


Chapter 13 Graphs, networks and trees: travelling and connecting problems
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Exam 1 style questions

11

Consider the graph opposite.
The number of vertices with a degree of 4 is

Al B2 c3
D4 ES

A planar graph has four faces. The graph could have
A Seven vertices and seven edges B Seven vertices and four edges
© Seven vertices and five edges D Four vertices and seven edges
E Five vertices and seven edges

Use the following information for questions 12 and 13.
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12 The number of faces in the graph above is
a3 B4 cs D6 E7

13 Consider the following five statements about the graph above:
= The graph is planar. = The graph contains a bridge.
= Itisa simple graph. = The sum of degrees of the vertices is 16.
= Itis a complete graph.
How many of these statements are true?

Al B2 c3 D4 ES
14 Consider the graph shown opposite.
The minimurm number of edges that must be added to .
‘make this a complete graph is
Al B2 c6 —_—

D8 E 12
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15 The following graph with six vertices is a complete graph.
Edges are removed so that the graph will have the
‘minimurm number of edges to remain connected. The
‘number of edges that are removed is

A6 B8 c10 b12 EWN
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Exercise 13B

Writing adjacency matrices

1 For each of the following graphs, write down the adjacency matrix.

a » b b 4 5 B

c D

c
) B e 4 f
E DBE
L c /

D c , #
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w

c
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ot
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Drawing graphs from adjacency matrices
2 Draw a graph from each of the following adjacency matrices.

a A BC b ABCD ¢ A BCD
alo 11 al1 0 0 o alo 121

Bf1 01 8lo 0 11 Bl1 0 11

cl1 1 o clo 1 1 o cl2 100

ofo 1 0 o o[1 1 0 0

Properties of graphs

3 The adjacency matrix on the right has a row and column ABC
for vertex C that contains all zeros. What does this tell you alo 1 0
about vertex C? el1 o o
clo o o

4 Every vertex in a graph has one loop. What feature of the adjacency matrix would tell
you this information?

5 A graph has five vertices: A, B,C. D and E. It has no duplicate edges and no loops. If
this graph is complete, write down the adjacency matrix for the graph.
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Exam 1 style questions

& The map opposite shows the pathways between
five buildings: A, B,C. D and E. An adjacency
‘matrix for the graph that represents this map s
formed. The number of zeros in this matrix is
a9 B 10 c
D12 E13
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7 The adjacency matrix opposite shows the number
of pathways between four points A, B,C and D.
A graph that could be represented by the
adjacency matrix is

o>

Cowo

cnwown

——noo

c-cw oo
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Use the following information to answer questions 8 and 9.

‘The map opposite shows the pathways between five schools:
AB.C.DadE.

An adjacency matrix for the graph that represents this map
is formed.

8 Of the 25 elements in the adjacency matrix, the
number *1” appears
A 7 times B Stimes © 9times
D 10tmes  E 11 times

9 Of the 25 elements in the adjacency matrix, the numbers *2’ or
A 6times B 7tmes  © 8times D 9times E 10 times
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Use the following information to answer questions 10 and 11.

10 A graph has four vertices A, B, C. and D. A BCOD
‘The adjacency matrix for this graph is shown alo 111
opposite. Which one of the following statements B[1 0 01
about this graph is not true? cf1 o 1 0

o[1 1 0 o
A The graph is connected. B The graph contains a loop.

© The graph contains multiple edges. D The graph is planar.
E The graph contains a bridge

11 The number of faces of the graph represented by the adjacency matrix above is

A2 B3 c4 DS E6
12 The map opposite shows all the road connections »
between six towns, P, 0. R, S, T and U. The road v
connections could be represented by the adjacency 4
matrix
r ®
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Describing travels
1 Identify the walk in each of the graphs below as a trail, path, circuit or walk only.
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2 Using the graph opposite, identify
the walks below as a trail, path,
cireuit, cycle or walk only.
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Eulerian trails and circuits
3 i Identify whether each graph below has an Eulerian circuit, an Eulerian trail, both or
neither.
Name the Eulerian circuits or trails found.

au B b B c
F
c G
£
L H
E D b D
d c e E 4
B D
F
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Hamiltonian paths and cycles
4 Lista Hamiltonian cycle for each of the following.
a 4B [ B c

£ a
D F
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5 List a Hamiltonian path for this graph, starting at F 4,
and finishing at G.

IF G
a3 "
D
Applications
6 Four children each live in a different town. The 4
diagram opposite is a map of the roads that link
the four towns, 4, B.C and D.
D

c

a How many different ways can a vehicle travel between town A and town B without
visiting any other town?
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b How many different trails are there from town A to town D?

