ax1

v =

‘IZ“] "ll c’zl]

1 2 of o 1

20

Inthe mawix A= 4 —1 3, the elementax =
s a7
B -1 co

D 3x2

]

6 0]
o
1 2]

E3x3

10
E
12

E4

}
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e ;]H

13

:] D2 2 E not defined
31

The following matrices are needed for Questions 12 1o 16.

1

A ele e

102
2 0] 43] 09 03] 1 2]
U= V= W x=[3 2 0| v=
11 45, 0.1 03] 2 4

112
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The transpose of a matrix
S Determine the transpose of each matrix

12 3 9 10 7
a b e
0 3| 5 8915
‘Types of matrices and their elements
& For each of the following matrices, state whether it
and state the order and the number of elements.
3|

aIii] b 3] RN

g

a column, row or square matrix,

7 Consider the following square matrices.
100 [13 5]

FEFRIT RS

Identify:
a the upper triangular matrices b the identity matrix
 the diagonal matrices d the symmetric matrices.

o
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“The matrix that cannot be raised to a power is:

AU BV cw o X
deiU) =
=) 50 c1 D2
yi=

05 0| 4 ) 10 1~ 2
a B c o3

-05 1 -2 1 0 1 82
U=

05 0| 4 ) 10 1~ 2
a B c D2

05 1 2 1 0 1 8l2
The matrix product that is defined is:
A ux B xy covw ouw
12| |2

x|°=
ERFI
3 4

a B c o

[m] [12] ; I"’}
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18 Xisadx2matrix. ¥isa2 x 3 matrix. Z
‘matrix expressions is nor defined?
A Xy B yx © XZ-2X D YX+2Z E XY-¥X

2 x 2 matrix. Which of the following
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3|

s
oAzt l]mdﬂ=2

4
The matrix expression that displays the mean of the numbers 3, 5, 2, 4 is:

1 1 1 1 1
A JA+B B A+ C B © 4B £ g8

20 Consider the following four matrix expression.

30 3] [ 2] [3] [+ 2]
ol s PYelee Y- R
4 2] 5 5]l 7l Is| e 7
How many of these four matrix expressions are defined?
) B1 c2 D3 Ea
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21 Ifboth A and Bare m x n matrices, where m # n, then A + B is

A anmx n matrix
D a2mx 2n matrix

22 Them.mixﬂpmsxim[
[0 o]
A
0 of

13 24
D
01

B anm x m matrix
E not defined

o
==
=2

© annxnmatrix
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23 The diagram opposite is (o be represented by a matrix, A, where: 1
= element = 1 if the two points are joined by a line

= element = 0 if the two points are not connected. 5
4
1 0001 0001
2| 0 0 1 0 0 11 0] 1 2]
B c D E
3 0101 0111 3 4]
4 101 0f 101 0f
3 0]
. 4 1 N
24 Mmaix M = || then the tanspose matrx M" =
9 6|
0 3| 0 3]
14 14 34709 Jo126_[34001
A B c o E
2 7] 6 9| o 126 [3479 [267 09
6 9 2 7
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25 Misa6x6matrix. N is a 5 x 6 matrix. Which one of the following matrix expressions
is defined?

A NM-2N B M(MN)' ¢ MN o N'M EMN
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EECR)

26 Matrix Ay is the 4 x 1 column matrix

D)
A'second 4 x 1 column matrix, A, contains the same elements as Ay, but the elements
are ordered from top to bottom in alphabetical order. Matrix A> = P x Ay, where P isa
permutation matrix. Matrix P is

1000 foooi1 foot1o foooi] [ooor1
0 oo 1| foroof Joroo fo1 1o fo11 o0
A B c o E

o 100 f[tooof [tooo fo1 11 [0o10 0]
1ooo fooot loootf [1 o010 [1ooo
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27 Fourteams, X, ¥,Z and W, compete in a round-robin competition. In each game, there
is a winner and a loser. The sum of the one-step dominance matrix, D, and the two-step.

dominance matrix, D?, is found. This sum is.

D+D'=
z

w

X

[

In the first two games:

= team W defeated team X

¥

[ep——

z

2
1
0
2

w

o -

= team Z defeated team W.

‘Which one of the following is the correct one-step dominance for this tournament?

X

N =N <ok
— = oo

SRR

=

Y

cco-~ooco~

z

N o—o -

o=

W

[

Nk =N <ok

SR

=

X

[ep———

cco-xoco =

z

N —o - =

o=

ce-- T w0 =

=N <ok

X

[

—o o= =

ce - N
c-oco =
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14
01

we-oo
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28 ’l‘hem.mixl
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A symmetric matrix & unit matrix. © wiangular matrix.
© diagonal matrix £ communication matrix.
29 A,B.C.Dand E are five intersections 4 B
joined by roads, as shown in the
iagram opposite. Some of these roads

D c
are one-way only. /
‘The matrix opposite indicaes the
direction that cars can travel along each From intersection
of these roads. ABCoDE
In this matr 0000
= the 1in column A and 1000
row B indicates that cars 0101
can travel directly from 1000
Awl 00 11
= the 0in column B and row A
indicates that cars cannot travel

directly from Bt A (either it
one-way road or no road exists).

