

Chapter 8 Graphs and networks
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5 In the graph shown below, the sum of the degrees of the vertices

A6 B7 c12 D13
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6 Two graphs, labelled Graph 1 and Graph 2, are shown below.

Graph 1 Graph2

The sum of degrees of the vertices of Graph 1 is:

A two less than the sum of the degrees of the vertices of Graph 2.
B one less than the sum of the degrees of the vertices of Graph 2.
© equal to the sum of the degrees of the vertices of Graph 2.

D one more than the sum of the degrees of the vertices of Graph 2.
E two more than the sum of the degrees of the vertices of Graph 2.
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7 The graph below has four vertices and five edges.

How many of the vertices in this graph have an odd degree?
A0 B1 c2 D3

E4
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8 Consider the following graph.

Which one of the following statements is not true for this graph?
A There are four vertices.

B There are three loops.

© Al vertices have an even degree.

D Three of the vertices have the same degree.

E The sum of the degrees of the vertices is twelve.
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9 a The picturc opposite shows a situation in
‘which an eighth bridge has been added.
i With a pencil or the tip of your finger,
see whether you can trace out a
‘continuous walk that crosses each of
the bridges only once. Such a walk
exists.
Construct a graph to represent this new
situation with eight bridges. Labelled
dots have been placed on the picture to
‘help you draw your graph.
Your graph should have only two odd vertices. Which vertices have an odd
degree?
As you will learn later, when the graph has only two odd vertices, you can
only complete the task if you start at the places represented by the odd vertices.
You willthen finish at the place represented by the other odd vertex. Check
t0see.
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b A ninth bridge has been added, as shown
opposite.

i With a pencil or the tip of your finger,
see whether you can trace out a
continuous walk that crosses each
of the bridges only once. Such a
walk exists.
Construct a graph to represent this
situation.

Your graph should not have any odd vertices; that is, they should all be even.
Check to see.

As you will learn later, when the graph has only even vertices, you can start
‘your walk from any island or any riverbank and still complete the task.
Check to see.
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Testing understanding
A graph is used to represent the floor plan of a house. The vertices A, B and C represent
the rooms, and the edges represent the doorways connecting the rooms. See the diagram
of a floor plan and a graph that represents it below.

A B

N
bl ] \/
<

c

From the graph, we can sce that:

= The single edge in the graph between vertices A and C shows that there is one doorway
‘connecting room A to room C.

= The two edges between vertices B and C show that there are two doorways connecting
room C to room B.

= There is no edge between vertices A and B, showing that there is no doorway
connecting room A to room B.
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10 A graph s used to represent the floor plan of a
second house.
In the graph, the vertices A, B, C and D represent
the rooms, and the edges represent the doorways
‘connecting the rooms. The room labels are:
‘missing from the floor plan.
Use the information in the graph to correctly
label the rooms in the plan.

5

D
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11 A graph is used to represent the floor plan of a third
house. In this house, the doorways enable people to
‘move between the rooms of the house, and for some
of the rooms, between the room and the outside. In the
‘graph, the vertices labelled A, B, C and D represent
the rooms of the house, and the vertex labelled O
represents the outdoor area surrounding the house.

The room labels are missing from the floor plan.
Use the information in the graph to correctly label
the rooms in the floor plan.

outside




image14.png
12 A graph is used to represent the floor plan of a fourth house.
In the graph, the vertices A, B, C. D, E, F and G represent the rooms, and edges
represent the doorways connecting the rooms. The label, 0, is used to label the outside:
area of the house which can be accessed via a doorway from some rooms. The room
Iabels are missing from the plan.

Use the information in the graph to correctly label the rooms in the plan.
G
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Exercise 8B

Building understanding

1 Which of the following graphs are connected?
A

B /D
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2 Identify the bridge (or bridges) in the graphs below.
a B b 4 e
w
v
c
“ C
X z
B
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3 Ineach of the following sets of three graphs, two of the graphs are isomorphic.
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4 Construct an adjacency matrix for cach of the following graphs.

a B b4 5 c
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Developing understanding
5 Draw a connected graph with:
@ three vertices and three edges b three vertices and five edges
© four vertices and six edges d five vertices and five edges

6 Draw a graph that is nof connected with:
@ three vertices and two edges b four vertices and three edges
© four vertices and four edges d five vertices and three edges

7 Whatis the smallest number of edges that can form a connected graph with four
vertices?

8  Draw a graph with four vertices in which every edge is a bridge.
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9 Construct a graph for each of the following adjacency matrices.

