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Undirected Graphs
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Types of graphs
Simple graph – No loops or duplicate edges.
Isolated vertex – A graph has an isolated vertex if there is a vertex that is not connected to another vertex by an edge. 
Degenerate graph – Degenerate graphs have all vertices isolated. Therefore, there are no edges in the graph at all. 
Connected graph – Each vertex is either directly or indirectly connected to every other vertex.
Bridge – A bridge is an edge that when removed makes the graph unconnected.
Subgraph – Are graphs that are part of larger graphs.
Equivalent (isomorphic) graph – Look different but have the same information 
Complete graph – Every vertex has a direct connection to every other vertex.
Bipartite Graph – A bipartite graph is a graph whose set of vertices can be split into two subsets X and Y in such a way that each edge of the graph joins a vertex in X and a vertex in Y.
Isomorphic graphs –Two graphs have: ① same numbers of edges and vertices; ② corresponding vertices have the same degree and the edges connect the same vertices.
Planar Graphs & Euler’s Formula
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Adjacency Matrix Representation
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Euler & Hamilton
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Travelling in graphs
Route – A description of your travels, given by the vertices visited in the order they are visited.
Walk – A walk can be any type of journey within a graph, you can walk wherever you wish.
Trail – A special kind of walk, you can’t repeat any of the edges that you have taken, but you can revisit vertices. 
Path – A path is a special kind of trail, with a path you can’t repeat any edges or vertices. 
Eulerian trails and circuits 
[image: ]Eulerian trails – Is a trail in which every edge is visited once. Vertices can be repeated. 
A Eulerian trail will only exist if: 
· The graph is connected
· The graph has exactly two vertices of an odd degree
[image: ]Eulerian circuit – Is a Eulerian trail (travels every edge once) that begins and ends from the same vertex. 
A Eulerian circuit will only exist if:
· The graph is connected
· All the vertices have an even degree
[image: ]Hamiltonian paths and cycles
Hamiltonian path – Is a path that visits all of the vertices in a graph only once. 
Hamiltonian cycle – Is a cycle that visits every vertex and begins and ends at the same vertex.
Weighted Graphs
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Directed Graphs
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Shortest Path Problem
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Different Types of Greedy Algorithm
Prim's Minimal Spanning Tree Algorithm
Kruskal’s Minimal Spanning Tree algorithm
Dijkstra's Shortest Path Algorithm
Ford-Fulkerson Networks Flows Algorithm

Mathematical Terminologies
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Types of Networks
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Planar Graphs

Planar Graph: A graph that can be drawn in such a way that no two edges meet (or have common points), except at the vertices where they are both incident, is
called a planar graph.

4 Some graphs can be redrawn to be planar, others not.
4 Euler's formula is used to confirm whether graphs are planar or not. N

4 Allsimple graphs with four or fewer vertices are planar.

Euler’s Formula

Consider the connected planar graph opposite. It has 4 faces, 6
Euler’s Formula: vertices and 8 edges.

v-e+f=2
'U—€+f=2 6-8 44 =2

V= 3 Fo + Euler'sformula confirms that this graph is a planar graph

Vertices | Edges | Faces
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Vertices Edges Faces Prove
v=e-f+2 e=v+f-2 f=e-v+2 v+f-e=2
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Euler’s Formula/Degree of a Face
e+6<3v
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Degree of a Face Example

Degree of a face is the number of Degrees
« edges along its boundary . . . Deg(4) =3
 vertices along its boundary ] Deg(B) =4

« faces with which it shares an edge 4 e Deg(C)
0 Deg(D) = 4
Every edge is shared by exactly two faces. Therefore, . = = Deg(E) =6

Sum of face degrees = 2 x number of edges

Since planar graphs are simple, they must have a degree of at least 3, otherwise they would be
defined by only two vertices. Therefore

3 x number of faces < sum of face degrees 3 x number of faces < 2 x number of edges.
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Example VCAA 2016 Exam 1 Sample Question 6 / VCAA 2014 Exam 1 Question 7
Consider the following four graphs. How many of the four graphs above are planar?

S Ox F

Graph1:v=5,e=8 Graph2:v=5e=5 Graph3:v=5 e=7 Graphd:v=5e=9

8+6<3x5 5+6<3x5 7+6<3x5 9+6<3x5
14<15¢ 11<15¢ 13<15¢/ 15<15¢

Therefore, all 4 graphs are planar.
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Combining Euler's Formula and the Result from the Degree of a Face
Earlier we determined that 3 X number of faces < 2 x number of edges (3f < 2e).

