Unit 3 Chapter 4 Data transformation
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Apply the squared transformation to the variable diameter and determine the least
squares regression line for the transformed data. Diameter is the EV.

‘Write the slope and intercept of this line, rounded to one decimal place, in the
spaces provided.

number = + X diameter®

Use the equation to predict the number of people who can be sheltered by an
umbrella of diameter 1.3 m. Give your answer rounded to the nearest person.
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7 The time (in minutes) taken for a local anaesthetic to take effect is associated with
to the amount administered (in units). To investigate this association a researcher
collected the following data.

Amount [ 05 [ 06 [07 08 [09 [ 1011 [12]13] 1415
Time | 373634 333230292725 23]21

“The association between the variables amount and time is non-linear as can be seen

from the scatterplot below. A squared transformation applied to the variable fime will
linearise the scatterplot.

a Apply the squared transformation 4

1o the variable fime and fit a least s

squares regression line to the B

transformed data. Amount is he EV. 5 3

‘Write the equation of this line with a5

the slope and intercept rounded to g,

two significant figures.
b Use the equation to predict the time s

for the anaesthetic to take effect when 04 06 08 1 12 14 16
the dose is 0.4 units. Give the answer Amount (units)

rounded to one decimal place.
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Exam 1 style questions

The following information relates to Questions 8 and 9

A student uses the data in the table below to construt the scatterplot shown:

x .y 300

1264 25

2 29| W

3 24| s

4 28 | 10

58 “©

6 164 N

78 01 23 45 67 8
8 4 N
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8 A squared transformation is applied to x to linearise the association. A least squares
line is fitted to the transformed data, with +° as the explanatory variable.
The equation of this least squares line is closest to
A y=310-20.18
B y=102-0032¢
80-0.10622
D y=263-326:
E y=79.9-0303x"

9 A)? transformation could also be used to linearise this association. A least squares line
i fitted to the transformed data, with )7 as the response variable, and the equation of
the least squares line is

= 79973 - 9533.4x
Using this equation, the value of y when x = 4 is closest to:
A 205 B 208 c u7 D 531 E 41839

10 The association between the cost of a certain precious stone (in $) and its weight (in
mg) is non-linear. A squared transformation was applied to the explanatory variable:
weight, and a least squares line fitted to the transformed data. The equation of the least
squares line i

cost = 2370+ 0.238 X weight*
Using this equation, the cost of a precious stone weighing 75mg is closest to:

A $2389 B $3709 © $2689 D $7995 E $177.768
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‘The log x transformation: some prerequisite skills
1 Evaluate the following expressions rounded to one decimal place.
a y=55+31log23 b y=034+52log14
© y=-85+4.12l0220 d y=196.1-2321log 303

‘The log x transformation: calculator exercise

2 The scatterplot opposite was constructed from the v
data in the table below.

cw b am oD

5[ 10 [ 150 [ 500 [ 1000
y [ 31 a0 [ 75 [ o1 [ 100

From the scatterplot, it is clear that the association

between y and x is non-linear. B

0200 400 600 500 1000

a Linearise the scatterplot by applying a log x transformation and fit a least squares
line to the transformed data.

b Write down the equation, with the coefficients rounded to one significant figure.

© Use the equation to predict the value of y when x = 100.
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3 The scatterplot opposite was constructed from the ~ y

data in the table below. 1
14
10 [ 44 [132 [436 [981 "
Y | 150] 18| 94| 68| s0 o]
From the scatterplot, it is clear that the association  © .
between y and x is non-linear. o .

4 x
0200 400 600 800 1600

a Linearise the scatterplot by applying a log x transformation and fit a least squares
line to the transformed data.

b Write down the equation, with the coefficients rounded to one significant figure.