A= =5~
Ve -oo
a-o -~
<o -o-~
<=va

e
seo
<o~

<=0

~= =5 aas
~e~oon
T-aooo
ERRIRTE

NTE TS
oo - -
xmmoo
z--oco

EEEE





image22.png
Testing understanding

10 A graph has six vertices and only one bridge. What is the minimurm number of edges
that this graph must have if it is a connected graph?

11 The following graphs are connected. How many edges in each graph can be removed
S0 that the graph will have the minimum number of edges to remain connected?

=5
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12 The following maps below show all the road connections between five towns,
A.B.C.Dand E. Construct an adjacency matrix for each of the maps below.

a 4 b 4

. 2

»

=
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Exercise 8C

Building understanding
1 Which of the following graphs are drawn in planar form?

A A "4 B 4
c C
B
D D E
D A E A F
F
E B E 5 D
D D
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Redraw each graph in an equivalent planar form.

. AX.B Wa
» c A D
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Developing understanding
3 For each of the following graphs:

i state the values of v, e and f

verify Euler’s formula.
a b

B T
=
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4 Fora planar connected graph, find:
dande
© egivenv=3and f
© fgivenv=dande =
& egivenv=10and f

a fgiveny b vgivene=3and f
d veivene=6and f

f feivenv=6ande =11
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5 The following adjacency matrices represent planar graphs. Find the number of faces

for each graph.
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Testing understanding

6 A connected planar graph has six vertices and nine edges. A further three edges were
added 1o the graph. The number of faces increased by:
A0 B 1 c2 D3 E4

7 A planar graph has four faces. This graph could have:
A Seven vertices and seven edges B Seven vertices and four edges
© Seven vertices and five edges D Four vertices and seven edges
E Five vertices and seven edges

8 A planar graph has five vertices. Three vertices have degree four and two have degree
three. The number of faces of this graph is:
A6 B9 cn D12 E 18

9 Consider the graph shown opposite.
Which one of the following statements is not true
for the graph?

A The graph has even and odd vertices.
B The graph has five faces.

© Euler's formula s verified for this graph.
D The graph is planar with five vertices.
E The graph is connected.
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10 A graph is connected and has five vertices and four edges. Consider the following

four statements.

= The graph is planar.

= The graph can have multiple edges between two vertices.

= Al the vertices of the graph can have an even degree.

= Two vertices of the graph can have an odd degree.
The number of these statements which are true for this graph
Ao B 1 c2 D3 E4

11 A connected planar graph has an equal number of vertices and edges. The number
of faces in this graph is equal to:
Al B2 c3 D4
E Cannot determine, more information is required.
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12 A connected planar graph has an equal number of vertices and faces. The number
of edges in this graph s equal to:
A the number of faces

twice the number of faces

half the number of faces

two less than twice the number of faces

B
c
[
E two more than half the number of faces
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Exercise 8D

Building understanding
1 The graph below shows the pathways linking five animal enclosures in a 200 to each

other and to the kiosk.
monkeys (M)
gorillas G) W
Tions (1)
(E)!
elephants.
Seals (S)

a Which of the following represents a trail in the graph?
LK-MK

GK-L-S-EK-M

EK-LK
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b Which of the following represents a path in the graph?
P KEGML i EKLM K-S-E-K-G-M
© Which of the following represents a circuit in the graph?
i KEGMKLK i ESKLMKE K-SEKGK
d Which of the following represents a cycle in the graph?
i KEGK i G-KM-LKG LS-E-K-L
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Developing understanding
2 Using the graph opposite, identify the walks below

as atrail, path, circuit, cycle or walk only.
a ADBA

b A-D-EB-D-C-BA

© CBEDB

d CD-EBA

e

f

D-C-BD-EBAD
-D-C
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3 Using the graph opposite, identify
the walks below as a trail, path,
circuit, cycle or walk only.
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Testing understanding
4 The road connections between different towns are represented below. For each:

How many different paths are there from Town A to Town D?
How many different cycles are there, starting at Town A?
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Exercise 8E

Building understanding E

1 For each of the following graphs, determine whether the graph has an Eulerian trail, an
Eulerian circuit, both or neither, and state why.