Multiplying Euler's formula for faces by 3 Then using 3f < 2e
f=e-v+2 =23f=3e-3v+6<2e
=3f=3e-3v+6 =2e+6<3v
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For a simple, connected, planar graph e + 6 < 3v, provided there are at least 3 vertices
If a graph fails this test it cannot be planar. But if it passes it might be planar. It is not definitive.
If the graph passes this test, you can try drawing the planar graph to see if it works.
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Matrix Representation

Networks can be represented using adjacency

matrices. The numbers on the leading diagonal

represent loops, and all undirected graphs are
symmetrical about the leading diagonal.
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Loops

Aloop in an undirected network adds two to
the degree of a vertex, and adds one to the
leading diagonal of a matrix. For example:

Node Ahas degree 3.
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The adjacency matrix 4 of a graph is an 1 * n matrix in which,
for example, the entry in row C and column F is the mumber of
edges joining vertices C and .

A loop is a single edge connecting a vertex to itself.

Loops are counted as one edge.
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Euler & Hamilton

If Neither Edge
Nor Vertices Repeat

If No Edge Repeats Eulerian
(Vertices may Repeat)

deg(B)=5

deg(d)=2 deg(0)=3
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Important Chart to Remember
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= A minimum spanning tree = the spanning tree of minimum length (may be
minimum distance, minimum time, minimum cost, etc.). There may be more than
one minimum spanning tree in a weighted graph.
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Trees
Atree is a connected, simple graph with no circuits.
A spanning tree is a sub graph of a connected graph which contains all the vertices of the original graph.
The weight of  spanning tree s the combined weight of all ts edges, and there are two ways in which the minimum- weight spanning tree can be found:
4 prim's algorithm: which involves choosing random vertex s a starting graph and constantly building to it by adding the shortest edges which wil

connect it to another node.
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‘Apply Prim’ algorithm to obtin a minimum spanning
tree for the graph shown. Write down its weight, and

Prim’s Algorithm compar it o the weight f th arginal gaph.

I Chooseavertexandconnectittoasecondvertexchosensothattheweightoftheedge is as
small as possible.

Il In each step thereafter, take the edge with the lowest weight, producing a tree with
the edges already selected. (If two edges have the same weight the choice can be
arbitrary.)

Il Repeat until all the vertices are connected and then stop.

The total weight is 17 The fotal weight of the original graph is 50.
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Kruskal’s Algorithm

= Choose the edge with the least weight as the starting edge. If there is more than
one least-weight edge, any will do.

= Next, from the remaining edges, choose an edge of least weight which does not
form a cycle. If there is more than one least-weight edge, any will do.

= Repeat the process until all vertices are connected. The result is a minimum
spanning tree.

= Determine the length of the spanning tree by summing the weights of the chosen
vertices.
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In a directed graph, each edge has a direction. Also, each vertex in a network can be reachable or unreachable.

This is often abbreviated to digraph.

B ¥

In this network, nonode is reachable
from F,and A s not reachable from B.
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Finding the shortest path by Dijkstra’s Algorithm

. +d the shortest path from vertex'4 to vertex E in this network. The
numbers represent time in hours.

1. From Starting vertex.
2. The shortest edge
first.

3. Write distance from
the starting vertex.
4. Label the last vertex
passing by. O
5. Cover all edges from
this vertex.
6. Find the next shortest
distance vertex to
start over again.

7. Until all vertices and
edges covered.

3+5+3=11 Hours

Weights from starting vertexthe last passing by vertex
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Finding the shortest path by Dijkstra’s Algorithm

. :td the shortest path from vertex B to vertex F in this networl<. The

wnN

oo

Weights from starting vertex

. From Starting vertex.

mbers represent time in minutes.

The shortest edge first.

Write distance from the starting

vertex.

Label the last vertex passing by.
Cover all edges from this vertex.

Find the next shortest distance G
vertex to start over again. 4
Until all vertices and edges covered.

3+1+3=7 minutes

the last passing by vertex




image1.png
Vertex (plural Vertices) Edge / Path ertex / Node

An object, represented with a dot. Vd

Y paraliel / Muttple:
| connections

Edge
A connection between two vertices represented with

aline or an arrow.

[Simple / Single Connection

Loop

An edge that connect from an vertex o itself. O
(1000 )

Graph \
-

A collection of vertices that are connected (or not) to
each other using edges in some specific way.

The Degree of a Vertex
‘The number of edges connected to a vertex.

Degrees
Deg(4) = 2
Aloop counts as two edges for the degree. Deg(8) = 4
Deg(C) =0
Vertices are classified as even or odd if their degree Deg(D) = 5

is an even number or odd number. Deg(E) = 3
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Handshaking Lemma
Every edge is counted by the degree of two vertices.
Sum of vertex degrees = 2 X number of edges.

A loop counts as one edge in the number of edges.
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Direction on Graphs

Undirected Graph Directed Graph / Digraph

A graph where the edge between two A graph where specific direction is indicated for every edge.
vertices acts in both directions. Some vertices may not be reachable from other vertices.




