Unit 3 Chapter 1 Relations and Functions
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State the domain and range for the relations represented by each of the following
graphs:

a

.
i e

x

(-3.-6),
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Sketch a graph of each of the following relations and state its domain and range:

al@yiy=2+1) b {(xy): P4y =9])
© {(xy):3x+12y=24, x>0} dy=vZx
e ((ry):y=5-x xe[0.5]) fy=2+2 xe(0.4]
£ y=3r-2 xe[-12] hy=4-2

iy iysl-x)

‘Which of the following relations are functions? State the domain and range for each.
a {(-1.1.(-1.2).(1.2).(3.4).(2.3)} b {(=2,0).(-1.-1).(0.3).(1.5).(2. -4)}
© {(-11).(-1.2).(-2.-2).(2.4).(4.6)}  d {(-1.4).(0.4).(1.4).(2.4).(3.4)}
‘Which of the following relations are functions? State the domain and range for each.

a ((wd):xeR) b (@y:iyeZ) o y=-2r+d
dy23r+2 e ((xy): 2 +)?=16)

Let f(x) = 2% + dx and g() = 20° + 26— 6.
a Evaluate f(-1), f(2). f(-3) and f(2a).
b Evaluate g(-1). £(2). ¢(3) and g(a — 1).
Consider the function g(x) = 3x* - 2.
a Find g(-2) and g(4).
b Express the following in terms of x:
g-20 i gx-2) i gx+2) v ()
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7 Consider the function f(x) = 2x - 3. Find:
a the image of 3 b the pre-image of 11
e (x: f(x)=4x) d {x: f(x)>x)
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8 Consider the functions g(x) = 6x + 7 and h(x) = 3x — 2. Find:
a (x: 20 =h)
b (g9 > )
c {x:h(x)=0}

9 Rewrite each of the following using the /= X — ¥ notation:

a ((my:iy=2x+3) b ((xy):3y+4x=12)
e [(ry):y=2¢-3 x20] dy=2-9 xeR
e y=5:-3,0<x<2

10 Sketch the graph of each of the following and state the range of each:

ay=x+l xe2m) by=-x+l, xe(2m)
© y=2c+1, xe[-4,0) dy=3x42, xe(-0,3)
e y=x+1 xe(-3] fy=3x-1 xe[-2,6]

& y=-3x-1 xe[-5-1] hy=5c-1, xe(-2,4)
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For f(x) =22 - 6x+ land g(x) = 3 - 2x:

a Evaluate £(2). f(=3) and f(=2).
© Express the following in terms of a:

b Evaluate g(-2), g(1) and g(-3).

i f@ i fla+2) i g(-a) #(a)

v f(5-a) vi fQa) vii g(a) + f(a) 8@ - fla)
For f(x) = 3 4 x - 2. find:
a (x:f(x)=0] b (x:f()=1x) e (x:ifw=-2}
d (x:f(0)>0] e (x:f(9)>x) flx:f<-2)
For f(x) = ¥ + x, find:
a f-2) b f@)

© f-a)interms of a
e /(@) f(-a)interms of a
For g(x) = 3x - 2, find:
alxig=4)

d [x:g(-x)=6) e (x:g20=4)

b (x:g(n>4)

d f(@)+ f(-a) interms of a
f f(a®)interms of a

e (xigw=a)

t {x:g%,s}

Find the value of k for each of the following if f(3) = 3, where:

a f=ke-1
k
4=

b f)=x"—k
e f(x) =k

e f)=Prke+ ]
fI0=1-k2
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16 Find the values of x for which the given functions have the given value:
1
2 f=5r-4. f=2 b f()= 1. =5 c f(x)=

4 f@=rrt f0=2 e fW=GDE-2, [@W=0
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Exercise 1C

1 State which of the following functions are one-to-one:
a ((2.3).63.4.65.4).4.6)}
b {(1.2).(2.3).3.4).(4.6)
© ((7.-3).(11,5).(6.4).(17.-6). (12.-4)}
d {(=1,-2).(=2,-2),(-3.4).(-6,7)}
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2 State which of the following functions are one-to-one:
a((ny)iy=x2+2} b {(xy):y=20+4} c f=2-2

dy=x x21 ey %‘un fy=(-17

3 Each of the following is the graph of a relation.

a State which are the graph of a function.
b State which are the graph of a one-to-one function.
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4 The graph of the relation { (x.) : y* = x +2, x2 -2} is
shown on the right. From this relation, form two functions
and specify the range of each.
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a Draw the graphof g: R — R, g(x) = 2> + 2.
b By restricting the domain of g, form two one-to-one functions that have the same rule
asg