© Use the equation to predict the value of y when x = 1000.
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The log y transformation: some prerequisite skills
4 Find the value of y in the following, rounded to one decimal place if not exact.

alogy=2 b logy =234
© logy =35+ 2x where x = 1.25 d logy = 0.5 + 0.024x where x = 17.3
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The log y transformation: calculator exercise

5 The scatterplot opposite was constructed from the
data in the table below.

x [ o1] 02] 03] o4] os
y | 158] 251 298] 63.1[1000

From the scatterplot, it is clear that the

association between y and x is non-linear,

a Linearise the scatterplot by applying a log y
transformation and fit a least squares line to

the transformed data.
b Write down the equation, with the coefficients rounded to one significant figure.

«© Use the equation to predict the value of y when x = 0.6, rounded to one decimal place.

o1 02 03 04 05
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6 The table below shows the level of performance level achieved by 10 people on
completion of a task. Also shown is the time spent (in minutes) practising the task. In
this situation, fime is the EV. The association between the level and time is non-linear
as seen in the scatterplot.

Time | Level 4
os | 1 35
1 15 _—
Tas
15 R
2 L5
N 1
0s
4 | 3s o
01333367
s 4 Tinie (minies)
6 | 3s
7 | a9
7 | 36

Alog transformation can be applied to the variable fime to linearise the scatterplot.
a Apply the log transformation to the variable fime and fit a least squares line to the
transformed data. log (time) is the EV.
‘Write the slope and intercept of this
spaces provided.

rounded to two significant figures, in the

level = I+ x log (time)

b Use the equation to predict the level of performance (rounded to one decimal place)
for a person who spends 2.5 minutes practising the task.
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7 The table below shows the number of intemet users signing up with a new internet
service provider for each of the firt nine months of their first year of operation.
A scatterplot of the data is also shown.

Month  Number
1 24
2 3
3 35
4 a4
5 60
6 61
7 78
8 9
9 18

“The ass

120
100

Number.
-8538

01234567809
Month

sociation between number and month is non-linear.
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a Apply the log transformation to the variable number and fit a least squares line to
the transformed data. Month is the EV.
‘Write the slope and intercept of this line, rounded to four significant figures, i the
spaces provided.
log (number) = + | x month
b Use the equation to predict the number of internet users after 10 months. Give
answer (o the nearest whole number.
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Exam 1 style questions

8 Asudent uses the data in the table below to construct the scatterplot shown.

x ¥
5 345
M a4
9 464
187503
791 565
1350 581
1960 597
2345 606

60

50

y

40

30

0
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1000

1500 2000 2500

Alog transformation is applied to x to linearise the association. A least squares line is

fitted to the transformed data, with log xas the explanatory variable.
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‘The equation of this least squares line is closest to
A y=443+0001logx

B y=-3570+861logx

© y=278+0976logx

D y=-285+103logx

E y=0642+000724log x

The association between the power of a car (in horsepower) and the fime it takes to
accelerate from 0 10 100 knyhe (in seconds) is non-linear. A log transformation was
applied to the explanatory variable horsepower, and a least squares line ftted to the
transformed data. The equation of the least squares line is:

time = 427~ 13.9 X log(horsepower)
Using this equation, the time it would take for a car with 180 horsepower to accelerate
from 0 to 100km/h is closest to:

A 295seconds B 65seconds € 288 seconds D 113 seconds E 114 seconds

The price of shares in a newly formed technology company price has increased
non-linearly since the company was formed 12 months ago. A log transformation was
applied to the maximum share price each month (share price), and a least squares line:
fitted to the transformed data, with month as the explanatory variable. The equation of
the least squares line is:

log(shareprice) = 1.39 +0.050 x month
Using this equation, the maximum monthly share price in month 14 is closest to:

A SI2Z203 B 5209 © $8.08 D $20.16 E $2525
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‘The reciprocal (1/x) transformation: some prerequisite skills
1 Evaluate the following expressions rounded to one decimal place.
ay=6+2uhenx=3 by=49-2 whenx=11

cy=n977¥wmx=m1 ¢y=mzs+$m¢nx=|m
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‘The reciprocal (1/x) transformation: calculator exercise
2 The scatterplot opposite was constructed from the data in the

table below. ©
[ 2] 4] 6] 8]0 "
y 6030 [20[15]n 0
From the scatterplot, it is clear that the association between N
and x is non-linear. 0246810
a Linearise the scatterplot by applying a 1/x transformation and fit a least squares line:
10 the transformed data.
b Write down its equation.
© Use the equation to predict the value of y when x = 5.
‘The reciprocal (1/y) transformation: some prerequisite skills
3 Find the value of y in the following, rounded to two decimal places.
a lodruhenx=2 b lo6s2cuhenx=4
y y
o Lo 4si2acubens=as a Lo 402ruhenx=as
¥ ¥
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The reciprocal (1/y) transformation: calculator exercise