SR
LN
NN NN
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Developing understanding

2 A road inspector lives in Town A and is TownC
required to inspect all soads connecting w
the neighbouring towns, B,C, Dand E. 1. Tt
“The network of roads is shown on the y
: TomE
ight

a Isit possible for the inspector to set out from Town A, carry out their inspection by
travelling over every road linking the five towns only once, and return to Town A?
Explain.

b Show one possible route she can follow.
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3 A postie has to deliver letters to the 4 B
houses located on the graph of streets
shown on the right
a Isit possible for the postie to start. H c

‘and finish her deliveries at the same
‘point in the graph without retracing
her steps at some stage? If not, why

not? G F

b Itis possible for the postie to start and finish her deliveries at different points in
the graph without retracing her steps at some stage. Identify one such route.
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The graph below models the pathways linking five animal enclosures in a zoo.
10 the kiosk and to each other.

‘monkeys (M)

deer (D)

clephants (£)

a Isit possible for the z00's street sweeper to follow a route that enables its operator
to start and finish at the kiosk without travelling down any one pathway more than
once? If so, explain why.

b If so, write down one such route.
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5 Two islands are connected to the banks of a
river by six bridges. See opposite.

a Draw a graph to represent this situation.
Label the vertices: A, B, C and D to
represent the riverbanks and the two
islands. Use the edges of the graph to
represent the bridges.

b Itis not possible to plan a walking route that passes over each bridge once only.
Why not?

i Show where another bridge could be added to make such a walk possible.
Draw a graph to represent this situation.
‘Explain why it is now possible to find a walking route that passes over each
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Testing understanding
. B,C. D and E. The adjacency matrix for this graph

2 Docs an Eulerian trail or Eulerian cicuit exis? Give a ABCDE
reason for your answer. Jfboi g
b Ifthe clement in row A, column C, changed t0.2 S
2ero, and the clementin row C, column A, was also b .

changed to a zero, would your answer o part a
change? Justify your seasoning with a diagram and ’E’ ; ot .
'

‘with reference to the degrees of the vertices.

7 Consider the graph opposite. What i the minimurm number of edges
that must be added for an Eulerian circuit to exist?

8  An Eulerian trail for the graph opposite will be possible
if only one edge is removed. In how many different ways
could this be done?
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Building understanding

4 B
1 Lista Hamiltonian path for the graph shown. N
a Starting at A and finishing at D £ G
b Starting at F and finishing at G
E i
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Developing understanding
3 Atourist wants to visit a second-hand
bookshop in each of five different towns:
Apsley (4), Berrigama (B), Cleverland (C),
Donsley (D) and Everton (E).

~
N

The graph of roads connecting the towns is shown above.

Can a tourist start a tour that vsits each town only once by starting at:

a Cleverland and finishing at Everton? If so, identify one possible route and give
its mathematical name.

b Cleverland and finishing at Apsley? If so, identify one possible route and give
its mathematical name.

© Everton and finishing at Everton? If so, identify one possible route and give
its mathematical name.
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4 The graph opposite models
the pathways linking seven
animal enclosures in a z0o
10 the kiosk and to each
other.

@ Isit possible for a visitor to the 00 to start their visit at the kiosk and see all of the
‘animals without visiting any one animal enclosure more than once? If so, identify
a possible route, and give this route its mathematical name.

b Is it possible for a visitor to the 200 to start their visit a the deer enclosure and
finish at the kiosk without visiting the kiosk or any enclosure more than once?
1f so, identify a possible route and give this route its mathematical name.
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Testing understanding
5 The opposite adjacency matrix represents a graph.

a How many faces does this graph have?

b State the two vertices connected by the bridge in
this graph.

© Does this graph contain an Eulerian trail,
Eulerian circuit or neither?

d Does this graph contain a Hamiltonian path,
‘Hamiltonian cycle or neither?

Saw

S

c-ouw

wo-on

—mvoon
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6 What is the minimum number of edges that must be
added to the following set of vertices for:

s

£
a a Hamiltonian path o exist e .

b a Hamiltonian cycle to exist. oF

Se

7 Whatis the maximum number of edges that canbe 4 5 ¢ »
removed from the graph opposite for:

a a Hamiltonian path to still exist >
b a Hamiltonian cycle to still exist.

G " 1
8 a Doall connected graphs contain a Hamiltonian path? Explain your reasoning.

b Do all connected graphs contain a Hamiltonian cycle? Justify your reasoning
‘with reference to the degree of vertices.
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Exercise 8G

Building understanding

1 Find the shortest path from vertex A to vertex E in
this network. The numbers represent time, in hours.

2 Find the shortest path from vertex A to vertex D
in this network. The numbers represent lengths,
in metres.
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3 Find the shortest path from vertex B to vertex D
in this network. The numbers represent cost,
in dollars.