State the largest possible domain and range for the functions defined by each of the
following rules:

ay=d-x by=vF cy=2-2 dy=Vie-=
ey=t fy=d4-32 gy=Vi-3

¥

Each of the following is the rule of a function. In each case, write down the implied
domain and the range.

ay=3r+2 by=2-2
o f=Vo-= 4 g0=tp
Find the implied domain for each of the following rules:
a f= ‘] b f0=VE3
© g0 =VET3 4 )= VFoF+VTT=7
o f=22t f = VE—x2
x+1
[x-1
&0 s n i = 1
i f)=VE32 j b= VB2

kK f()=Vi-3+VI2—x
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9 a Skeich the graph of the function

-2-2, x<0
f@=qx-2, 0<x<2
3x-6. x22

b What is the range of f?

10 State the domain and range of the function for which the
‘graph is shown.
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11 State the domain and range of the function for which the ¥
graph is shown.

(5.4
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12 a Sketch the graph of the function with rule
2146, 0<x<2
S@)={-x+5 -4<x<0
-4 x<4
b State the domain and range of the function.

13 a Sketch the graph of the function with rule

245, x>0
g=15-x -3<x<0
8. x<3

b State the range of the function.

14 Given that
Lo
Sy ={x
26 x<3
find:
a f(-4) b f(0) c fé4)

d fa+3)intermsofa e f(2a)interms of a £ fla-3)interms of a
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Given that
VE=T, x21

TO=1, x<l

find:

a f(0) b fG)

d fla+1)intermsofa e fa—1)interms ofa

Sketch the graph of the function
—x-2, x<-1

“lsx<l

8=

3x-3, x=21

© f®8)
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17 Specify the function illustrated by the graph.

18 State whether each of the following functions is odd. even or neither:

a fw=x b f)=x © f=
d f=v-3C e f)=x -2 =20
19 State whether each of the following functions is odd. even or neither:
a f=r-4 b f)=26-2 e f()=—4x +7x
1 !
df=5; e =15 ff)=3+22

g f() =2 -5xc hf)=3" =2
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1 For each of the following, find (f + )(x) and (fg)(x) and state the domain for both
f+gand fg:
a f()=3randgx) = x+2
b ()= 1 - forall x & [~2.2] and g(x) =  forall x € B*
© ()= VR and g(0) = = for e [1,e0)
=

d f()=xx>0andgx)= VI-x0<x<4
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Functions £, g, h and k are defined by:
i@ =2+1 xeR

0=x xeR

)= 5 v 0 W= x0
x2 x

a State which of the above functions are odd and which are even.

b Give the rules for the functions £ + h. fh, g+ k. gk, f +g and fg, stating which
are odd and which are even.

Sketch the graphs of /(x) = x +2 and g(x) = 4 — 3x and hence the graph of (f + £)(x).
Sketch the graph of f: B* U {0} — R, f(x) = V& + 2x using addition of ordinates.

Sketch the graph of f: [~2,e0) — R, f(x) = VX + 2 + x using addition of ordinates.

Sketch the graph of f: B* U {0} — R, f(x) = — & + x using addition of ordinates.
1

% using addition of ordinates.

For each of the following, sketch the graph of f + g:
a f:[-2.09) >R f()= VITTandg: R - R, g(x) = ~2x
b f:(-0.2] > B, f() = V- xandg: [-2,00) » R.g(x) = Vi + 2

Sketch the graph of /: B\ (0} — ., f(x) =

Sketch the graph of y = (f — g)(x), where f(x) = x* and g(x) = V.
Sketch the graph of y = (f - g)(x), where f(x) = 2x* and g(x) = 3VX.