© Draw this map as a graph by representing towns s vertices and each different route:
between two towns as an edge.

d Explain why a vehicle at A could not follow an Eulerian circuit through this graph.
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7 The following graph shows the roads linking nine Victorian country towns.

Streatham
Glenthompson

Nerrin Nerrin

Chatsworth

Hexham Mortlake

a Verify Euler’s formula for this graph.

Cycling enthusiasts from the nine towns are planning a race that uses the roads linking

the towns.

b The organisers who live in Lake Bolac want to visit each town to gain support for
the race. They plan o visit each town on the same day but not pass through any.
town more than once. They will start and finish at Lake Bolac.

i What name is given for the route they plan to take?
Identify the two routes they can follow.
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« In planning the race route, the organisers would like the cyclists to travel along each
road linking the towns, but only once, and start and finish at Lake Bolac.
i What name is given for the type of route they would like the cyclists to take?
Explain why this cannot be done.
d The race planning in part ¢ above can start and finish at Lake Bolac with only one
road being travelled along twice.
i Which road is this?
Identify one possible route the race can follow starting and finishing at Lake
Bolac, with only one road being travelled along twice.
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Properties of graphs
8 A graph has six vertices, A, B, C, D, E
and F. The adjacency matrix for this
‘eraph is shown opposite.
a Is the graph connected?
b Is the graph planar?
© Does the graph contain a bridge?
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d Does the graph contain an Eulerian

trail?
@ Does the graph contain an Eulerian circuit?
 Does the graph contain a Hamiltonian path?
& Does the graph contain a Hamiltonian cycle?

9 Consider the graph opposite.
‘What is the minimum number of edges that must be added for an
Eulerian circuit to exist?

Exam 1 style questions

10 Which one of the following graphs has an Eulerian circuit?
A B c

..QAE@?
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11 Consider the graph opposite. Which one of the following
not a Hamiltonian cycle for this graph?

A ABCFEDA

B BADEFCB

© CDEFABC

D DEFACBD

E EFCBADE

12 An Eulerian trail for the graph opposite will be possible
only one edge is removed. In how many different ways
could this be done?

Al B2 c3 D4 ES
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Use the following graph to answer questions 13 and 14.

4

E D c

13 Which one of the following is a Hamiltonian path for the graph above?
A AFEDBA B ABCDEF © AFEDBCBA
© ABDFEDCBA E FDEFABC

14 The graph above will have a Eulerian circuit if an edge could be added between the

vertices
A EandC B AwdB © AadF
D Aand D E Fand B
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Weighted graphs and networks

1 The network on the right shows towns c o
A.B.C.D and E represented by P D
Vertices. The edges represent road a
connctions between the towns. The 12

weights on the edges are the average
times, in minutes, it takes to travel

E
along each road.
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a Which two towns are 12 minutes apart by road?

b How long will it take to drive from C to D via B

© A motorist intends to drive from D to E via B. How much time will they save if they
travel directly from D to E?

d Find the shortest time it would take o start at A, finish at £ and visit every town
exactly once.

Shortest path by inspection
2 By inspection, find the length of the shortest
path from A to E.
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3 The network on the right
shows the distance, in
Kilometres, along walkways
that connect landmarks
A.B.C.D.E.F.G.HandIina
national park.

a What distance is travelled
on the path A-B-E-H-I?

b What distance is travelled on the circuit F~E-D-H~E-A-C-F?

© What i the distance travelled on the shortest cycle starting and finishing at £?

d Find the shortest path from A to I.

4 Determine the shortest path from § to F in the following weighted graphs. Write down
the length of the shortest path

a 46 ¢ b4 s
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5 Inthe network opposite, the
vertices represent small towns and
the edges represent roads. The
numbers on each edge indicate the
distances (in kilometres) between
towns.

Determine the length of the
shortest path between the towns
labelled A and B.
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Exam 1 style questions
Use the following information to answer questions 6 and 7.