Cars can travel in both directions between intersections:
A AandD B BandC € CandD D DandE  E CandE
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8 Complete the sentences below that relate to the following matrices.

4 3 1
0 -1 0f
2 0 4

Tm a0 ao0 T

-
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Written response questions

1 The following diagrams represent the road network joining several towns. Represent
each road by a matrix.

2ol ouna b town

town 3
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2 Heights in feet and inches can be converted into centimetres using matrix
mmnpl.mxm.mmc=’y¥j}mh¢m“.mmnm

(1 foot = 30.45 cm and 1 inch equals 2.54 cm).

& What is the order of matrix C?

Jodie tells us that her height is 5 feet 4 inches. We can write her height as a matrix
i=f5 4]

b What is the order of matrix J?
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 Is the matrix product JC defined? Why?
d Evaluate the matrix product JC. Explain why it gives Jodie’s height in centimetres.

© Matrix H = ’: ’:lgxmmhc.gmmmmxmmmwnmumle

Use the conversion matrix C and matrix multiplication to generate a matrix that
displays the heights of these two people in centimetres.
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3 Books can be classified as fiction or non-fiction and come in either hardback or
paperback form. The table shows the number of book titles carried by two bookshops
in each of the categories.

Bookshop 1 Bookshop 2
Number of ttles | Hardback  Paperback | Hardback  Paperback
Fiction 334 876 354 987
Non-fiction 213 456 314 586

@ How many non-fiction paperback titles does bookshop 1 carry?

334 876

213 456
bookshop 1 in all categories. What is the order of this matrix?

© Write down a matrix equivalent to matrix A that displays the number of book titles
available at bookshop 2. Call this matrix B.

@ Construct a new matrix, C = A + B. What does this matrix represent?

@ The average cost of books is $45 for a hardback and $18.50 for a paperback. These

45.00

[uaso

b The matrix A I ]d‘splxysm:mlmbanlhmklid::-v:uxhlcu

values are summarised in the matrix £

What is the order of matrix E?

Construct the matrix product AE and evaluate.

‘What does the product AE represent?

# Bookshop 1 plans to double the number of titles it carries in every category. Write
down a matrix expression that represents this situation and evaluate.
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4 Mathematics and Physics are offered in a first year university science course.
600]

220

Mathematics

The matrix N lists the number of students enrolled in each

Physics
subject.

A B c D E
Thematrix P= [0.05 0225 0275 025 0.10] lists the proportion of these

students expected to be awarded an A, B, C. D or E grade in each subject.
a Write down the order of matrix P.
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b Let the matrix R = NP.
i Evaluate the matrix R.
Explain what the matrix element Ris represents.
© Students enrolled in Mathematics have to pay an extra fee of $220, while students
enrolled in Physics pay an extra fee of $197.
i Wite down a clearly labelled row matrix, called F, that lsts these fees.

Show a matrix calculation that will give the total fees fees, L, paid in dollars by
the students enrolled in Mathematics and Physics. Find this amount.
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5 Ina simplified game of darts, the possible scores are 25, 50 or 75. 25]
G is a column matrix that lists the possible scores P
In one game of 15 throws, Daniel achieved

.
.
a
b

Eight *25 scores”
Six *50 scores”

One 75 score”

‘Write a row matrix, N, that shows the number of each score that Daniel had.
Matrix P is found by multiplying matrix N with matrix G so that P = N x G.
Evaluate matrix P.

In this context, what does the information in matrix P provide?
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© A mining company operates three mines, A, B and C. Each of the mines produces three
types of minerals, p. g and r. Consider the following two matrices:

poa r
af20 20 4] A 46000)
X=8|0 40 20{ and Y=5[34000
cleo 40 6o] {106 000

Matrix X gives the number of tonnes of each of the minerals extracted per day from
ach of the mines, and matrix ¥ gives the total revenue (in dollars) from selling the
‘minerals extracted from each of the mines on one day.
& Calculate the total number of tonnes of minerals produced by mine A.
b Calculate the total number of tonnes of mineral g produced.
© Calculate the total revenue of the three mines.
@ In the matrix equation XA = ¥
i What is the order of matrix A?
‘What do the elements of matrix A represent?
‘We know that A = X~'Y. Find A.
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Constructing a matrix given a rule for its jjth term

9 Bisa3x 2 matrix. The element in row i and column j s given by by, = i X j.
Construct the matrix.

10 Cisa4x 1 matrix. The element in row i and column j is given by c;;
Construct the matrix.

i+2j.

11

23 x 2 matrix. The element in row  and column j s given by d;
Construct the matrix.

3j.

12 Eisalx3matrix. The element in row i and column jis given by e = i + 7
Construct the matrix.

13 Fisa2x2 matrix. The element in row i and column j is given by f;; = (i + j)’.

Construct the matrix.