Sketch the graph of f(x) = x* and g(x) = 3x + 2 on the one set of axes and hence, using
addition of ordinates, sketch the graph of y = x* + 3x + 2.
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For each of the following, sketch the graph of f + g

a fiRoR fl)="andg: R >R gx)=3

b f:R-R f(x) =2 +2vand g R* U(0) - R, g(x) = VX
€ f:R-R f(x)=-Candg: R* U{0) » B, g(x) = V&
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1 Find the inverse function /' of the function:
a f()=2x+3 b f()=4-3x
© f()=dx+3

2 Foreach of the following, find the rule for the inverse:

a fiRoR f()=x-4 b fiR-ER, f(x)=2x
¢ fRoR =2 4 fiRoR f9= 222

3 For each of the following functions, find the inverse and state its domain and range:
a f:[-2.6] >R f(x)=2c-4 b g0 = x>9
e h¥)=2+2 x20 d f:[-3.6] > B ()
e g:(leo) » Rog) =2~ 1 £ bR o R = VR

4 Consider the function g: [~1,00) = R, g(x) = * + 2x.
a Find g", stating the domain and range.
b Sketch the graph of ¢!

S Find the inverse of the function /: &\ {0} — R f(x) = - = 3. Sketch both functions on
one set of axes, showing the points of intersection of the graphs.

6 Let f: [0,3] » R, f(x) = 3 - 2x. Find /~'(2) and the domain of f~!.
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7 For each of the following functions, find the inverse and state its domain and range:

a fi[-L3] >R (@) =2¢ b fi[0.0) R f()=22-4
© 1(1,6),2.4.(3.8).6.11) d iR SR = VR
e fiROR f()=r+1 f g (-1L3) o Rg)=(x+ 17

& g (L) o Rogl = Vi T b b [0.2] > R AG) = VA2

8 For each of the following functions, sketch the graph of the function and on the same set
of axes sketch the graph of the inverse function. For each of the functions, state the rule,
domain and range of the inverse. It is advisable to draw in the line with equation y = x
for each set of axes.

ay=2c+4 h/(x):l’T‘
© fi[200) >R ()= (x-27 d f:[Le) >R f(2) = (x= 1
e fi(-0,2] 5 R, f(x) = (x-27 f[:l’al‘/(x):;

" _L Y.
g R SR/ Bk = 5= 4)
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9 Find the inverse function of each of the following, and sketch the graph of the inverse
function:

a IRV SR ()= VE+2 b fiR\BI SR ()=

€ fil20) >R f()=Va-2+4 d fR\(2) >R f(D)

e [iR\(I 2R [0 = —-1 £ fr (2] SR W= VITTH L

-1

10 Find the rule for the inverse of each of the following functions:

./;n\upx/(x»:ﬁ b f:[20) R f(0) = Vi3
2x+3

e [R\BISRfO= 35
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11

Copy each of the following graphs and on the same set of axes draw the inverse of each
of the corresponding functions:

a by ey

(3.3) 3,4)

oo N en o 3
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12 Match each of the graphs of a, b, ¢ and d with its inverse.
a ¥ b v
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c v o

4¢L °

0] - _\

13 & Lot/ A = R )= VI 1A thestof all el vl of o which (0
dcined fnd A

b Letg: [5.2] — R g(9) = | ~ ¥ If s the smallest real number such that ¢ s an
inverse functon, find b and g (o).

14 Letg: [b.o9) = R, where g(0) = x* + 4. If b s the smallest real mumber such that g
has an inverse function, find b and g~ (x)

15 Let f: (~o0.0) — R where £() = * - 6. If s the largest real number such that /
has an inverse function, find a and £~ (x).
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16 For each of the following functions, find the inverse function and state its domain:
3

agw=3 b g =Var2-4 © h(x)=2- V&
3 2 '
4 w=2+1 e H9=S-pTes  faw P +2

17 For cach of the following, copy the graph onto a grid and sketch the graph of the inverse
on the same set of axes. In each case, state whether the inverse is or is not a function.

R ) 5 )
B s
2 2
| |

EEPadue II3PTIIY

B -
5 5

. s .,

123456
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18 Lot/ 5 — R begivenby /00 = 2% where S =R\ (41,
a Show that f o f s defined.
b Find f o f(x) and sketch the graph of f o f.
& Write down the inverse of f.
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Exer: 1E