4 The scatterplot opposite was constructed from the data in the
table below.

=[1]2 |3 4 s
y | 1] o05 03 | o2 | o0
From the scatterplot, it is clear that the association between y.

and xis non-linear. 012345
a Linearise the scatterplot by applying a 1/y transformation and fit a least squares line.
10 the transformed data.

b Write down its equation.

 Use the equation to predict the value of y when x = 0.25.
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Applications of the reciprocal transformation

S The table shows the horsepower of 10 cars and their fuel consumption. From the
scatterplot, it is clear that the association between horsepower and fuel consumption is

non-lincar.
Fuel consumption _ Horsepower 0
52 155 -+
73 125 . 0
126 75 ]
71 110 o
63 138 50 .
101 38 o
105 0 46 s 10121816
146 70 felponsion
109 100
77 103

a Apply the reciprocal transformation to the variable fuel consumption and fita least
squares line to the transformed data. Horsepower is the RV.
‘Write the intercept and slope of this line in the boxes provided, rounded to three:
significant figures.

1

horsepower = + X Fuel consumption
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b Use the equation to predict the horsepower of a car with a fuel consumption of
9 kamflitre.

6 Ten students were given an opportunity to practise a complex matching task as often as
they liked before they were assessed. The number of rimes they practised the task and
the number of errors they made when assessed are given in the table.

Times_ Errors 16
14

14 -
9 10

Errors

S

0 2 4 6 8 10
Times

R N
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a Apply the reciprocal transformation to the variable errors and determine the least
squares regression with the number of times the task was practiced as the EV.
‘Write the intercept and slope of this line in the boxes provided, rounded to two
significant figures.

[

- +  times.

b Use the equation to predict the number of errors made when the task is practised
six times.
Exam 1 style questions

7 A student used the data in the table below to construct the scatterplot shown
.60
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A reciprocal transformation is applied to y to linearise the association. A least squares
line is fitted to the transformed data, with 1/y as the response variable. The equation of
this least squares line is closest to

‘The association between score on a problem solving test (score) and the number of
attempts a person has at the test (attempts) is non-linear. A reciprocal transformation
was applied to the explanatory variable attempts, and a least squares line fitted to the
transformed data. The equation of the least squares line is:

score =50 -228x

attempts
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Using this equation, the score that a person achieves on their fourth attempt is closest
o
A 68 B 272 © 557 D412 E 443

The price of shares in a newly formed technology company price has increased non-
linearly since the company was formed 12 months ago. A reciprocal transformation
was applied to the maximum share price each month (share price), and a least squares
line fitted to the transformed data, with month as the explanatory variable. The
cquaton o the leat square in s

———— = 0.0349 - 0.00215 X month
Sharepric
Using this equation, the maximum monthly share price in month 14 is closest to:

A $218 B $2878 © 520833 D OdScems E 48 cens
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1 The scatterplots below are non-linear. For cach, identify the transformations =%, log x,
1/x, ¥, log y. 1/y or none that might be used to linearise the plot.

a5y b s
4 4
3 3 .
2 . 4 2t 5
1 1
0 0
0123456780910 0123456780910
cs r ds
4 4
3 3
2 = 2 e
1 1 -
ol 0

0123456780910 0123456780910
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2 The data below gives the yield in kilograms and length in metres of 12 commercial

potato plots.

vieldkg) | 346 | 1798 | 152 | 86 | 436 | 968

lengt(m) | 120 | 274 | 83 | 55 | 157 | 215
vield(kg) | 686 | 257 | 2435 | 287 | 1850 | 1320
lengi(m) | 195 | 90 | 342 | 147 | 319 | 253

a Construct a scatterplot showing the association between yield in kilograms (the RV)
and length of the plot in metres (the EV).

b Fita least squares regression line to the data. Write down the equation in terms of
the variables in the question, giving the values of the intercept and slope rounded to
four significant figures.