& Whatis the shortest path between C and E?
AC-A-E BC-D-A-E CC-D-G-E
D C-G-E EC-G-H-E

7 What s the shortest path between B and G?
AB-E-G BB-E-H-G ©B-A-C-G
DB-A-D-G EB-A-D-C-G
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Use the following information to answer questions 8 and 9.
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8 Victoria rides her bike to school each day. The edges of the network on the previous
page represent the roads that Victoria can use to ride to school from her home. The
‘numbers on the edges give the time taken, in minutes, to travel along each road.
‘The fastest Victoria can ride from home to school is

A 80 minutes B 81 minutes © 83 minutes.
D 84 minutes E 98 minutes

9 Which of the following represent the fastest route for Victoria’s journey from home to
school.
A Home — A~ B~ School 8 Home — A~ B~ D~ School
© Home ~C - D~ School D Home - C ~ B~ D~ School
E Home - E - C — B— D - School




image35.png
1 Using Dijkstra’s algorithm, determine the shortest path and write down the length of
the shortest path from A to H in the following weighted graphs.
a
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2 Renee drives to work cach day.
The edges of the network opposite
represent the roads that Renee can
use to drive to work. The numbers
on the edges give the time, in
minutes, to travel along each road.
‘What is the shortest time that
Renee can drive between home and
work?
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Spanning trees
1 Aweighted graph is shown on the right
a How many edges must be removed
in order to leave a spanning tree?
b Remove some edges to form three
different trees.
@ For each tree in part b, find the total
weight
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Minimum spanning trees and Prim’s algorithm
2 Find a minimum spanning tree for each of the following graphs and give the total
weight.

N

[EEN
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Connector problems
3 In the network opposite, the vertices represent

water tanks on a large property and the edges
represent pipes used to move water between
these tanks. The numbers on each edge
indicate the lengths of pipes (in m) connecting
different tanks.
Determine the shortest length of pipe needed to connect all water storages.





image40.png
Exam 1 style questions
4 For the graph opposite, the length of the
‘minimum spanning tree is
A4 B4  cCd6

D47 EM

S The minimun spanning tree for the graph below includes the edge with weight

labelled k.
The total weight of all edges for . .
the minimum spanning tree s 8. e o

“The value of k is . N

A6 BT ©8

D9 EI0
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© The minimum spanning tree for the graph
opposite includes two edges with weights
and b. The length of the minimum spanning tree.
is 124,
‘The values of a and b could be
Aa=6andb=17

7 A minimum spanning tree is to N
be drawn for the weighted graph
opposite. How many edges with
weight 4 will not be included in
any particular minimum spanning
tree?

A1 B2C3 D4 ES
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8 Consider the weighted graph opposite. 3

How many different minimum spanning trees are possible?

Al B2 c3 D4 es Y J
]
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Multiple-choice questions

1 The minimum number of edges for a graph with seven vertices to be connected i

A4 a5 c6 07 £l
2 Which of the following graphs is a spanning tree for the A
c
network shown? w
p—E
G
aA B B A .
N
N N
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DA EA
o ¢
AV F
D E D E
y :

For the graph shown, which vertex has degree 57
no BT cs o R EU

A connected graph with 15 vertices divides the plane into 12 regions. The number of
‘edges connecting the vertices in this graph wi
s B2 cu

E27
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Which of the following graphs does nor have an Eulerian circuit?
A \//\ B 7D : w

) E E i

A connected planar graph divides the plane into a number of regions. If the graph has

eight vertices and these are linked by 13 edges, then the number of regions is:
aAs B6 c7 Ds E10
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7 For the graph shown, which of the following paths is a
Hamiltonian cycle?
A A-B-C-D-C-F-D-E-F-A-E-A
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10

11

“The graph opposite has:

A four faces B five faces
© six faces D seven faces
E eight faces

The sum of the degrees of the vertices on the graph
shown here is:

A 20 521 cn

02 Exu

For the graph shown, which additional edge could be
added to the network so that the graph formed would
contain an Eulerian trail?

AAF  BDE CAB

D C-F  EBF

For the graph shown here, a minimum spanning tree
has length:

A 30 831 3

o34 £ 26
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12

13

14

Of the following graphs, which one has both Eulerian circuit and Hamiltonian cycles?
A : B I: ] c

A graph with six vertices is connected with the minimum number of edges. The
‘minimum number of extra edges needed to make this a complete graph is

as 86 © 10 014 E 16
Four towns, A, B, C and D, are linked by roads as shown. Which B
of the following graphs could be used to represent the network of <

roads? Each edge represents a route between two towns.
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15 Which one of the following graphs has an Eulerian circuit?
A B c

16 The network below shows the distance, in metres, between points. The shortest path

between S and T has length 36 m.
4 15 F
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Written response questions

1 Determine the shortest path and write down the length of the shortest path from
Vertex A to vertex X in the following weighted graphs.
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2 The map shows six campsites,
A.B.C.D, E and F, which are joined by
tracks. The numbers by the paths show
lengths, in kilometres, of that section of
track.
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Complete the graph opposite,
which shows the shortest direct
distances between campsites.
(The campsites are represented
by vertices and tracks are
represented by edges.)

