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Exercise 18D

1 Each of the following is a gradient chart for a curve y = £(x) with two stationary points.
For each chart, complete the last row and state the nature of the stationary points.

2 1 3
o[ +]o]-

b 2 s
+ o[ -To]-

2 For each of the following, find all stationary points and state their nature. Sketch the
‘graph of each function.
=92 -2 b y=x-32-0x cy=x'-4x

3 Find the stationary points (and state their type) for each of the following functions:
ay=2(x-4) b y=x3-x) cy=x
dy=x(x-4) e y=x'-52+3x+2 fy=x(x-8)x-3)
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4 Sketch the graph of each of the following functions:
ay=2+3x-x b y=22(x-3) cy=x-32-9%x+11

5 The graph corresponding to each of the following equations has a stationary point
at (<2, 10). For each graph, find the nature of the stationary point at (=2, 10).

a y=2¢4+32-12x- 10
b y=3x" 4162 +24x -6
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6 For the function y = x* - 6x% + 9x + 10:
a Find the values of x for which 22 > 0, ie. find {x: o >0}
dx dx

b Find the stationary points on the curve corresponding to y = x* — 62 + 9x + 10.
© Sketch the curve carefully between x

and x = 4.
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11

12

1+ 12x - x*, determine the values of x for which

Let f: B — R, where f(x) = 3+ 6x - 2.
a Find the values of x such that f'(x) > 0.
b Find the values of x such that f(x) < 0.

Let f(x) = x(x +3)(x = 5).

a Find the values of x for which f'(x) = 0.

b Sketch the graph of y = f(x) for =5 < x < 6, giving the coordinates of the
intersections with the axes and the coordinates of the turning points.

Sketch the graph of y =
and the turning points.

— 627 + 9x — 4. State the coordinates of the axis intercepts

Find the coordinates of the points on the curve y = x* — 3x% — 45x + 2 where the tangent
is parallel to the x-axis.

Let f(x) = x* = 32%
a Find:

i xif<0) i x> 0)
b Sketch the graph of y = f(x).

{x:f()=0}
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13

14

Sketch the graph of y = x* — 927 + 27x — 19 and state the coordinates of the stationary
points.

Sketch the graph of y = x* — 8x2 + 7. All axis intercepts and all turning points should be
identified and their coordinates given.
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Exercise 18E

1 Aloop of string of length 200 em is to be formed into a rectangle. Find the maximum
area of this rectangle.

2 Find the maximum value of the product of two numbers x and 10 - x.

3 Given that x +y = 2, calculate the minimum value of x* + y%.

4 From a square piece of metal of side length 6 m, four squares
are removed as shown in the diagram. The metal is folded
along the dashed lines to form an open box with height x m.
a Show that the volume of the box, V m?, is given by

V=40t - 240 4+ 36x.
b Find the value of x that gives the box its maximum volume ~ —=======~
and find the maximum volume.
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5 A bank of earth has cross-section » (m),
as shown in the diagram. The curve
defining the bank has equation

- 20 e 0,20
20020-x) forxe0,20]

a Find the height of the bank where:

ix=5  dix=10 x=15 20 x(m)
b Find the value of x for which the height is a maximum and state the maximum height
of the bank.
© Find the values of x for which:
Cdy 1 dy _ 1

dx 8 dx 8
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6 A cuboid has a total surface area of 150 cm? and a square base of side length x cm.
75—

a Show that the height, i cm, of the cuboid is given by h =
b Express the volume of the cuboid in terms of x.
© Hence determine its maximum volume as x varies.

dIf the maximum side length of the square base of the cuboid is 4 cm, what i the
‘maximum volume possible?
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The volume of a cylinder is given by the formula V = 2. Find the maximum value
of Vifr+h=12.

A rectangular sheet of metal measures 50 cm by 40 cm. Congruent squares of side
length x cm are cut from each of the corners and not used further. The sheet is then
folded up to make a tray of depth x cm. Find the value of x for which the volume of the
tray is a maximum.

Let f: [<2,2] = R. f(x) = 2 - 8. Find the absolute maximum value and the absolute
‘minimum value of the function.

Let f: [<2.1] = R, f(x) = ©* + 2 + 3. Find the absolute maximum value and the
absolute minimum value of the function for its domain.

Let :[0,4] = &, f(x) = 2+ ~ 6x°. Find the absolute maximum and the absolute:
‘minimum values of the function.

Let
m

[~2,5] = R, f(x) = 2¢ ~ 82", Find the absolute maximum and the absolute:
um values of the function.

A rectangular block is such that the sides of its base are of length x cm and 3x cm. The
sum of the lengths of all it edges is 20 em.

a Show that the volume, V e’ is given by V = 15¢* ~ 124"

b ﬁmmmm«%

 Find the local maximum for the graph of V against x for x € [0,1.25].

d 1f x € [0,0.8), find the absolute maximum value of V and the value of x for which
this oceurs.