© Construct a residual plot, and comment on whether the lincarity assumption has
been met

d Use the circle of transformations to select which transformations could be
considered in order to linearise the association.

@ Using an appropriate transformation, recommend a regression model for the.
association between yield and length of the plot. Write down the equation in terms
of the transformed variables, giving the values of the intercept and slope rounded to
four significant figures.

# What is the value of 7 for the recommended model? Give your answer as a
percentage rounded to one decimal place.
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3 In order to investigate the association between the average number of cigarettes per day
per smoker (smoking) and the cost of cigarettes in § per cigarette (cost) for a group of
countries the following data was collected.

cost($) | 067 | 075 | 080 | 092 [ 100 | 108 | 1.17 | 125 | 130 | 140

smoking | 167 | 155 | 148 | 13.4 | 125 [ 120 [ 111 [ 109 [ 103 | 95

a Construct a scatterplot showing the association between smoking (in cigarettes/day)
(the RV) and cost (S/cigarette) (the EV).

b Fita least squares regression line to the data. Write down the equation in terms of
the variables in the question, giving the values of the intercept and slope rounded to
four significant figures.

© Construct a residual plot, and comment on whether the lincarity assumption has
been met

d Use the circle of transformations to select which transformations could be
considered in order to linearise the association.

@ Using an appropriate transformation, recommend a regression model for the.
association between smoking and cost. Write down the equation in terms of the
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transformed variables, giving the values of the intercept and slope rounded to four
significant figures.

# What is the value of 7 for the recommended model? Give your answer as a
percentage rounded to one decimal place.

4 The following data shows the population density in people per hectare (density) and the
distance from the centre of the city in km (distance) for a large city.

density | 30758 | 29467 | 28393 | 27082 | 23493 | 175.08 | 10156 | 49.80

distance | 0 2 4 6 8 10 2 [

a Construct a scatterplot showing the association between the population density in
people per hectare (the RV) and distance from the centre of the city in ki (the EV).

b Fita least squares regression line to the data. Write down the equation in terms of
the variables in the question, giving the values of the intercept and slope rounded to
four significant figures.

© Construct a residual plot, and comment on the whether lincarity assumption has
been met

d Use the circle of transformations to select which transformations could be
considered in order to linearise the association.

@ Using an appropriate transformation, recommend a regression model for the.
association between density and distance. Write down the equation in terms of the
transformed variables, giving the values of the intercept and slope rounded to four
significant figures.

£ What is the value of 7 for the recommended model? Give your answer as a
percentage rounded to one decimal place.
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Multiple-choice questions

1 Select the statement that correctly completes the sentence:
“The effect of a squared transformation i to ... *
A stretch the high values inthe data & maintain the distance between values
© stretch the low values in the data D compress the high values in the data
E reverse the order of the data values

2 Select the statement that correctly completes the sentence:
“The effect of a log transformation is 10 ..
A stretch the high values inthe data & maintain the distance between values
© stretch the low values in the data D compress the high values in the data
£ maintain the order of the values in the data
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3 Select the statement that correctly completes the sentence:
“The effect of a reciprocal transformation isto.. .
A stretch the high values inthe data & maintain the distance between values
© stretch the low values in the data D compress the high values in the data
E reverse the order of the values in the data

4 The association between two variables y and x, as
shown in the scatterplot, is non-linear. In an attempt to
transform the association to linearity, a student would be
advised to:

A leave out the first four points

& usea)? transformation

© usealog y transformation
D usea 1/y transformation
E

012345678910

use a least squares regression line




image32.png
5 The association between two variables y and x, as
shown in the scatterplot, is non-linear.
‘Which of the following sets of transformations could
possibly linearise this association?
Alogy. lfylogx 1/x B %2
© Y logx, 1/x D logy.1/y. 2
Earth

& The association between two variables y and x, as
shown in the scatterplot, is non-linear.
Which of the following transformations is most likely
0 linearise the association?
A al/xtansformation 8 a)” transformation
© alog y transformation D a 1]y transformation
£ alog x transformation

012345678910

012345678910
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7 The following data were collected for two related variables x and y.