1 For cach of the following, find f(¢(x)) and g(f(x)):

a f()=2x-1, gx)=2x b f()=4x+1, gx)=2x+1
c f(x)=2x-1, g)=2x-3 d f)=2x-1, g) =2
e f)=2+1, gl =x-5 f o) =2x+1, gx) =2
2 For the functions f(x) = 2x— 1 and h(x) = 3x + 2, find:
a foh(x) b h(f(0)) c foh?2) d hof(2)
e f(h(3) f (1) & foh0)
3 For the functions f(x) = x2 + 2x and h(x) = 3x + 1, find:
a foh(x) b ho f(x) c foh(3)
d hof(3) e foh(0) £ ho f(0)

4 For the functions h: R \ {0} ﬁk,h(x):%andg: R* 5 R, g(x) = 3x +2, find:

a hog (state rule and domain) b goh (state rule and domain)
c hog(l) d goh(l)
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5 Consider the functions f: R — B, f(x) = x> —4and g: R* U {0} — R, g(x) = VX.
a State the ranges of f and g. b Find f o g, stating its range.
© Explain why g o f does not exist.

6 Let f and g be functions given by

FIR\(0) >R, f(0) = ;eu) SR\ SR g0 =

1
2x-1

Find:
a fog bgof
and state the range in each case.
7 The functions f and g are defined by f: & — B, f(x) = 22— 2 and g: [0,00) — R,

FOERA
a Explain why g o f does not exist. b Find f o g and sketch its graph.
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fi(=0,3] 5 R, f(x)=3-xandg: R > R, g(x) = ¥ — 1
a Show that f o g is not defined.
b Define a restriction " of g such that f o g" is defined and find f o g".

1

fiR' SR f()=xZandg: R R g)=3-x

a Show that f o g is not defined.

b By suitably restricting the domain of g, obtain a function g1 such that f o g1 is
defined.

Let f: R — R, f(x) = x> and let g: (=00,3] — R, g(x) = V3 — x. State with reasons
whether:

a fogexists b go fexists.

Let f: § — R, f(x) = V& — 2, where S is the set of all real values of x for which f(x)
is defined. Let g: R — R, where g(x) = x> + 1.

a FindS.

b Find the range of f and the range of g.

¢ State whether or not f o g and g o f are defined and give a reason for each assertion.
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12 Leta be a positive number, let f: [2,00) — R, f(x) =a—xand let g: (—o0,1] - R,
2(x) = ¥* + a. Find all values of a for which both f o g and g o f exist.
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1 ForA=(3.,8,11,18,22,23,24), B = (8,11,25,30,32} and C = {1.8.11,25,30}. find:
aAnB b ANBNC ¢ AuC
dAUB e AUBUC f@AnBuC

2 ForA=|{3.811,18,22,23,24). B = (8.11,25.30,32} and C = 1.8, 11,25,30). find:
aA\B b B\A cA\C dc\a

3 Illustrate each of the following intervals on a number I
a[-23) b (-w4] c[3-1] d(3e) e (43 f(-L4]

4 ForX=(23,57.9,11,Y =1{7,9,15,19,23} and Z = {2,7,9,15, 19}, find:

axny b Xn¥nz e XUy dax\y
ez\Y fXxnz £ [-281nX h (3.81nY
i@wny JGeuy

5 ForX=(abcdeland¥ = (ae.i,o,ul, find:
axny b XUY e X\v dr\x
6 ForA={1.2,3,4.,5.6.7.8.9.10}. B = (2.4.6.8.10} and C = {1.3.6.9). find:

a BnC b B\C c A\B d (A\BU@A\C)
e A\(BNC) f (A\B)N(A\C) g A\(BUC) h ANBNC
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7 Use the appropriate interval notation (i.c. [a, b], (a, b), etc.) to describe each of the
following sets:

3<x<l) b (x:i-4<x<5) e (y:-V2<y<0}
d{x:7%<x<\ﬁ} o (xix<-3) fr

ax:

R h(x:x2-2)
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8 Describe each of the following subsets of the real number line using the interval
notation [a, b), (a, b), etc.:

43210123145

[ ——

4-32-101 2345

c —

43210123145

d P
4-3-2-1 012345

9 Illustrate each of the following intervals on a number I
a(-32] b (-43) ¢ (-=3) d [-4

1] e [-4,00) £ [-2,5)
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10 For each of the following, use one number line on which to represent the sets:
a [-3.6]. [2.4]. [-3.6]N[2.4] b [-3,6], R\[-3,6]
€ [-2,2), (-00,6], [-2,00)N(-0c0,6] d (-8,-2), R™\(-8,-2)