Atelephone cable is to be laid to enable each campsite to phone each other
campsite. For environmental reasons, cables can only be laid along the tracks
‘and cables can only connect to one another at the campsites. What s the
minimum length of cable necessary to complete this task?

Fill in the missing entries for the
adjacency matrix shown for the
completed graph formed above.

—o -
s = on

D
1
0
1

- o =
oo =

mo o w e

SRR

oo
|
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Drawing and describing graphs

1 This section of a road map can be considered town B
a graph, with towns as vertices and the roads town 4 {own €
connecting the towns as edges town D
a Give the degree of: (ot

i townA
b What i the sum of the degrees of all the vertices of this graph?

© Abridge exists between two towns. Which towns are they?

d Draw a subgraph of this road map that contains only towns H, D and C.

town B

town H.

2 Draw a graph that:
a has three vertices, two of which are odd
b has four vertices and five edges, one of which is a loop.
© has six vertices, eight edges and one bridge
d has six vertices, two of which are 0dd, and contains a subgraph that i a triangle.
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How far does this person walk?
‘Why is the route not a Hamiltonian cycle?

‘Wite down a route that a walker could follow that is a Hamiltonian cycle.
Find the distance walked in following this Hamiltonian cycle.

© Itis impossible to start at A and return to A by going along each track exactly once.
An extra track joining two campsites can be constructed so that this is possible.
‘Which two campsites need to be joined by a track to make this possible? (Two,
tracks are only considered the same if they share their entire length. For example,

A-E and F-E are considered different tracks even though they share a common
stretch near E.)
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3 The network on the right shows six

Croghon

villages represented as vertices of the 6 Kenton
graph. The edges represent the roads 13
connecting the villages. The weights

on the edges are the distances, in

kilometres, alog each of the roads. n

» Osburn
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2 Whatis the degree of the vertex representing Melville?
5 Determine the sum of the degrees of the vertices of this graph.
 Verify Euler's formula for this graph.
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A salesperson might need to travel to every village in this network to conduct business.
@ If the salesperson follows the path Stratmoore — Melville ~ Kenton— Osburn
~ Melville~ Croghon ~ Bartow — Stratmoore, has the salesperson followed a
Hamiltonian cycle? Give a reason to justify your answer.
& If the salesperson follows the path Croghom— Bartow — Stratmoore — Melville—
Kenton — Osburn, what s the mathematical term for this path?
It would make sense for the salesperson to avoid visiting a certain village more than
once, and it would also make sense for them o return *home” after travelling the
shortest distance possible.

# If the salesperson starts and ends in Bartow, find the shortest route and state the
shortest distance the salesperson would have to travel.

& If the salesperson can start and end at any village in the network, what is the shortest
route possible?

A road inspector must travel along every road connecting the six villages.

. Explain why the inspector could not follow an Eulerian circuit through this road
network.

i The inspector may start and end their route at different villages, but would like to
travel along each road once only. Which villages can the inspector start their route
from? Write down a path the inspector could take to complete their work.

J The speed limit for each of these roads is 60 kyh. If the inspector must complete
their work by 5 p.m, what is the latest time that the inspector can begin their work?

New electrical cables connecting the villages are required. They will be installed along
some of the roads listed in the graph above. These cables will form a connected graph
and the shortest total length of cable will be used.
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k& Give a mathematical term to describe a graph that represents these cables.
1 Draw the graph that represents these cables and find the total length of cable
required.
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Equivalent graphs.
3 In each question below, three graphs are isomorphic and the fourth is not. Identify the
‘raph which is not isomorphic to the others.

4
o}
.C
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Drawing planar graphs

4 Where possible, show that the following graphs are planar by redray
suitable planar form.

b4 B
& i
F i b D
B » d 5
< £ 4 c
B F
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Euler's formula
5 For each of the following graphs:

i state the values of v, e and f

verify Euler’s formula.
b W c \/_: 3

d e é f z

6 Fora planar connected graph, find:

a fifv=8ande=10 b vife=Idandf=4 c eifv=10andf =11

Properties of graphs
7 A connected planar graph has eight vertices and thirteen edges. Find the number of
faces of this graph.

8 A connected graph has five vertices and seven edges. Find the sum of the degrees of
the vertices.

9 Find the number of edges needed to make a complete graph with six vertices.