12

34

5|6

KRR

1

7|86

89 | 88

99 | 97

104 | 105 [ 107 [ 12

111

A scatterplot indicates a non-linear association. The data i linearised using a log
x transformation and a least squares line is then fitted. The equation of this line is

closest to:
A y=752+037logx
© y=-171+025lgx

Ey=704+386logx

B y=037+752logx
D y=386+704logx

@ Astudent uses the data in the table below to construct the scatterplot shown

Y

ZexuouewL—| "

2030
1265

8265
5654
6893

43265

67890

87803

113062
286370

300000

250000

200000

¥ 150000

100000

50000

0

0123456780910
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10

Alog transformation is applied to y to linearise the association. A least squares line is
fitted to the transformed data, with log y as the response variable.

‘The equation of this least squares line is closest to

A y=288+0256logx

& logy=~10.1+364logx

© logy = ~69800 + 24000x

D logy =288 +0.256x

E logy=-484+438x

‘The association between the total weight of produce picked from a vegetable garden
and its widrh is non-linear. An * transformation is used to linearise the data.
‘When a least squares line i fitted to the data, its y-intercept is 10 and its slope is 5.
Assuming that weight s the response variable, the equation of this line is:

A (weight? = 10+5 % width B width = 10 +5x (weigh)®

© width =5+ 10% (weight)® D weight = 10+ 5 x (width)*

E (weight)? =5+ 10X weight

A model that describes the association between the hours spent studying for an exam
and the mark achieved is:

mark =20 + 40 x log (hours)
From this model, we would predict that a student who studies for 20 hours would score
‘a mark (to the nearest whole number) of:
A 80 B8 © 180 o7 E 140
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11

A1/y transformation is used to linearise a scaterplot.

The equation of a least squares line fitted to this data
1y =0.14+0.045x

This regression line predicts that, when x = 6, y is closest to:

A 017 B 027 041 D 24

E37
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Written response questions

1 The table below shows the age in years (age) and the length in metres (length), for a
‘roup of 18 dugongs. A scatterplot of the data is also shown.

age_lengin| 1 .
80 247 2
85 219 | o s
90 226 | Es
177 |05 240 | ms :
20 |05 239 | T, °l
40 227 [[100 241 N
50 215 [120 250 o
50 226 120 232 L6 18 20 22 24 26
70 235 [[130 243 lemgth (metres)

‘The scatterplot shows that the association is clearly non-linear. A reciprocal (1)
Y,
transformation can be applied to the variable age to linearise the association.

a Amyummdm(l)mrmmnnmmmm\mn.cmamm
Y

1o determine the cquation of a least squaresline that cnables —— to be predicted
age

from length. Write the values of the intercept and slope in the the appropriate boxes
provided. Round to four significant figures.

- x length
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I The association can also be lineariscd by applying a log transformation to the

variable age. When this is done, and a least squares line fitted to the transformed
data, the resulting equation is:

log(age)= ~2.443 + 1.429xlengih

Use this equation to predict the age of a dugong with a length of 2.00 metres. Round
the answer to one decimal place.

2 The table below shows the percentage of people who can read (literacy rate) and the
gross domestic product (GDP), in dollars/person. for a selection of 14 countries. A
scatterplot of the data is also shown.

“The scatterplot can be linearised by using a log x transformation.
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22384
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Literacy rate (%)

510 15 20 25
GDP (8'000)

2EBnsEIEEERSL

Apply the log transformation to the variable GDP, and fit a least squares line to the
transformed data. Write down its equation terms of the variables literacy rate and
log (GDP). Give the slope and intercept rounded to three significant figures.
Verify that the log transformation has linearised the association by constructing a
residual plot.
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© Use the regression equation to predict the literacy rate of a country with a GDP of
$10000 to the nearest percent.