4 Find the shortest path from vertex B to vertex F in this
network. The numbers represent time, in minutes.
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Developing understanding
5 The network opposite shows the distance.
in kilometres, along walkways that
connect the landmarks A, B, C, D, E, F.
G, H and I in a national park. Find the
shortest path from A 0 1.
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6 In the network opposite, the vertices
represent small towns and the edges
represent roads. The weights on the edges
indicate the distance, in km, between
towns. Determine the length of the
shortest path between towns A and B.

7 Victoria rides her bike to school
each day. The edges of the
network opposite represent the
roads that Victoria can use to
ride 10 school. The numbers on
the edges give the time taken,
in minutes, to travel along each
road. What s the shortest time
that Victoria can ride between
home and school?
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8 Renee drives to work each day. The edges of the network below represent
the roads that Renee can use to drive to work. The numbers on the edges give
the time, in minutes, to travel along each road. What i the shortest time that
Renee can deive between home and work?

9 The graph opposite shows a mountain
bike rally course. Competitors must pass
through each of the checkpoints, A, B, C..
D, E and F. The average times, in minutes,
taken t0 ride between the checkpoints are.
shown on the edges of the graph.

Competitors must start and finish at checkpoint A but can pass through the other
checkpoints in any order they wish.
Which route would have the shortest average completion time?
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Testing understanding
10 For each of these graphs, determine the length of the shortest Hamiltonian path.

11 Is an Eulerian trail possible for each of the graphs above? Why is it unnecessary
1o determine the length of the shortest Eulerian trail?




image1.png
Building understanding
1 For cach graph shown, copy and complete the statements by flling in the boxes.
a 4 B i The graph has | vertices.
The graph has | edges.
The graph has | 1oops.
£ iv deg(d) = ]
D ¢ v deg(E) =
i The graph has | odd vertices.
vii The graphhas | | even vertices.
b i The graphhas || vertices.

The graph has edges.
The graph has Toops

4 deg(B) =
deg(D) =
The graph has | odd vertices.
The graph has | even vertices.
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Building understanding
1 a How many edges are there in a tree with 15 vertices?
b How many vertices are there in a tree with 5 edges?
© Draw two different trees with four vertices.
d Draw three different trees with five vertices.
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A connected graph has cight vertices and ten edges. s spanning tree has
vertices and edges.

LYV
Vg




image57.png
4 For each of the following graphs, draw three different spanning trees.
a b c
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Developing understanding

5 For each of the following connected graphs, use Prim’s algorithm to determine
the minimum spanning tree and its length.
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For each of the following connected graphs, use Kruskal’s algorithm to determine.
the minimum spanning tree and its length.
a B b
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7 Using a greedy algorithm, find the shortest path from A to B in each of the following.
a
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8 Poweris to be connected by cable from
a power station to eight substations
(A to H). The distances (in kilometres) of
the substations from the power station and
from each other are shown in the network
opposite. Determine the minimun length
of cable needed.

9 Water s to be piped from a water tank to seven outlets on a property. The distances
(in metres) of the outlets from the tank and from each other are shown in the network
below.

Ouwlees 13 Oulet

Outlet F N
7

OwlerE 9 Ouleth

a Starting at the tank, determine the minimu length of pipe needed.

B Due to high demand, the pipe connecting outlet A to outlet £ and the pipe
connecting outlet A to outlet B must always be in use. Given these new conditions,
‘how much longer will the new minimum length of pipe be?
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Testing understanding
10 A minimum spanning tree is to be drawn for the weighted graph below.

How many edges with weight 4 will not be included in the minimum spanning tree?
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11 The minimum spanning tree for the graph below includes the edge with weight
Iabelled k.

The total weight of all edges for the minimum spanning tree is 58. Find the value of k.

12 Consider the weighted graph below. How many different minimum spanning trees are
possible?
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The graph has
The graph has
The graph has
deg(d) =

deg(C) =

The graph has
The graph has

iv
v

S s

B i The graph has
The graph has
The graph has

deg(C) =
deg(F) =
The graph has

iv
v

s

i ‘The graph has

| vertices.
| edges.
| 1oops.

| odd vertices.
| even vertices.

| vertices.
| edges.
| 1oops.

| odd vertices.
| even vertices.
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2 Whatis the sum of the degrees of the vertices of a graph with:
a five edges? b three edges? © one edge?
In each case, draw an example of the graph and check your answer.
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Developing understanding

3 Will the sum of the vertex degrees of a graph always equal twice the number of edges?
Explain your reasoning.

4 Consider the graph opposite. 4
Aloop is added at vertex A:

2 how will this change the degree of vertex A?
b how many edges are added to the graph? D B