@ 1f x € [0, 1], find the absolute maximum value of V and the value of x for which
this occurs.
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14 For the variables x, y and z, it is known that x + y = 20 and z = xy.
a Ifx e [2,5], find the possible values of y.
b Find the maximum and minimum values of z.
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15 For the variables x, y and z, it is known that z = x?y and 2x + y = 50. Find the maximum E
value of 2 if:

a x€[0,25] b x€[0,10] c xe[5.20]
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16 A picce of string 10 metres long is cut into two pieces to form two squares.

a If one piece of string has length x metres, show that the combined area of the two
squares is given by A = £ ~ 10x+ 50).

b Fmd“‘l—:
© Find the value of x that makes A a minimun.
d What is the minimun total area of the two squares?
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Exercise 18F

1 A particle moves in a straight line so that its position, x cm, relative to O at time
tseconds is givenby x = — 12 + 11,1 > 0.

a Find its initial position.

b Find its position at 1 = 3.

2 A particle moves in a straight line so that its position, x cm, relative to O at time
tseconds is givenby x = — 12 + 11,1 > 0.

a Findits i

1 velocity.
b When does its velocity equal zero, and what is its position at this time?
© What s its average velocity for the first 3 seconds?
d Determine its average speed for the first 3 seconds.

3 The position of a body moving in a straight line, x cm from the origin, at time  seconds
(1> 0)s given by x = %.ﬂ ~121+6.
a Find the rate of change of position with respect to time at 1 = 3.
b Find the time at which the velocity is zero.
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4 A particle moves in a straight line so that its position, x cm, relative to O at time
1 seconds is given by x = 4 — 6 +5,1> 0.

a Find its initial position, velocity and acceleration, and hence describe its motion.

b Find the times when it is instantaneously at rest and determine its position and
acceleration at those times.

5 A car starts from rest and moves a distance s metres in f seconds, where s = £* + 2.
07

b What is the acceleration when r = 27

a What is the acceleration when

6 The position, x metres, at time f seconds (1 > 0) of a particle moving in a straight line is
givenby x = 1> =7t + 10.
a When does its velocity equal zero?
b Find its acceleration at this time.
© Find the distance travelled in the first 5 seconds.
d When does its velocity equal —2 mys, and what is i

position at this time?
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7 A particle moves along a straight line so that after 1 seconds its position, s m, relative to
afixed point O on the line is given by s = r* = 3> + 21.

a When is the particle at 07
b What s its velocity and acceleration at these times?
© What is the average velocity during the first second?
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8 A particle moves in a straight line so that its position, x cm, relative to O at time
1 seconds ( > 0) is given by x = 2 — 7r + 12.
a Find its initial position.
b What s its position at 7 = 52
© Find its initial velocity.
d When does its velocity equal zero, and what s its position at this time?
© What is its average velocity in the first 5 seconds?
£ What

ts average speed in the first 5 seconds?

9 A particle moving in a straight line has position x cm relative to the point O at time
1 seconds (¢ > 0), where x = r* = 117 +24r - 3.
a Find its initial position and velocity.
b Find its velocity at any time 1.

At what times is the particle stationary?

What is the position of the particle when it is stationary?

For how long is the particle’s velocity negative?

Find its acceleration at any time 1.

When is the particle’s acceleration zero? What is its velocity and its position at
that time?
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10 A particle moves in a straight line so that after £ seconds its position, s metres, is given
by s=r'+37
a Find the acceleration when 1 = 1,1 =2,

11 A particle is moving in a straight line in such a way that ts position, x cm, relative to
the point O at time f seconds (¢ > 0) satisfies x = £ — 13 + 461 — 48. When does the
particle pass through O, and what s its velocity and acceleration at those times?

12 Two particles are moving along a straight path so that their positions, x; cm and
x em, relative to a fixed point P at any time  seconds are given by x; = 1+ 2 and
x=r£-2-2
a Find the time when the particles are at the same position.

b Find the time when the particles are moving with the same velocity.
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Exercise 18G

1 Consider the family of functions with rules of the form f(x) = (x — 2)2(x — b), where b E
is a positive constant with b > 2.
a Find the derivative of f(x) with respect to x.
b Find the coordinates of the stationary points of the graph of y = f(x).
© Show that the stationary point at (2,0) is always a local maximum.
d Find the value of b if the stationary points occur where x = 2 and x = 4.

2 The graph of the function y = x* — 122 is translated by  units in the positive direction
of the x-axis and b units in the positive direction of the y-axis (where @ and b are
positive constants).

a Find the coordinates of the stationary points of the graph of y = x* — 12x°.
b Find the coordinates of the stationary points of its image.
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3 Consider the function f: R — R defined by f(x) = x — ax, where a is a real number
witha > 0.

a Determine the intervals for which f'(x) is:
i positive ii negative.