@ Find the value of the residual when the regression equation is used to predict the
literacy rate when the GDP is equal to $19 860. Give your answer rounded to two
significant figures.

Measurements of the distance travelled (metres) and fime taken (seconds) were made
on a falling body. The data are given in the table below.

time. 0 1 2 3 4 5 6
distance | 0 52 [ 180 | 420 [ 790 | 1280 | 1680

2 Construct a seatterplot of the data and comment on its form.
Determine the values of fime” and complete the table.

Construct a scatterplot of distance against fime®.

Fit a least squares line to the transformed data, with distance as the RV.

Use the regression equation to predict the distance travelled in 7 seconds.
Obtain a residual plot and comment on whether the assumption of linearity is
reasonable.

“0 a6 @
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4 Is the infant mortality rate in a country associated with the number of doctors in
that country? The data below gives infant mortality rate in deaths per 1000 births

(mortality) and the number of doctors per 100 000 of population (doctors) for 14
countries.

morality | 12 [ 13 [ 12 [0 [ w0 ][ 7 [m
doctors | 192 [ 222 [ 154 [ 182 [ 179 [ 204 | @1
morality | 15 [ 10 [ 20 [s4 [75 [ [ 7
doctors | 270 [ 211 [ 357 | 79 [ 59 | 21 | 52

& Construct a scatterplot of mortality against doctors and use it to comment on the
association between infant mortality rate and doctor numbers.

b Construct ascatterplot of mortaliy against 7——

© Determine the equation of the least squares regression line which would enable
‘mortaliy 10 be predicted from ———_ Give the values of the intercept and slope
rounded to four significant figufes.

@ Obtain a residual plot for the model fitted in part ¢ and comment on the lincarity.

& Determine the value of coefficient of determination for the model fitted in part c.
Give your answer as a percentage rounded to one decimal place.

 Use the regression equation to predict the infant mortality rate in a country where
there are 100 doctors per 100,000 people. Give your answer rounded to the nearest
whole number

& Comment on the reliability of the prediction made in part f.
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‘The x-squared transformation: some prerequisite s}
1 Evaluate y in the following expression, rounded to one decimal place.
a y=7+8¢ whenx=125 b y=7+32 whenx=125
© y=2456-047C whenx=123  d y=-475+ 5952 when x =47

s

‘The x-squared transformation: calculator exercises

2 The scatterplot opposite was constructed from the y
data in the table below. 0
o 1234 1.
ylw s ][]0 .
10
s
0 x

o 1 2 3 4

a Linearise the scatterplot by applying an x-squared transformation and fit a least
squares line to the transformed data.

b Give its equation.

© Use the equation to predict the value of y when x
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3 The scatterplot opposite was constructed from the.
data in the table below.

[ 1 [ 2] 3] 4]
NEEEEERERE

From the scatterplot, the association between
and x is non-linear.

cn38858388

R
a Linearise the scatterplot by applying an x-squared transformation and fit a least
squares line to the transformed data.

b Give its equation.

© Use the equation to predict the value of y when x = 6.

‘The y-squared transformation: some prerequisite skills
4 Evaluate y in the following expression. Give the answers rounded to one decimal place.
a y? =16+ 4xwhen x = 157 b y? = 17-34x when x = 003
© =16+ 2xwhenx = 10 (y > 0) d y? =58+ 2xwhenx=3(y<0)
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‘The y-squared transformation: calculator exercises

5 The scatterplot opposite was constructed from the
data in the table below.

fof[2]ale s w0
y| 12] 28] 37[ as5[ 51 57

From the scatterplot, the association between y and x
is non-linear

002 4 6 8 10

@ Linearise the scatterplot by applying a y-squared transformation and fit a least
squares line to the transformed data.

b Give its equation. Write the coefficient, rounded to two significant figures.

© Use the equation to predict the value of y when x = 9. Give the answer rounded to
one decimal place.
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Applications of the squared transformation

© The table gives the diameter (in m) of five different umbrellas and the number of
people each umbrella is designed to keep dry. A scatter plot is also shown.