1
b Find the equation of the tangent to the graph of f at the point (;. (J).

¢ Find the equation of the normal to the graph of f at the point (1. u).
a
d What is the range of f?

4 Consider the cubic function with rule £(x) = (x - a)*(x — 1), where a > 1.
a Find the coordinates of the turning points of the graph of y = f(x).
b State the nature of each of the turning points.

¢ Find the equation of the tangent at which:

a+1
x=

2
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5 Aline with equation y = mx + ¢ is a tangent to the curve y = (x — 2)* at a point P where E
x=asuchthat0) <a <2

0 2.0

a i Find the gradient of the curve where x = a, for0 <a < 2.

Hence express m in terms of a.

b State the coordinates of the point P, expressing your answer in terms of a.
< Find the equation of the tangent where x = a.

d Find the x-axis intercept of the tangent.
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a The graph of f(x) = 2 is translated to the graph of y = f(x + /). Find the value of &
if f(1+ 1) = 27.

b The graph of f(x) = x* is transformed to the graph of y = f(ax). Find the value of
if the graph of y = f(ax) passes through the point (1,27).

© The cubic with equation y = ax® — bx® has a turning point with coordinates (1, 8).
Find the values of a and b.

The graph of the function y = x* + 4x” is translated by a units in the positive direction of
the x-axis and b units in the positive direction of the y-axis (where a and b are positive
constants).

a Find the coordinates of the turning points of the graph of y = x* + 4x2.
b Find the coordinates of the turning points of its image.

Consider the quartic function with rule f(x) = (x — 1)2(x — b)*, where b > 1.

a Find the derivative of f.

b Find the coordinates of the turning points of f.

¢ Find the value of b such that the graph of y = f(x) has a turning point at (2, 1).
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Exercise 18A

1 Find the equation of the tangent and the normal at the given point for:
a f=2 24 2c-17, 2.9)
© f=3x-2, 22 x-2, (1.8)

2 Find the equation of the tangent to the curve with equation y = 3 — 4x® + 2x — 10 at
the point of intersection with the y-axis.
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Find the equation of the tangent (o y = = at the point (1, 1) and the equation of the
tangent to éxﬂumepoim(z,;)
Show that these tangents are parallel and find the perpendicular distance between them.

Find the cquations of the tangents to the curve y = ' — 6x% + 12 + 2 which are parallel
tothe line y = 3x.

The curve with the equation y = (x — 2)(x ~ 3)(x ~ 4) cuts the x-axis at the points
P=(20.0=(.0)andR = (4,0).

a Prove that the tangents at P and R are parallel

b Atwhat point does the normal to the curve at  cut the y-axis?

For the curve with equation y = x* + 3, show that y = 2ax — a” + 3 is the equation of the
tangent at the point (¢, + 3).

Hence find the coordinates of the two points on the curve, the tangents of which pass
through the point (2,6).

a Find the equation of the tangent at the point (2,4) to the curve y = x° — 2x.
b Find the coordinates of the point where the tangent meets the curve again.

a Find the cquation of the tangent o the curve y = x* — 9x% + 20x — 8 at the point (1.4).
b At what points on the curve is the tangent paralle] to the line 4x +y -3 = 02
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Exercise 18C

1 Find the coordinates of the stationary points of each of the following functions:
a f(x)=x*-6x+3
b y=x'-42-3x+20forx >0
© z=x'-32x+50
d g=8t+57 - fort>0
e y=22(x-3)
£ y=32" - 162 +242% - 10

2 The curve with equation y = ax® + bx + ¢ passes through (0, 1) and has a stationary
point at (2, ~9). Find the values of a, b and c.

3 The curve with equation y = ax® + bx + ¢ has a stationary point at (1,2). When x = 0,
the slope of the curve is 45°. Find the values of a, b and c.

4 The curve with equation y = ax® + bx has a gradient of 3 at the point (2, ~2).
a Find the values of a and b.
b Find the coordinates of the turning point.




image4.png
‘The curve with equation y = x* + ax + 3 has a stationary point when x = 4. Find the
value of a.

‘The curve with equation y = x* — ax + 4 has a stationary point when x = 3. Find the
value of a.

Find the coordinates of the stationary points of each of the followin;
ay=x-5:1-6

b y=(3x-2)8x+3)

c y=22"-92+27

dy=x"-32-24x+20

=(x+ 12 (x+4)

Fy=(+ 1P+ (x+2?

‘The curve with equation y = ax? + bx + 12 has a stationary point at (1, 13). Find the
values of a and b.

‘The curve with equation y = ax® + bx® + cx + d has a gradient of -3 at (0,7%) and a
turning point at (3, 6). Find the values of a, b, ¢ and d.




